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PREFACE. 


The  following  pages  contain  solutions  to  all,  or  nearly 
all  the  problems  and  exercises  given  in  the  Author's 
Elements  of  Algebra.  '  In  many  cases,  two  or  more  solutions 
of  the  same  problem  are  offered,  so  as  to  afford  the  student 
additional  illustrations  of  the  best  and  neatest  modes  of 
working ;  and  of  the  application  of  artifices  employ  ed.by  the 
experienced  algebraist  in  order  to  obtain  a  required  result. 
On  this  account,  also  nearly  every  operation  has  been 
given  at  full  length. 

.  The  Author  hopes  that  the  Key  will  prove  serviceable 
to  the  many  who  are  privately  prosecuting  the  study  of 
Algebra,  or  endeavouring,  without  the  aid  of  a  living 
teacher,  to  prepare  themselves  for  entrance  into  our  Univer- 
sities; and  that  it  may  likewise  be  of  advantage  to  those 
tcachei's  whose  school  duties  are  so  many  and  varied  as  to 
render  them  unable  to  devote  to  the  subject  that  time  and 
study  which  long  and  intricate  algebraic  solutions  m 
general  require. 

Toronto,  October,  J 8C4.. 
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Miscellaneous  Exercisca 150 


KEY 


TO 


ELEMENTS  OF  ALGEBRA. 


EXEKCISE   IV. 

1.  13_  1  =   1  _  1  =  0 

2.  3^-3  X  3  =  2t-  9  =  18 

3.  1  X  2  +  3  X  4  =  2  +  12  =  14 

4.  =  12  X  2-^  -  (3  -  1)  =  1  X  4  -  2  =  4  -  2  -  3 

5.  ^JT+'STI  =  V9  =  3 
ij.  0  ■.■  m  =  0 

7.  G  X  (1  -  3')  =  6  X  (9  -  1)  =  6  X  8  =  48 

8.  (2^x4-'-3x0)^  =  (4xl(i)^  =  (^64)2=  4'^=  16 

9.  (1+  2)  x  (4  -  0)2  =  3  X  42  =  3  x  16  =:  48 

10.  4  {I  -  (4  -  3)}'  =  4  (1  -  !)■  =  4  X  0'  =  4  X  0  =  0 

11.  bed  =  2x3x4=  24 

12.  (42  -  2  X  3)2  (3^  -  2  X  3  X  4)-'  =  (10  -  G)'  (27  -  24)^ 
=  10- X  3^  =  2700 

1+1       2  6+l_2  +  l_  Ji_       A  -  A  -  o  -  ft 

&c. 

14.  14  X  1  -  (3  X  2  +  3)  =  14  -  9  ^  5 ;  42  -  2  (2  +  3)  =  10  -  ]0 
=  G,  and  5  <  6 


6  KEY    TO 

15.  Each  =  0  •.•  HI,  one  factor  of  each,  is  equal  0 


[Ex.  IV. 


IG.  Vl  X  4x  27 -4  (2 +  4)  3  =  Vl08  -  4x6x3  =  V30  =  C. 


^(2  +  3)  X  (16  +  9;  =  ^5  X  25  =  ^125  r-.  5,  and  6  >  5 

10( 

To 


1x4x27-2x4      108-8      100 
1 7.       .........      =       ..      =  — -  =  10,  and  2  x  (2  +  3)  +  0 


1+2+3+4 
2  X  5  ^  10 

1  X  9  +  0  -  (4  -  3)2 


10 


18.   -- 


9-1^ 


8 


!^T(16 +  '.))+ 2  (3  +  4)      ^'2ir2 5  +  2x7     -^64       4  ' 

and  {4  x  3  -  (4  +  3  +  2  +  1)}  =  12  -  10  =  2 

19.  (2  -2)  (3  +8 -3) +  {2 +  (12 -6)} -4(6-6) -{18 -(9  +  1)] 
+  {.S-(3  +  4)x  ]}  2;  =0xS+(2  +  G)-4x0-(18-10)  +  (8-7)x2; 
=0+8-0-8+1x2=1x2=2 

20.  (9  -  1)(4-  0)  +  0  +  3  [1  +  3  (4  -3)1  =  8  x4  +  0  +  3(l  +  3) 
=  32  +  3  X  4  =  32  +  12  =  44. 

21.  {(1  -  2)  +  (3  +  4)f  +  {(3  +  0)  -  (2  -  l)f  -  {(0  +  4)  +  (4  -  3)f 
=  (  -  1  +  7)^4- (3-  1)2- (4  +  1)=;  =  62+2^-5-=  36  +  8-25=  19 


22.  V(  1  +  3)  X  4 +  ^'9  X  (1  +  2) +  {2  (4 +  6)2+ (28 -12)}=^ -(24  +  1)' 
-=  '^Itn  +  ^d'Vs  +  (2  X  10=+  16)^ -(25)2  =  yY§  +  ^27  +  ^216 
-  (V^F)^  =  4  +  3  +  G  -  5^  =  13  -  125  =  -  112 

7xV0  +  3V4-(8  +  12)      36-28  +  {64x(l  +  3)}-       ^ 

''■  1x6  +  0^'  +{(^3I)Tl}{4-(2  +  0)}-V24-16 

0  +  6-20      36-28+V25G        -        14      24 


-^8  =  - 


2   +   4 


l=-7+6-2=-3 


■"2  +  0  2x2 

24.  ?.{2(1  +  2)}  -  I  {6(3  +  1)}  +  i  {(3  -  2)(2  +  3)}  +  \  {(4  +  3) 
( 1  -I-  G  -  6  +  4)''}  =  i,  (2  X  3)  -  i  (6  X  4)  +  Hi  X  5)  +  7  C^  X  '^^) 
=  2  -  6  +  1  +  25  =  22 

3(l  +  2-3)^+ll{(3  +  6)(2-2  +  2)}     {(l  +  12)2-(27+10)-(34-4)l^ 

-^-  "{T'o^nO^V'l}  (■1  +  3  +  4-0)     +  0+V36-1 

(4+  12 -8)(4  +  3)  3x0='+ll  (9x2)  (169-37-7)^  8x_7 
+  7  (4  +  4)  ^  (ll-2)(U-0)  ■*■  6-1  +7x8 


11x18      (^125)2      56 


F.2 


9X  11 


+  --^2  +  --+l  =  2  +  5  +  l=:8 


56 


Ex.  ix,  xn.]  ALGEBRA.  i 

Exercise  IX. 

t 

1 .  a  +  m  -  c  -i-  G  +  5  -  VI  -  a  -  e  +  c  +  3  -  Cic  -  m  =  1 4  -  »)  -  5c  -  c 

2.  a  -  b  -  c  ~  h  +  r  +  a  -  c  +  h  -i-  a  -  a  -  I)  -  c  =  2ft  ~  2'^  -  2 

3.  S  I  -  4  -  Gy  +  X  -  5a  +  i  +  G'j  -  oa  +  -i  -  6  -  X  -  5j.  -  1 

4.  G  -f  (  -  {  -  (  -  {  -  (.70  I  )  }  )  =  6  -  {  -  (  -  {  -  (.•/.)  1  .  } 
=  G  +  (  -  {  -  (m)  }  )  =  G  -  {  -  (m)  j  =  6  4-  (m)  =  G  +  m 

5.  2a-3c+id-5d^  (m  4-  3(0  +  5a  -  (- i  -  d)  -?,a  +  (ix  -  5  I  ~  4) 
=  2«  -  3c  •  4i  -  5.'i  +  7n.  +  3a  +  5a  +  4  +'^  -  3a  4-  4a  -  5.-/  -  4 
=  11a  -  3f  -  5d  +  ??i 

G.  m^  -  c3  4-  «'  4-  m^  -  2a^  4-  2*0^  -  vi^  -  5m^  4-  c^  4-  a^  -  c^  +  3m'^ 
=  2«2  _  to2  -  c2 

7.  14-1-14-14-1-1  =  2 

8.  ii^+2x-ci^+a^+2x^-2in'+7a^^a^-^2x  +  m"+3".'^  +  3x  +  3m^ 

-  5a''*4-  Tj;  4-  2x'  4-  3m-. 

9.  d'bc  4-  3c-  4-  3a'/)c  -  in  -  c  4-  4(7-6c  4-  c  -  3f2  -  7/i  -  8a"oc  -  2,7i 

10.  3a  -  2(5  -  1  4-  a  -  2  4-  a  4-  1  -  a  -  2a  4-  2  4-  a  4-  1  =«  4-  1 

11.  _a_6_c4-a-c-c4-a4-2a-36-2c-36-a-6-c-a 

=  a  -  8/)  -  Gc 

12.  am -c- '7  4-5- Ta/?!  4-c4-3rt4- 5aOT-4i(/n -64-c-9-3c-'lrt 

=  -  a  -  5am.  -  2c  -  17. 


Exercise  XIT. 
1.  3affi  -  3a;  4-  3;/  4-  5ax  4-  15ay  4-  2a.jn,  -  2my  4-  \ax  4-  Ax 
=  oam.^x'r  3y  4-9aa;4-15a?/-2/ni/  =  5a)rt4-x4- 9ax4-3i/4- 15ai/-2/?!j/ 
=:  5am  4-  (1  4-  9a)x  4-  (3  4-  1 5a  -  2m)i/ 

2.  am  -  ?nx  4-  my  4-  3m.T  4-  3ax  4-  4a  -  4i/  4-  Bay  4-  Zxy  =  a?n  4-  2/»x  . 
4-  my  4-  3((x  i-  4a  -  4y  4-  3,/i/  4-  Sxu  =  4a  4-  (ini  4-  2mx  4-  3ax  4-  3xy 
-  ill  +  my  +  Say  =(4  4-  7/0  «  +  (.2)n  4-  3a)  x  4-  (3x  -  4  4-  7/i  4-  3a)  y 

3.  7a  4-  7/^  -  7c  -  56  -  5x  4-  56c  -  3//i  4-  3a  4-  3c 

=  10a  4-  26  -  4c  -  5x  -  56c  -  3m  =  10a  -  5x  -  56c  4-  26  -  4c  -  3m 
=  5  (2a  -  X  -  6c)  4-  2  (6  -  2c)  -  3m 


KEY   TO  [Ex.  XII,  XV 111. 


4.  ii.c  +  it}.v  -  3anxij  -  Sexy  +  2ay--  2cniii^+  ax  +  aif-  +  cxij  +  axy 

-  If  -flf 

=  2  IX  +  mx  -  3umxy  -  2cxy  +  3ay^  -  2cmy^  +  axy  -  by'^  -  fy'^ 

-  2-:x  +  mx  -  3  :i)\vy  -  2cxy  +  axy  +  3uy'^  -  2cmy'^  -  hy'^  -  fy"- 
^  (2  /  +  .■«)  .r  -  (3n7/)  +  2c  -  a)  xy  4-  {3a  -  2c/n  -  b  -/)  y'' 

5.  3'/;/  -  3''!/  +  3cy  -  2mx  +  ex  -  3amx  -  3ainy  +  3amz  —  (3iiwx 
H-  3  .';«;/  +  3<tinz  +  ■2cx  +  2cz  +  acy  -  acz)  =  3ay  +  3b]]  +  3ci/  -  2mx 
+  c.c  -  Stf'HX-  -  3amy  -f  S.'f.'rt;  -  3amx  —  Saniy  -  3«m.t  -  2c.r  -  2c2 

-  acy  +  acz 

=  3ay  —  3by  +  3cy  -  2mx  +  ex  —%Gumx  —  Gamy  -  2cz  —  acy  +  acz 

-  3uy  -  oby  -*-  3cy  -  Gamy  -  acy  —  2mx  +  ex  -  Gamx  —  2cz  +  acz 
=  (3a  -  3b  +  3c  -  Qmi  -  ac)  y  -  {2m  -  c  +  Gam)  x  -  {2  -  a)  ez 

G.  l!c//«?y  +  1  \biiiy  -  3axy  +  3bxy  —  3cxy  —  {2acp  +  2acxy  —  3cm. 
+  G':xy  -  3cy-  -  3ay  -  3ac) 

-  Wam.y  +  llbmy  -  3axy  +  3bxy  -  3cxy  -  2acp  -  2acxy  +  3cm 

-  Gcx:;  +  3ry"  +  3ay  +  3ac 

=  ll'tmy  +  Wbmy  +  3cy'^  +  3ay  -  3axy  +  3bxy  -  2acxy  -  Qexy 

-  2acp  +  3cm  4  3ac 

=  {11  (tt  +  b)m  +  3   (rj;  +  a)j  ?/  -  \3{a  -  b)  +  (2a  +  9)f}  xy 
+  3  (m  +  a)  c  -  2a,cp 


Exercise  XVIII. 

1.  {((/  -b)  +  c}\(a  -b)  -  c]  =  {a-  b)'^  -  c^  =  &c, 
[..  _  (/,  _  c)\\a  +  (/)  -  c)}  =  fl2  _  (5  _  (,y2  ^  ^p_ 

:.a  +  (6  +  f)j{rt  -  {b  +  c)}  -  a^  -  (i  +  c)-  -  &c. 

2.  {4  f  (3a  -  2c)}[4  -  (3a  -  2r)}  =  16  -  (3a  -  2f)2  =  &c. 
\la  -  {X  -  3m'^)\\2a  +  (.r  -  3/?i-)}  =  4a^  -  {x  -  3m'^y^  =  &c. 
\2.iy  +  {2a  -  3y)\\2xy  -  (2a  -  3y)\  =  ixv/  -  {2a  -  Zyf  =  &c. 

3.  {(2«  -  3c)  4-  (2x  -  3y)\  {(2a  -  3c)  -  (2.r  -  3y)]  =  (2a  -  3c)' 
-(2x-3^)^=  &c. 

I(a4-3i)4-(2c4-  ■\m)]{{a -^  3d) -{2c  4-  4»i)}  =  (a  4- Si)-- (2c  4- 4m)' 
-  &c. 


Ex.  xviii,  XIX.] 


ALGEBRA.  0 


4.  {(3a  -  m^)  -  (2  -  x>j)}  {(So,  -  m-)  +  (2  -  xy)l  -  (3a.  -  w^)^ 

-  (2  -  xy)^  =  &c. 

{(2a2  -  3x2)  ^.  (.,  +  2/2)|f(2a-  -  3x-)  -  (1  +  )/-)}  =  (2a^'  ~  3-^^')' 

-  (1  +'/)^=  &c. 

5.  (5a6  +  6a2  -  6/r')  -  (4r  -  16:(&  +  l(i6^)  -  4(9  -  n^)  -  4(4'/'' 

-  4a6  +  6'0  ^  5a6  +  tja-  -  o;V'^  ~  4a-  +  16-'ti  -  IG/r  -  3G  +  4a^-  1  Ju- 
+  IGai  -  46-  =  kc. 

6.  (24ax!/  -  16^2  _  gj;^-')  +  3 (4a-'  +  iaxy  +  xV)  -  T(.r-(/2  _  9  ,2) 
+  4(4fi3  _  l2axy  +  9.rV)  =  ^Aaxy  -  IGa^  -  Qx-'-i/^  +  Ua^  +  Uaxy 
+  Sx'^y-  -  7x--y  +  tj3:i-  +  IGa.-  -  43^^;^  +  3Ga;-(/-  =  &c. 

7.  (1  -  a;0(l  +  x-)(l  +  X*)  +  &c.  to  7  terms  =  (1  -  x'^){\  +  x^) 
(1  -rx^)  +  &c.  to  6  terms  =  (1  -x  ■)(!  +  x")(l  +x^''')  +  &c.  to  5 
terms  =  (1  -xi«)(l  -l-  x"^)(l  +  x^-)  +  &c.  to  4  terras  -  (1  -  x^-) 
(1  •l-x-'=)(l  +x6^)  =  (1  -  x''^)(l  +  x''^)  ■-  1  -x'28 

8.  Product  of  first  two  terms  =  a^  -  xh/-^  of  first  three  terms 
=  (£'  -  x*i/* ;  of  first,  four  terms  =;  a'  -  x^'y*,  and  so  on. 

Now  the  iadex  of  each  term  in  the  product  of  the  first  two 
f.iotors  =  2  =  2i  =  2''^-i 

Index  of  each  term  in  the  product  of  the  first  three  factors 
=  4  =  2^=.  2^-1 

Index  of  each  terra  in  the  product  of  the  first  four  factors 
T  R  =  2^  =  2'*"i,  and  so  on 

Therefore  the  index  of  each  term  in  the  product  of  n  such 
factors  -  2"  -  ^  .-.  {a  -  xy){:i  +  xy)((r  +  x'^y^)    ....    to  ?i  terms 

o"  -  1  2"  -  1 

=  a"  -  {xyj 


Exercise  XIX. 

4.  (a»4  6^)(a'-6»)  =  &c. 

5.  {a?f  -  (x3)»  =  («3  -  x^Xa'^  +  aV  +  x^)  =  &c, 
7.  (i^  +  7/i^x-)(«2  -  7/rx-')  =  &c. 
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KEY   TO 


[Ex.  XIX. 


8.  (2a)''  +  X-'  =  (2rt  +  x)\(2ay  -  (2((.)3a.-  +  (2ayx"  ~  2ux^  +  x'^] 
=  &c. 

9.  3-t  -  Clc)*  =  {3-  +  (2c)-}{3-  -  (26-)'}  =  (9  +  Ac^)(3  +  2c)(3  -  2c) 

10.  (3;h)'  -  (2c)'  =  (3ni  -  2c){(3m)'^  +  (3m)^(2c)  +  (3«)-(2")- 
+  (3,vO(2c)3  +  (2c')*{  =  &c. 

11.  (a')3+  (.r")3-  (a"  +  x')(aii  -  a"r^  +  a-i*)  =  &c. 

12.  («■*)■>  .}-  (/n^) '•  =  (a-i  f  m4^(-„i  c  _  aa2^/i4  4.  aS/;i«  _  a'^.n^^'+  n^'  n-j 

13.  (c')^+  (a:')==  &c. 

U.  (x'"')''+  (m'O)^^  (i-i"  +  m'°)  (a;-''-x'°/?iio  ^.  ^jen-j  ^  ^^ 

15.  (-121+  c-i)(ai-+  ci-)(«^+  c«)(a3-|-  c=')(a3-c^) 

■-  {(«')'  +  (c')'}{(«*)^  +  (c*y\Kay  +  (c2)'i}(a3  +  c^){a-^  -  c^)  =  &c. 

16.  (a3-/  +  (./rt^-/  =  &c. 

n.  (a*-'  +  c-'*)(a^'  +  c2')(«-'  -  c"~)  =  {(a'»)3  +  (c'?):*) 
[(«.y)«  +  (c9)=*j{(«9)^  -  (c^)S}  =  ((/.'s  +  c'«)(a-5'i  -  a^^'c^"  +  c^C) 
(a«  +  c")  (ai8  -  aSc"  +  c^^)  (a^  -.c")  (ffli«  +  a^c^  +  c'") 
=  {(afi)^+  (c6)3}{(a3)3  +  (c^)Sj{(aS)s  _  (c^^sj^-^^gg  _  ai?c'8  +  c'^c^) 
(a'«  -«^c«  +  c'«)(ai8  ^.«qp9  ^^.,8)  ,  (^6  4.  c«)(«i--««cc  +  fi-) 
(a^-r  r)(a6  -  aV  +  cfi)(a3  -  d)(a'''  +  a\'3  +  c'5)(rt^e  _  aif'c's 

(a^  +  c^)  (rt^  -  c^)  («^6  _  rtisc'«  +  c3")  («'8  -  a'^c'^  +  c' ') 
(a'»  +  ,)0c9  +  c'8)(«i-  -  aCc6  4.  ci2)(a6  -  aV  +  r'')(a^  +  aV 
+  c")  =  &c. 

18.  (/;i'8)3  +  (c''')3  =  (m-i*  +  c^")  (»i'6  -  m'^c^s  +  c^'') 
=  {(w"^)'  +  (/■'  6)3|(„i'J6  _  mi^c*''  4-  cf-'6)  =  &c. 

19.  (a-y  +  (m-y  =  &c. 

20.  (a~'ni"'y-  (p"'y^  (a-'m"'-p''-')(a^*m'^^  +  a-T/n'^'p"'' 
+  p''^)  =  {(a^m.^y-(p''y\(a''hn,''^+a''m'^''p"+p'*)  =  (a^m^-p'')  , 
(a'^m^''  +  a^m^p^  +  p'^  ^Xw'^m"'^  +  a^'m^'p-^  +  p'^*)  =  {(aVy 

-(?/)»}(a.l''OT^8  4.uP^Pp0+pl8)(^54„j54+a27m2"p2'+/r'4)=  ^c. 
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Exercise  XX. 

1.  a  —  X  +  X  -  n  —  a  +  a  +  a  -  X  +  a  -  X  —  a  =  a  —  2x 

2.  3(«2_  x^)  -  2(«2_  iax  +  ix~)  -  (\2ax  -  9a2_  4^2)  -4(9^2-  a-) 
=  3.t--  3x2-  2rt-'+  8(/x  -  8a;2-  12aj;  +  Oit^  +  4^2  _  SGx^  +  4,,;; 
=  14i?2-  43j;2-4fl.r 

(■i)  (S) 


a''  +  "'  +  a"'a:P  +  3 

-a^-ix-x" 

—  a™  a;'"  "  ^  —  a;'"  ■*" ' 

-a"-ix-«"-2x2 

,^c  +  OT^„r^p  +  g_„mj,w-3). 

_  ^m  +  g 

gn-2^2_j.n 

(•?) 

a" -2x2  + a"  ^x'' 

1- 1)  1  (1+  1  +  1  + 1,  &c.  -a"-«x''-x",&c. 

1  -  1 
+  1 
1-1 


1 
1  -  1 


1,  &c. 

8.  {a'^  +  x^)  (a«  -  x"^)  =  {{d^f  ^  (x»/j  {(a^  -  (x^)'}  =  (a'^+  x'') 
(a'*  -  x'')(tt*'  -  a?  x^  +  xC)((;e  +  a^  x^  +  x^i)  =  &c. 

9.  X2  Jft2  (a-i  j;2  -  4tt2  x-/?  +  4ju2)  =  ^2  x2  (a2  X  -  2/})2. 

10    V^(^3)  ^^-  _  m^  +  4}  -  1)2  +  6^jl2(3  +  4)  +  1} 

12-0     ^  0  +  V4  (12  +  1)  -3  -  (2 +  3  +  1) 

^^  _  1(14  -  1)2 +  C{~  (34+1)  ^  ^  _  (169  +  6)  -  85 

"  ^Vl  V52  -  3  -  6  12  V49  -  6 

1       175-8.5       1 

—  —   =  —  _  00  =  —  SOI 

•2  7-6         2        •^"-      «y^ 

(11) 
IH-  2+3  +  2  +  1  1  +  2  +  3  +  4, 

1-2+1  1-2-3 


1+2+3+2+1  1+2+3+4 

-2-4-6-4-2  ^2-4-0-8 


12 


KEY  TO 


[Ex.  XX. 


1+2+3+2+1 


-3-6-9-12 

1  +  0  -4-~8  -  IT-'  12 


1+0+0-2+0+0+1 

a:"  +  0x5  +  0x4  _  2x«  +  0ar2+  Ox  +  1    ^jr,  +  Q^^^  _  4^3/,2.  Qgij^s,  i  ^^b^.  126' 

=  x«  -  2x='  +1  =  c'i  -  ^a?b^-  Sa^i"-  iTai*-  126 ' 

(12) 
X*  +  Ox'  -  (a^  -  6  +  c)  x^  +  (cib  +  at)  x  -  tc  v  x-  +  ax  ~  c 
1:1  +  0  -  (a^  -  6  +  c)  +  (a6  +  ac)  -  6c 


—  a 

+  c 


-a+   a2 
+  c 


-a6 
-  ac 


+  6c 


1-0+6  =  x^  -  ax  +  6. 

13.  («.Gi  _  ,ft64)  ,,  (a«2+  »i,32^(a^^  -  m^^') :,  (•„22+  j^a^-j^^i  6  ^  ,;ji  cx 

(a"'  -ni'f=)  =  &c. 

14.  («-+  c2)  X  4">  factor  =  a-'^  +  t-^ ;  (a  -  c)  x  5ih  factor  =  a"  -  c^i 
and  {a  +  c)  x  last  factor  =  a^^  +  c^^  Hence  required  value 
=  (all  _  tU)(a"  +  cii)(«22  +  c=^2>)  ,  („-  _  c^2)(o2:!  j.  ^,22^  :.  ^44  _  c44 

15.  a  +  6  =  0  and  a=^.-.  6  =  -5;  a  +  6  +  c-O,  and  a  +  6  =  0 

.•■  c  =  0  ;   i  {i  -  (  -  1)1}  =  J  {i  -  (  -  I)}  =  i  (?  +  i)  =  i  X  J  =  i 

IG.  a^-  6^-  2a%  +  3a62  +  3a^6  +  3a62  +  a?  ■\-  b^  -  22^+  6a6' 
=  2a  {a-  +  36^) 

17.  3  (a  -  m)"  -  2  (4a2  -  9,h2)  _  (iom3  4,  g„,„)  4.  7  ^^z  _  ,„2-) 
+  (10a77i-  4w-)  =  3a'-  6am  +  3;;)- -  8a2  +  18m--  lOm^-  Qam 
+  Ta^  -  7;?i-  +  lOam  -  Ani^  -  2a-  -  2a;;i  =  2a  (a  -  m) 

18.  =  ;«[(7/i  -  2a)(?7i  -  26)  +  (/«  -  26)(m  -  2c)  +  {in  -  2r)rjn  -  2a)} 
=  m\  (6  -  a  +  c)(a  -  6  +  c)  +  (a  -  6  +  c)  (a  +  6  -  c)  +  (a  +  6  -  c)  (6  -  a  +  c)} 
=  m[c^  -  (6  -  a)2  +  a2  -  (6  -  c)^  +  6^  -  (a  -  c)^} 

=  7ft(c"  -  6^  +  2a6  -  a=  +  a^  -  6^  +  26c  -  c^  +  6^  -  a^  +  2ac  -  c^) 

=  7?2(2rt6  +  2ac  +  26c  -  a^  _  ^2  _  ^2^ 

=  m(2a6  +  2ac  +  26c  -  a-  -  6^  -  c^  -  4«6  +  4rt6) 

=  m  ( 2ac  -  2a6  +  26c  -  a^  _  ^2  _  ^2  ^  4^^) 

=  m{(c  -a- b)(a  +  6  -  c)  +  4a6}  =  m{(c -a- b)(a  +  6  +  c -  2c)  +  4a6} 

=  ?/i}(c-a-6)(7Ji-  2c)  +4a6}  =  7n{m(c  -  a  -  b)  -  2c(c-a-6)  +4a6} 

=  8a6c  +  m'~(c  -  a  -  b)  +  Aabm  -  2cm  (c  -  a  -  b)  -  Sabq 
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=  8abc  +  7n^(m  -  2a  -  2b)  +  4a&m  -  2cm{m  -  2a  -  2b)  -  8abc 
=  8abc  +  m(iii^  -  2am  -  2bm  +  iab)  -  2c(pi^  -  2am  -  2bm  +  4a6) 
=  8abc  +  (m  -  2c)(m.^  -  2om  -  2bm  +  4ab) 
=  8ubc  +  (ot  -  2c)  (w  -  2b)  (^m  -  2a) 


Exercise  XXI. 

1.  3b  X  Qab^m,  and  Aairj'  x  Gab'^m. 

2.  3a-ni^  x  7a^,  3a'^m^  x  Gam,  and  3a^m^  x  5?n^. 

3.  axrj(^8ax  +  I7m  -  Sam'-'x),  and  xy(5  +  3a  -  lia^x). 

4.  (X-  -  7nx')  H-  (2x  -  2mx),  and  (x-  +  4r  +  4)  +  (ax  +  2^) ; 
that  is  of  J-(l  -  ?h)  +  2x(l -m);  and  Cx  +  2)-  +  a(x  +  2)  ;  that  is 
of  (X-  +  2x)  ( 1  -  77^),  and  (x  +  2)(x  +  2  +  c) ;  that  is  of  r(x  +  2) 
(1  -  7n),  and  (x  +  2)(x  +  2  +  a). 

5.  Tha'.  is  of  3a-(a  -  x)(a  +  x),  and  4a^x^(a  -  x)^; 

G.  That  is  o{3m^(a^-m.^)(a  +  m);  4w^(«^-m-)2,  and4»i2(a2-  w''^) 
(a-  III)  ;  that  is  of  3;ii^  (a^  -  vi^)(a^  +  am,  +  m'^)  ;  4//i'  (a-  -  ?/i^)^, 
and  4/n-  (a^  -  m''){a  —  m) 

7.  Thatiaof  (x-7)(x  +  3);  (x  -  7)(x-5),  and  (x- 7)(x  +  I'J) 

8.  Thatisofa^(x-  I)^,  and  a-(x  -  l)(x-2) 

9.  That  is  of  (x  +  4)(x  -  1)  ;  (x  -  1)^,  and  (x  -  l)(x  +  1) 


Exercise  XXII. 

(1)  (2) 

X'-x  "  G)x2-5x  - 14(1  2x»-  12x2+  21x _  io)a-4_  8x3+21x2-  20x  +  4 
X--X-6  2 


-4x-8 

-4(r  + 

2) 

*;  + 

2)x2 

X- 

-X  -6(x 
+  2x 

-3 

-3x  -6 
-3x-6 

2x*  -  16x=»  +  42x'''  -  40x  +  8(x  -  2 
2x*-  r2x^  +  21x2-  1Q3. 

-  4x^+  21x^-  30x  -Ts 

-  4x=' +  24x2  _  42x  +  20 


-  3x2+  j2x-  12 
-3(x2»  4x  +  4) 


14  KEY  TO  [Ex.  XXII. 

4;a_4x  + 4)2x3-  12x2  +  21a;  _  i0(2x-4 
2x^  -  8x^  +  8x 

-4x'''+  13x-  10 
-4x2+  16a; -16 


-  3x  +  G 

-  3(x  -  2) 
X  -  2)x^  -  4x  +  4(x  -  2 

x^  -  2x 


-  2x  +  4 

-  2x  +  4 


3.  (a^  -  ax)  -  (7a  -  Tx),  and  (a'  ~  u^x)  -  (3a  -  Bar) 
a(a  -  x)  -  7(a  -  x),  and  a^(a  -  x)  -  3(a  -  x) 

«  (rt- 7)(rt  -  x),  and  (a- -  3)(a  -  x)    « 

4.  x(x^  +  X  -  12),  and  x'^(x  +  4)  +  5(x  +  4) 

x(x  +  4)(x  -  3),  and  (x^  +  5)(x  +  4). 

5.  a^  -ab  -  2b-')a^  -  Sab  +  26^(1 

a'-ab-  26^ 

-  -  2ctb  +  46^ 

-  26(cr-26) 

a  -  26)a'  -  a6  -  26^(0  +  6 
a'  -  2ab 

ab  -  26'' 
«6  -  262 


6.  a^*  -  5a6  +  4b^)a^  -  a~b  +  3a62  -  ZJ^^a  +  46 

c?  —  Ba^b  +  4(76^ 

4a^b  -  ab^  -  36» 
4a26-.20a62+  166' 


19a6^-  196* 
1962(a-6) 
a  -  6)a2  -  5a6  +  46^(a  -  46 
c'-a6 

-  4a6  +  46*' 

-  4a6  +  46» 


E\-.  xxn.] 


ALGEBRA.  lo 


7.  Rejecting  the  factor  2  from  the  first  quantity         ,^^..  _  2g 
15x*- 9x'+4'Ja-2-21x  + 28)60x6- 36x5+ 48a:*-45x»+42x2-45x+ 12 

60x6  _  36x5  +  188x'*  -  84a;'*  +  112x2 

-  I40x*  +  39x^-  70  X--45X+  12 

3 

-420x*+  117x^  -  210x2  _  135J,  +  35 

-  420x4  +  252x3  _  i3i6x='  +  588x  -  784 
I~T35xMniT06a>'^723xT820 

135x3 -  1106x2 +723X- 820)15x4- 9x^+47x2- 21  f  +  28(x  -h  205 

9 

135x4  -  5^1  ^3  ^  423^;^  _  i89x  +  252 

135x4  _  1]  OR.T^  +  723x2  -  820X 

'  1025x^-  300X-H-  G31x  +  2r.2 

27 

27675x='-8100x'^+  ]7037x  +  G804 

27G75x^  -  220730x2  +  14821  5x-  168100 
218630x^-  131178X+  1749u4 
43726(5x2- 3x  + 4) 
5x2-31  +  4)135x3-  1106x2+  723x  -  820(27x  -  205 
135x3-      81x2+ lOSx 

-  102'5x2+  615x  -  820 

-  1025x2+  615X-S20 

8.  That  is  of  2b(^3a^  -  3a-y  -  y^  +  ay^),  and  36(4a2  +  2/2  _  5^,^) 
TJiatisof  26}(3a3-3a2j/)  +  (ai/2-j/3)},  and  36{(4a2-4a)/)  -  (ay-?/2) 

26{3a2(a  -  y)  +  y\a  -  y)]^  and  36{4a(a  -  y)  -  y(a  -  y)] 
2&((i  -  i/)(3a2  +  !/2),  and  36(a  -  2/)(4a  -  7/)  ; 

Othetwise, 
4o2  -  5ay  +  2/2)  3a3  -  Sahj  +  ay^  -  7/ 
4 
12a^-  Ua^y  +  iay'^  -  4y'^  (3a  +  3y 
12a^-15a2y  +  3«i/2 

Sa'y  +    flJ/2  -  4j/' 
4 


12a-'!/  +  4inj~  -  Idy^ 


1^  KEY  TO  [Ex.  xsiL 

191/ (a -y) 
O  —  y)  4a^  -  bay  +  y-  (4«  -  y 
Aa^  -  4(ty 

~^yTf  •••  «•  ^-  ^^-  =  6  («  -  3/) 
-ay  -hy^ 
0.  «2  4.  i2ffi-.  28)c3+9«2+  27o-98  (c  -  3 
c'+  12a2-28a 


-  3a^  +  55a  -  98 

-  3a.^  -  36a  +    84 

91tt-  182 
91  (a -2) 
(r-2)  a2+  12a-  28(a  +  14 
a^  -  2a 

14a-  28 
14a -28 


10.  8P  (a3  -  3a'b  +  3ah'^  -  b^),  and  12a2  (a^  -  2a6  +  b^ 

That  is  of  8b'^  (a  -  bf,  and  IJa^  («  _  z,)2 
n.  Rejecting  the  factor  2  from  the  first  quantity  and  mul- 
tiplvincr  the  second  by  3  ,       ^ 

1    .        o  J  (.7  +  2 

3a-"'+10(i*-Ga*-24«-+lla  +  G)3a6+12a'^-9a*-48a='+33a2  +  3ua_27 

3a6  +  10a«  -6fl*-  2ia^  +  l]a^  +  Ga 
2as  -  3a*  -  24a^  +~22a-  +  30a  -  27 

3 

6a-'  -    9a*  -  72a^  +    66a^  +  90a  -81  ( 

6a5 +20a*- 12a='-    48a2+ 22a.+ 12 
^2 Da'i  -"eOa^Tl r4^^+~G8a^""93 
29((*+ COa^*- 1 14rt-- G8a  +  93)3a5+ lOa*- Ga^ -  24a2 +]  irt -}.  c(3a  +  1 10 

29 
87tt^  +  290a*  -  174a='  -  696a^  +  3l9a  +174 
Sla^  +  180a*  -  342a' -  204a2  +  279a 

lido*  +  ICSa**  -  492a'^-rT0a  +  1 74  '"*  ^^  " 
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3!90rt4  + 4S72a^- ]42G8a2+ 1160a  +  504G 
3190rt*  +  6600a^  -  12540«2  -  7480a  +  10230 
'  ^728a'*  -    1728a''  +  8640a  -"5184 

-  1728  (a^  +  0?  -  5a  +  3) 
a'  +  a^  -  5a  +  3)  290*  +  GOa^  -  IMa^  -  68a  +  93  (29a  +  31 
29a*  T  29a3-  145a2  4.87a 

sTo^^-TsTa^  -  155a  +  93 

31a5  +  31a2-  155a  +  93 

12.  Rejecting  the  factor  2  from  the  i:rst,  and  3f  from  the  second 
-  d'b  -  8ab^  +  6/>^)  a*  -  3a%  -  8a^b^.+  18a6=»  -  86*  (a  -  2b 
a4_    a^li-8a^^+    6ab^ 
■     ^2^6  +  12a6^  -    86* 

-  2a»6  +  2a26^  +  16a6'  -  126* 

-  2a-c/^  -    4a6*  4-    46* 

-  26^  (a-  +  2a6  -  26^) 
a'  +  2a5  -  26^)  a»  -  a'b  -  8ab'^  +  Gb^  (a  -  36 

a^  +  2a'b  -  2ab' 
-  3a^b  -  Gab''  +  66* 
-3a26-6a62+668 


Exercise  XXIII. 


1.  4  X  -  3  X  aWxh/  =  -  \2a%^xY 

2.  4  X  3  X  a^x-i/z^  =  12a2j:y22 

:^.  (X  -  vy  (x'  -  yy  -^  \{x  -  y)  (x^  -  y)Y  -,  (^3  _  xhj  -  xy  +  f-y 

4.  (x^  +  x?/  +  y'^)  (.1*  -  ^*)  =  x^  +  x''y  +  xh/  -  x"y*  -  xy''  -  ?/6 

5.  x'\]  -  xY;  (x  -  1)(.T  +  1),  and  4x(l  +  x)  that  is  x^(l  -x)-; 
'  (1  -  j)(l  +  x),  and  4x(l  +  x)  =  4x^(1  -  x)^  (1  +  x)  =  4x''  -  4x* 

-  4i^  -r  4x^ 


lb  KEY   TO  [Ex.  XXII,  xxiY. 

6.  a^  -  6*  contains  a^  -  b^,  and  a^  +  b^  as  factors ;  .•.  /.  c  m 

=  3G  (<i  -  b)  (a"  -  b^)  =  36  (a'  -  a''b  -  ab'^  +  6')  -  36a'  -  3Ga«6 
-  36a6"  +  3G6' 

7.  X  (X  -  3) ;  (.c  -  3)  (.c  -  7)  ;  and  x  (x  -  7) 

.-.  /.  c.  m.  -  X  {x^  -  lOx  +  21)  -  x"  -  10.r^  +  21x 

8.  (a''  -  x^),  and  (a^  -  ax)  -  (a  ~  x) 

a^  -  x^,  and  a  (a  -  x)  -  (a  -  x) 
a*  -  x^,  and  (a  -  x)  (a  -  1) 
.-.  I.  c.  771.  =  (a*  -  x^)  («  -  1)  =  0*  -  a^  -  ax^  +  x* 
9    G.  C.  M.  of  two  given  quantities  is  a^  -  la  +  12 
a«  -  9^2  +  26a  -  24 

a^-7^+12        ~  "  ~  ^ 
(u=*  -  8(i-  +  19a  -  12)  (a  ~  2)  -  a*  -  10a*  +  SSa^  -  50a  +  24 
10.  3(a  -  b)(a- +  ab  +  b'^)  ;  4  (a -6)^;  5(rt  -  6X'^  + '')(«^  +  *^) 
6(a  -  by,  and  {(a  -  6)(a  +  6)f 

Or  of  3(a  -  b)(a^  +  nb  +  b'^)  ;  4(a  -  b)^ ;  5(rt  -  6)(a  +  bX^'  +  b^) ; 
6(rt  -  b)-,  and  (a  f  6)^(a  -  bf 

.-.  I.  c.  m.  ^  3x  4x  5  (a  -  by  (a  +  by  {a}  +  ab  +  b"'')  (a^  +  b^) 
^  60(a"'  +  a^b  -  a'b^  -  2a''b^-  2a«6*+  2a*6'  +  2a»6'  +  ifb^  -  ab'' 


Exercise  XXIV. 


*  ?/i(2a+  wix-771^ 
2    —^ i 

m(3a^  +  m) 
0^6(1  + 6  + 7«) 
■*•   Icir+bTm) 


6. 


ax'^iy 


b(a  +  c)   .  "  x(a^7«  +  aj/  +  x''^i/V) 


1x'^f(3  -  5x)  a  -  m 

8. 


14x*?/^  •  (a  -  m)(a  +  77() 

(a  +  6)(a2  _  a5  +  62)  (a'-b)(a-b) 

9.  --^-^--rr, rr—  10. 


(a  +  i.)(a  -  b)  *"■  (a  -  6)(a2  +  ab  +  b'j 
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(a  +  b)  («2  -ab+  b^)  (a^  -  m^)(a^  +  ahn^  +  m*) 

(a-  -  m-)  (n^  +  irv")  1{x^  -  3x  +  5) 

^'^-         a\a--iu~)  ll(x--3x  +  5)" 

(.r  -  7)  (X  -  4)  .    (2x  +  3)(2x  +  3) 

^^-   {x^YJli'VB)  ^^'   (2.r  +  3)(  x  -  4) 

x-(x-  +  2y  +  3ir)  (a^  -  ab  +  h'^){a  -  b) 

^^"  x'\2x^~^6xy~^]f)  ^^'  {a^-ab  +  b^)(a^+ab  +  b''y 

(a2  -  m^)  (a-  +  wi^)  (a^  -  m'^Xd^  +  m^) 

d\a  -  m)  -  m^(a  -  m)  ~  \d^  -  m^){a   -  m  )' 

(ac  +  be)  +  (ad  +  bd)  c(a  +  b)  +  d(a  4-  b) 

(am  +  bin)  +  {2up  +  ibp)  ~  m{a  +  b)  +  2p(a  +  b) 
(c  +  d)(a  +  b)  (X  +  «)(x  +  b) 

(//I  +  2/))  (a  +  b')  ^  ^  •  (X  +  c)(x  +  6) 


10. 
20. 


(X  -  l)(2x2  4-  3x-  5)  (a  +  in)(d^+  2ajri  +  m^  -  x'^) 

"(.7-l)(Tx  -  5)  ^^'  (. 

(a  +  m)(a'  A-  2am  +  vi^  -  x-) 


^'^-         (x-l)(Tx-5)  '^^'  [x''- {a-mf\[{a  +  m)--x'') 


(a^;4-  2am  +  m'^  -  x-)  (x^  -  d^  +  2n?n  -  m-) 
(({4+ a:*)  (u»  -a*x4  +  x«) 


2-1.  -, 


(a4  +  x*)  (a'S  -ai'-x*  +  o*x*  -ri*x'2  +x'6) 


2. 
3. 
4. 
5. 


Exercise  XXV. 

a^  +  (i^  +  a-  a^-  a-  I  +  2        a'  +  1 
tt  -  1  ~    a  -  1 

3ax  +  9a-yx-3y-  (3a^-  30)     3ax  +  9a  -  xy  -  3y  -  3a''+  30 
'  X  +  3  ~  X  +  3 

3ax  -Say  +  xy  -  y^  -  2a  -  xy       Sax  -  Say  -  2a  -  y^ 

/  X -y  ~  x-y 

Sa-x  +  Sox'^  -  «!/*  -  xy'^  +  avi  +  mx  -  Sax^  -  xy'^ 


a  +  X 

3a-x  -  ay'^  —  2xy'^  +  wm  +  mx 
a  +  X 
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xyz  +  2/nxJ/  +  mz^  +  2m^z  +  xxjz  -  zhn  -  2m^z      2xyz  +  2mxy 
z~+  2m  -        2  +  2ni 

2xy{z-rm)  (a  +  by-(a-by 

~      z  +  2m  '  a  +  b 

a^+  Sa'b  +  3a62+i>3_ («»- 3a'b  +  Sab^-b")     6a^b  +  26»  _  26(3a'+6^) 
a  +  t  ~      a  +  b     ~       a  +  b 

a^+m--a^+7n'       2/n^  a*+x2-a2+2ax-a;^       2aa; 


a^  +  7ii^       ~  a^+m^  '  a'  +  x^  u^+x* 


a  -  x)  d^  +  x^  (a  +  X  + 


Exercise  XXVL, 
2x2 


a  —  x 
a'  —  ax 


ax  +  x* 

GX  —  X^ 


2x2 

y^  +  y^ 

3.  X  +  1/)  x2  +  2xy  +  2/2  +  x^  -  y*  (x  +  y  +  ar*  -  xy  +  y^  -  -  j.  ^ 
x2  4-  xy 


xy  +  y* 

xy  +  y* 

x3 

-2/* 

x' 

+  X2j/ 

-  x'^y  -  y* 

-  x^y  -  X2/2 

xJ/2  _  3,* 

X1/2  +  2/' 

-2/^-2/* 

3 
4.  m  -  p)  5m.^  -  5p^  +  3  (5m^  +  bmp  +  5p2  +  — - 

5/re'  -  Zm"p 

bir^p-  bp^-k-Z 

5m^p  -  5mp2 

■  5wip2  »  5jj8  4.  3 

5/np2  -  5j3' 
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a-l  1 

5.  ab  -  b)  a-b  -  ab  -  a  +  1  (a-  .  ,        /;  =  «  -  "T" 
d^b  ~  ab  y  ) 


-rt  +  1 

6(4a+  1) 

6.  wj  +  t)  m  +  fl&  +  5ain  (1  -i-  5a ^ — IT"" 

m  +  b 

0am  +  ab  —  b 
5ani  +  5a!> 


~4ab-b 


Exercise  XXVII. 

2  (x  +  y)3x     2(4.T  +  y)      (x  -  y)  (2^;  -  3y)  . 
^'     2(x2-i,2)    ;  2(a-^-/)'  2(x--^^)        ^*°- 

a     4.r    x^-^-l  .-^x  +  2       3f/(.x2-l)    4x(x2-l) 

®-  T'  T'  ^^^i'  ''^'"^  ~3      '  "^    3ix^-iy     3(x2-l)' 

3(x2+l)  (3x  +  2)(x2-l) 

6n'^(a-b)  'la  a-h 


6a^(a^  -  6^)'  6a3(n^  -  6-;'  ''"^  6a»(a2  _  52^ 


Exercise  XXVIII. 

4a»i  +  3/K  -  Ibc  VC2:  +  3)  X  +  2  (a  -  6) 

1.  -re 2.  ^ 


3. 
4. 
5. 


26;/i  J/'-(x  +  3) 

(n- 6)2- (a +  6)2        -  4a6  4^6 

315x-  18x  +  35x+  63x2 


63 

X*  +  J/  (x  +  •I/)'''-  xy  (x  +  ?/)       x^+x^y +  2xy2+i/'-x^2/-x?/^ 
(X  +  3/)8  ~  (X  +  yf 


c  (a-b)  +  a  (b  -c)  -b  (a-c)         0 

6.  — ^ ' ■        ^^ =  -^  =  0. 

'iOc  abc 
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m  (m  -p)-  p  (in  +  »)     m^  -  mp  —  mp  -  p' 

*l =  ,  &c. 

(in -\- p){m  -  p)  (.'»■+ P)i"^  -  P) 

3  (2a- 1)  -  4(1  -  5a)- 1  (2«+  1)        12g-14       14- 12a 
4^'^^n  ~   lu^-l    ~     l-4a^ 

9.  Multiplying  both  num.  and  deu.  of  1st  fract.  bj  -  1  in 

order  to  change  the  signs  of  the  den.  we  get 

x(x  -  16)  +  (.r  +  2)(2x  +  3)  -  (2  -  3a;)(2  -  x) 


8, 


x~-  16x  +  (2x2+  7x  +  6)-(4-8x  +  3i2) 
__2 


=  &c. 


x  +  7/     x  +  y     x  +  y     x-y     x  +  y     x  —  y     x-^y-x+y 
a  0  a  b  b  b  o 

(m  +  p)(m  -p)  +  (p  +  x) (p  -  x)  +  (m  +  x) (x  -  ?ft) 


(p  —  X)(^X  -  ?ft)(/rt  —  p) 

(m^  -  p2)  +  (p2  _  xZ)  +  (x^  -  /;i2)  0 


12 


(p  -  x)(x  -  m)(iii  -  p)              (p  -  x)(x  -  ?n)(m  -p) 
(a  -  6)(6  +  c)  +  (6  -  c)(o  +  6)        2ab  -  2ac 


=  0. 


(a  +  6)(6  +  c)  ~  a6  +  be  +  ac  +  be  -  be  +  b^ 

2ab  -  2bc  -  2ab  +  2ac 


ab  +  ac  +  be  +  b'^ 


&c. 


l+x-(l-x)  3(1  +  2x)-3(l  -  2x)  2x  12x 

^^-  r-^  "*"  1  -  4x2  =   1  -x2  "^  1  -  4x^ 

2x-8x*+ 12x- 12x»         14x-20x3 

(1  -x^)(l  -  4x''^)  ~   1  -  5x-  V  4x4 

14.  Multiplying  both  terms  of  each  of  the  last  two  frac.  bv 
.-  1  we  get 

7h  m  m 


a  (a-b)  (a-  c)       b  (a-  b)  (b  -  c)       c  (a-  c)  (c  -  b) 

bcm  (b  -  c)(c  -b)  -  acm  (a  -  c)(c  -  b)  -  abm  (6  -  c)(a  ~  b) 
ate  (a  -  6)(a  -  c)(6  -  c)(c  -  6) 

«)  (2b\^—b^c  —  6c'  —  a^c^  +  2a^bc  +  ac^-abc'^—a^b^  +  ab^  -  ab-c)      m 
'  abc(2b^c''-bh-bc'>-'ah^+2a^bc  +  (ic'-abc'^-a'b^  +  ub^-ab'^c)  ^  ^ 
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Otherwise  thcs 
Multipljing  both  terms  of  2nd  fraction  once  by  -  1,  and  of  3rd 
fraction  twice  by  -  1,  we  get 

m  m  m 

a{a-b)(a-c)  ~  b{a-b){b-c)  "^  c{a-c){b-c) 

whence  we  have  I.  c.  m.  of  the  den.  =  abc(^a  —  b)(^b  —  c)(^a  ~  c) 

bcm(b  -  c)  -  acm(a  -  c)  +  ahn(a  -  b) 

.•.  the  given  fractions  =  r-- j-r-; tti r— — 

^  .        a6f(a- 6)(a- c)(6 -c) 

b^cm  -  bc^m  -  aram  +  ac-m  +  a^bm  -  ab'in, 

abci^a  -  b){a  -  c){b  -  c) 
ac^m  -  bc^m  -  n-cm  +  b^cm  +  a%m  -  ab-in 

abc{a  -  b){a  -  c)(b  -  c) 
c'^m(a  -b)  -  cni{a?  -  b-)  +  abm(a  -  b)       (?m,  -  cm(a  +  6)  +  abm 
abc(a  -  b)(ii  -  c)(b  -  c)    '  ~       abc(a-  c){b-  c) 

m(c^  -  ac  -  be  +  ab)       7n\(ab  -  be)  -  (ac  -  c^)j 
abc(a  -  c)(b  -  c)      ~         ubc(a  -  c)(b  -  c) 
_  mlb(a- c)-c(n -c)]       7n(b-c)(a-c)        m 
abc{a  -  c)(6  -  c)      ~  a6c(a  -  c)(6  -  c)  ~  a6c 


EsEECisB  XXrX. 

2t  X  3x     3x'                             2mxx^xv^ 
1    = •  2     —  -  2 

5  X  2a        5(1  •  xy  X  mif  X  X  ~ 

2{a  +  b)       x(a-b)       2a -21 
xij        ^  3(«  -Vb)  ~       3y~~ 
3a       x+  1       X-  \       3(x+l)(x-l)       3r2-3 
*    1  2a         a+6~  2(a  +  6)         ~  2a +  26 

(g  -  x)(a  +  x)       (a  +  b)(a-b)  a  a(a-b) 

a  +  b  a  +  X  x(j.i  -  x)  ~         x 

a^-m^        a^  +  vi'        (a  +  m)  (a^  +  m^)        a'  +  ma^  +  mH  4-  m» 
7?!!/  a  -  m  my  my 

(a  -  x)  (a  +  x)         4ax^  4x(a  -  x)       4ax  -  4x^ 

7. X 


3  7x  a  +  X 


24  KEY  TO  [Ex.  XXIX,  xxx. 

(x-'!)(x-G)     (.r-5)(a;-4)     (x-7)(x-4)     a:'- Hz  +  28 
x(.r  -  5)  x(a;  -  G)      ~  x'  ~  x* 

abcdm  am 

^-  baipy^  ^  /V^ 

(a. -2)(a+2)     a''- 1      a-  2      (a  -  2)(a  -  2)     (a-2)» 

10.    -;; r; X  — ; X 


11; 


(«"-  1)  2a        a  +  2  2a  2a 

(x-o)(x  +  a)         a-(a;  +  i)  +  c  (X  +  6) 


x(x  +  6)  -  «(x  +  t)      x(a:  +  c)  +  rf(x  +  c) 
(X  -  o)  (x  +  «)        (x  +  i)  (X  +  c)        X  +  a 
(x  +  6)(x  -  «)  ^   (xl-c)(x+'d)  ^  xTrf 

(3:  +  4)(x-3)      (X  -  5)(x  +  7)      (x-SXx  +  T).    x2+4x-21 
"•  (x-8)(x-5)  ^  (X  +  4KX-11)  ~  (x^8)(x-ll)  "  x^-  19x+88 

I -«  +  «•''       a^  +  Q^j       {(a2+  l)-f;}f(a3+ 1) +a} 

13.    ; X =    

1  a'  a^ 


(2a  +  4;;i)(2g-4flO  5a  a  +  2?n 

a  -  2m  ^  5 (2a  +  4m)(2a  +  4»i)  '^        o 

2(a- 2/h)((' +  2m)        1 


2(a-  2m)(o+  2//i)  "    1 


=  1 


Exercise  XXX. 

'   X    '    y    ~    X        X    ~  x* 
a  -h  X       a  -  X       rt+x  a  o+x 

2.    -— —    -r =    X    =    •. 

a  a  a  a  —  x       a  —  X 

a+  b       (ti-hY      a-  b 

3 —  X  -^ —  =  ■ 

'  a-  b       (a  +  6)^       a  +  b 

(a^  +  .T^)(a  +  x')(a-x)     (!/  +  2)Cy-2)        3a 


7T1  ^       a-x     -><;i2T72  =  3a(a+x)(2/-2) 

X  -3       (x-9)  (X-  8)       x-3 
a;  -  9  '^  (T  -8)  (r-  7>  ~  x-  7 


Ex.  XXX,  XXXI.]  ALGEBRA.  25 

(«3  -  a»)  (a»  +  a;')  1  a-x 


r,    X 


(ff. -a:)^  a  +  i-       a^  +  aa;  +  a;^       d^  -  ax  +  x^ 

(a  -  x){a.^  +  ax  +  x'^)(a  + x)(a^ -ax  +  x'^)         1  a  -  ar 

X  ■ — ■ —  X 


(a  —  a-)  (a  —  a") 
1  1 


a-  -  ux  +  x^        1 


1 


3(a2-l)       2ff(a+6)       3</('^-I)  3«^  -  3a 

^-  2lar+bj  ^  "x^  -  1      "^  ~x'^  -  1  "     x^-  1 

(xy  +  r)  +  7/"  +  a;  (X  +  y)  ^  (2xy  +  2j/^)+x  (a- +  y)  -  .ry 

a-y  +  i/                   '  ay  +  y^ 
2y^  +  2a;y  +  a'-^             ari/  +  y^ 

xij  +  y^  2y^  +  2a;y  +  x^  ~ 

4a%'^            4ab                     4a^b^  a^  -  b^           ab 


EXEBCISB  XXXI. 

a-b  la  -  2x 

3  5(a-6)  ~~7~       7ffi-  2a: 

lo'"'+"96  ~  10a  +  96  '        3        ~        21 

15  T 


X 


21  -  12a- 


1        _       ax  20        _  3(21  -12j:) 

^'    (Z+-/a;  a  +  2x  ^'     3.v  -  I     ~  "10(3j  -  1) 


a  •  6 

15  -  6x  +  6a 


10 3(15-6x  +  6a) 


10a  4-  lOx  -  6         2(10tt+10x-6) 
^15        ~ 
8a  -  2a 


1  -  4a^  _       4a  1  -q'' 

^    2  +  8a^  ~   1  +4a»  '^"        2        ^  "  " 

1  -  4a^  1  -  a* 


26                                          KEY  TO 

[Ex.  XXXI,  xj:xu, 

a'  +  b^-ab 

b                a'^-b^        a(a'-ab  +  b^] 

«  -  b)(a  +  b) 

a-l^         "    a»+6''    ~           a-b 
ab 

b){d^-al  +  b'^) 

xY  -  1  _  xh/                -  1 

-  1 

9.       -"^   ,-  .  .  .  ?:^      -     „ 

xy 

1       '        1       '        1 

4- 

«. 

1     ^          1     ^y         '^ 

ri/-l- 

xy 

^     xy  -  \                  xy  -  1 

1 

xy 

-1                   -1                   -1 

xy                    xy                    xy 

-1 

xy 

""xJj" 

I 

1 

^     xy  -  I              I  -  xy       1  -  1  +  xy 
^-1^1                     1 

a:=^'^ 

a 

c                                            a 

t+      ^                    «                       1 

(^f+«                      cf              bdf+be  +  c-r 
T^                /                    ^  df+e                df+e 

adf  +  ac 
bdf+be  +  cf 

adj-ac               adf-ac              adf- 

ac 
+  cf 

adf-  ac 

bdf  +be  +  cf      bdf+be  +  cf       bdf+  be 

bdf+be  +  cf 

adf+ae       a(df+e) 
adf-  ac  -  a{df-  c)  ~  ^'^^ 

2  +  8;ft2          1  +  4m2 

1  +4 
m(4/w^ 

4//1  -  8/71^        m  ~  Im^          -  1  _  4^2 
4/rt  +  8;ft2          i  +  im         m(l  -  4m^)  ~ 

-1) 

-8?»                -1 

4 

Exercise  XXXII. 

1.  12x  +  4:i:  =  84  -  3j;,  or  19x  =  84,  or  x  =  4.^- 

2.  lOx  -  X  =  5x  +  20,  or  4x  =  20,  or  x  =  5 

3.  168x  -  28x  +  12x  =  63x  -  231  +  84x  +  756,  or  5x  =  525, 
or  X  =  105 


m 
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4.  30x  -  105  +  9x  -  3  =  5x  +  40  -  30x,  or  G4x  =  148,  or  x  =  2^^ 

5.  56  -  4x  +  20  =  84  -  Tx  +  49,  or  3x  =  57,  or  x  =  19 

6.  56x  -  8x  =  21x  +  7  +  14x  +  84,  or  13x  =  91,  or  x  =  7 

7.  8x  -  G")  =  35  +  2x,  or  Gx  =  100,  or  x  =  1G| 

8.  15x  +  45  -  12x  -  48  -  9G0  =  -  20x  -  20,  or  23x  =  943,  or  x  =  41 

9.  80t  -  8x  -  76  =  300  -  35x  -  55,  or  107x  =  321,  or  x  =  3 

10.  112x  +  480  =  3024-  39x  +  84,  or  lolx  =  2628,  orx=  17^-1- 

11.  208x  -  442  +  308x  +  374  =  858x  -  4433  +  143x,  or  -  AS5jc 
=  -  43G5,  or  x  =  9 

12.  4x  +  4  -  3x  =  6  +  14  -  3x,  or  4x  =  16,  or  x  =  4 

13.  3G0x  -  IGOx  -)•  200  +  48x  =  2040  +  GO  -  ISOx  +  45x  +   15, 

or  383x  =  1915,  or  x  =  5 

40x  -  60       34x  -  108 

14.  Multiplying  by  i2  we  get  x  + z , 


39x  +12       36  -  23x 

=  12 - 


160X-240        13GX-432 
This-  X  4  and  reduced  gives s ;:"*■ —  =  3x-3G, 

or  800x  -  1200  -  952x  +  3024  =  105x  -  12G0,  or  257x  =  3084, 
or  X  =  12. 

15.  GOx  +  30x  +  15x  -  36x  +  252  =  ]20x  -  156,  or  51x  =  408, 
or  X  =  8 

16.  336  -  lOx  +  10  -  776  +  5Gx  =  16x  -  3x  +  11  -  144,  or  33x 
=  297,  or  X  -  9 

17.  30x  +  20x  4-  15x  +  12x  +  lOx  =  GOx  +  25x  +  240,  or  2x 
=  240,  or  X  =  120 

18.  12x  -  20  +  X  +  GO  -  9x,  or  4x  =  -  40,  or  x  =  -  10 

125X  +  50O    125X  +  C00 

19.  36  +  20x  -  20x  =  86  -  g^.  _  ^q    ,  or  -^^  _  ^^      -   50,  or 

125x  +  500  =  450x  -  800,  or  325x  =  1300,  or  a:  =  4 
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20.  331  -  30a- +  9  +  5x  = r ;; (l) 


120  +  TOj;  Vix  -  65       55a;  -  85 

-  the  given  c(iiiat   x  10 

9G0  +  5G0.r 
■JTl'O  -  200i: ^ =   15x  -  G5  -  lIOx  +  170  (ii)  =   (i) 

reduced  and  x  8 

945j:  +  960  +  560x  =  23535  (m)  =  ii  reduced  and  x  9 

1505a;  =  22573,  or  a;  =  15 

144x  _  432 

21.  9a;  +  20  =      f>x  -  A —  ■*"  ^"^      <^'^  ""  gi^^r^a  equat.  x  36 

lOOr  -  80  -  141x  -  432  (n)  =  i  reduced  and  x  (5x  -  4) 

44a;  -  352,  or  x  =  8 

22.  30x  +  20,r  +  60  -  15a:  +  60  =  12r  +  60  +  1900,  or  23a;  =  1840, 
or  a;  =  80 

23.  90.C  -  35x  -  70  =  75  +  20a;  +10-51  +  9x,  or  26a;  =  104, 

or  a;  =  4 

12a:2+  36x+  27 

24.  15x  +  lOc^-  10x2+  18  =  27  +  18x zT~^ ^'^ 

=  given  equat.  x  (3  +  2x) 

12x'^  +  36x  +  27 
3x  +  9  =  q'+T ('^)  ~  0)  transp.  and  collected 

9x  +  27  +  12r-  +  36x  =  12x2  ^  ^^^  ^  27  (iii)  =  (ii)  x  (3  +  4x) 
.-.  9.1'  =  0,  or  X  -  0 

21x  —  39 

25.  6x  +  12  -  ,   ,  „ —  =  6x  +  7  (i)  =  given  equat.  x  9 

5  +  lOx  =  21x  -  39  (II)  =  (i)  red.  and  x  (1  +  2x)  ;  llx  =  44  .-.  x  =  4 

c-b 

26.  ax  =  c  -  6,  or  X  = 

362  +  3jc 

27.  9ax  -  3/)2=  36c  -  2ax,  or  llax  =  36c  +  36^,  or  x  =  — ry- — • 

28.  86x  -  6x  =  a  -  6^  +  3ax,  or  (86  -  6  -  3a)i  =  a  -  l'^, 

_   a-6'» 
^"^  ^  ""  86  -  6  -  3a 
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29.  4a^6r  -  Qa'+  2ax  =  2abx  -  abx  +  i^x  (i)  =  given  equa.  x  2ab 

(4a^6  +  2a  -  a6  -  b'^)x  =  Go?  (ii)  =  (i)  transp.  and  bracketed 

0,0? 
''•  ^  ~  4a^b  +  2a -ab-b'^ 

30.  15abc  -  lOcx  -  5ac  =  20^6  -  156x  -  abcx  +  b^c  (i)  =  given 
equat.  x  56c 

(156  +  abc  -  I0c)x  =  20ab  +  b'c  +  5ac  -  I5abc  (ii)  =  (i)  trans- 
posed and  bracketed 

20«6  +  b'^c  +  bac  -  I5abc 

^  ~  156  +  abc-lQc 

31.  bdx  +  adx  +  ticx  -  bJf,  or  (bd  +  ad  +  bc)x  =  bdf,  &c. 

32.  abx  +  4a2  -  4a^  +  126x  -  4a6x  =  'ka^b'^-  -  lOa^  +  126a-  +  ia^x, 

by  multiplying  the  given  equation  by  4a  ;    and  tjiis  reduced  and 

•f  by  a  gives  36x  +  4ax  =  10a  -  Aab'^,  or  (36  +  4a)x'^  =  10a  -  4a6^ 

10a -4a6* 
•■•  ^=      36  + 4a 

33.  abx  -  c?x  -  b~c  +  a6c  =  b^x,  or  (a6  -  a^  -  b^)x  =  6^c  -  a6c, 

6c(6  -  a) 

34.  lla^  -  Sax  -  lla6  +  36x  -  (Qa^   +  er.i  -  5ax  -   5bx) 

=  (a  +  6)^  +  2x  (i)  -  given  equat.  x  (a^  _  fc2) 

2ax  +  86x  -  2x  =  6^  +  19a6  -  4a^   (ii)  =  (i)  reduced  and  trangp. 

6^  +  19a6  -  4a^ 
(2a  +  86  -  2)x  =  6^  +  19a6  -  4n''',  or  x  =   2a  +  86  -  2 

a 

35.  a^  +  2ax  +  x^  -  4a6x  =  x^,  or  (46  -  2)x  =  a,   or  x  =  ■  .  _  ^ 

3a6c      6x  2a6  +  6^   \  fl^6^      _ 

^^-  aT6  ~  "^  (^  "  a^'2^l6T6y  "^  (a  +  0)"  "  ^'"^  ^'^ 
=  given  equa.  with  num.  and  den.  of  1st  terra  x  3,  and  2nd  and 
5  th  terras  factored 

3tt6c      bx  C      a'      1  026^* 

1 "1  7 — TTTv!  S  +  7 — TTns  =  3cx  (n)  =  (i)  with  2nd  term  red 

a+6      a   |(a  +  6)''j       (a  +  6)*  v  /     v  / 
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3abc         abx  aW  ,    ^    .  v     ..,  „ .  .l        r    iv,         j 

r  _  — T.  + iVH=  3c.r  (ill)  =  (ii)  with  2d  term  further  red. 

a  +  b     (a  +  by     (a  +  by  v    ^    v^ 

ab  «6      1  rt6      1         ^  s      .  ,    , 

^b  ^^'  +  oiT6?j  =  ^l^^^  +  (^T6?|  (^^>  ~-  ('">  ^^^^'  '^'  '^'^^ 
3rd,  and  ^nd  and  4tli  terms  factored 

ab  ,  ab      ) 

■•■=^  =  ^b('^^^''^'^^'^(^r^y\ 

37.  3000  +  1720j;  -  2210j;  =  203a'  (i)  =  given  equa.  x  1000 

693a;  =  3000,  or  .r  =  4-/3^ 

38.  "^  +  6x  -  ax  =  3a  -  -r^,  or  33x  +  594x  -  99ax  =  297o 

-  23x;  or  650x  -  99aa;  =  297a,  or  (650  -  99a)x  =  297cr, 
297(X  . 


or  X  = 


650 -99a 


39.  42(.r-  i)  +  35(l  -  x  -  5)  -  30(x  -  1  -— j  =  105x  +  30x, 

by  multiplying  the  given  equation  by  105;  and  removing  the 
brackets  from  this  we  get  42x  -  14  +  35  -  35x  -  14  -  30x  +  30 
+  lO.r  =  135x ;  or  148x  -  37  .-.  x  =  ;i 

40.  72ax-9i-  75&  =  180 -456  -  35c,or  72ax  =  180 +  396 -35c 

ISO +  396 -35c 
•*•  ^  ""  ■         'T2a 

41.  a'b^  +  a?x  -  b^x  -  x^  -  3a6  +  3a6x  =  ex  -  ac  +  ax  -  x^ 

<^x  -!•  6^x  +  3rt6x  -cx-ax  =  Sab  -  ac  -  a'b^ 
(a^  -  6'-*  +  3a6  -  c  -  a)x  =  3ab  -  ac  -  a^b^ 
Sab  -  ac  -  a%' 


.'.  X- 


a*  +  3ab  -b^-c-a 


'^ 
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Exercise  XXXIII. 

1.  Let  X  -  greater,  then  47  -  x  -  the  less,  and  x  -  (47  -  x), 
-  13,  or  2x-47  =  13 


2.  Let  X  =  the  less,  then  x  +  21  =  the  greater;  — ——  =  3,. 

2x  +  21  =  3x 

2x       2x 

3.  Let  X   =  money ;    —  +  —  =  part  paid  away ;   then  x 


2x       2x 

=  y  +  y  +  $2-50 

X  -  21 

4.  "Let  X  =  the  number;  then  — rj-^  =  5 

5.  Let  X  =  the  quotient,  then  2x  +  3x  4  4x  =  54 

2x  3x 

6.  Letx  =  debts  ;  then  —  =  1st  payment,  and  -p-  =  remainder ; 

3        3x      9x  2x      9x 

.•.  "t"  of  "T  "=  35  "^  2nd  payment ;  then  -r-  +  —  +  192  =  x 

7.  Let  X  =  the  number  of  cattle  in  the  drove, 

then  -5-  +  -r  +  "r  +  9  =  ^ 
3        6        5 

8.  Let  X  =  the  number  of  sheep  in  each  flock  ;  x  -  19  is  twica 
as  great  as  x  -  91,  that  is  x  -  19  =  2x  -  182 

X  X 

9.  Letx  =  the  number;  then  "T  ~  y  =  6 

3        X  3x 

10.  Letx  =  the  number;  then2x-  -=■  of  —  =  25,  or2x-— -  =  25 

I  2  14 

X  % 

11.  Let  X  =  the  number;  then  x  +  — -  =  39  'i 

u 
/ X  X\  XX 

12.  Letx  =  the  number;  thenx-    —  +  —  )  =  17,  or  x-— — 

\  I        o  I  2       3 

=  17  ^  ^ 

2x  -  15  3x 

13.  Let  X  =  the  number ;  then  — r —  +  7  =  —  4-  3 

L  4 

5(x+ll) 

14.  Let  X  -  the  number ;.  then ■;: =  85' 
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X      1x     3x       llx 
15.  Let  X  =  the  number ;  then  v  +  IT  +  T  "=  ~~q~  "•"  21 

36 

IG.  Let  X  =  pnce  per  barrel;    then  —  =  number  of  barrels; 

36                                                                                     /36 
and 5  =  number  of  barrels  sold  the  second  load  ;   { 5)x 

=  21,  or  36  -  5x  =  21 

17.  Let  X  =  distance  in  miles,  then  Jx  =  half  distance ;  Jx  -f  ^ 

X  X 

=  -3-  =  times  in  hours  .d  travels ;  Jx  v  4  =  —  =  times  in  hours  B 

28J 
travels;  then  fx  -  Jx  =  -      -  -  |g,  or  x  =  26^^ 

18.  Let  X  =  the  time  in  hours,  and  since  the  three  runs  of 
stones  severally  require  V2,  84  and  90  hours  to  empty  the 
granary,  they  will  in  1  hour  empty  respectively  -j^,  g\  and  -/^ 

XX  X 

of  it,  and  in  x  hours  they  will  empty  ^,  —  and  .-;  similarly 

X  X 

the   teams  will  respectively  fill  in  x  hours  —    and   r^ ;  then 

ftv  vU  *JU  JU  JLf 

72''"84''"90~60~78"^ 

19.  Let  X  =  date  of  abolition  of  slavery  in  Canada;    then 

3(x  -  1780)  +  1620  =  year  of  massacre  of  Lachine.     Therefore 

x  +  3(x-  1780)  +  1620 

— ^ ^ — +  116  =  1862 

20.  Let  X  -  J's  share,  then  x  -  120  =  i?'s,  and  x  -  106  =  C's. 

Therefore  x  +  x  -  120  +  x  -  106  =  7400 

.      .  .  .     ,  .        24x  -  300 

21.  Let  X  •-  pnce  in  cents  of  a  music  lesson,  then  ;^;r — 

/24x-300\ 
=  price  of  a  drawing  lessson ;  therefore  32x  =  24 1  — 1+1000 

22.  Let  X  =  the  number  of  volumes  on  science  ;  then  3x 
=  number  on  travels,  3x  =  number  on  biography;  4^x  =  number 
on  history,  and  9x  =  number  on  general  literature.  Therefore 
ic  +  3x  +  3x  +  3x  +  9x  =  1435;  whence  x  =  70 
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23.  Let  X  =  length  of  Niagara  river,  wherefore  4a:  -  6  =  length 
of  RIdeau  canal;  then  2(5x  -  6)  -  100  =  230 

24.  Let  X  =  days  required  to  finish  the  work.  Then  since  ./? 
does  Yi,  B,  -j'j-,  and  C,  -^^^  of  the  work  in  1  day,  Jt  and  B  work- 
ing 1  day,  and  B  and  C  working  2  days  will  finish  -,V  +  -,^5-  +  y j- 
=  iVi;  of  it,  and  the  part  remaining  to  be  done  =  \1y  ;    in  x  days 

X  X  X 

^  does  r::ths. ;  5,  rriAs.  and  C,  —ths.   of  the  work,    therefore 

^  +  i^  +  ^  =  iSo.  or  15.r  +  12x  +  lOx  =  109 

25.  Let  X  =  greater  part ;  then  n  -  x  the  less  ;  and  x  -  (/;  -  x) 
=  a-  c 

26.  (i)  Let  X  =  minute  dirisions  the  hour  hand  passes  over; 
then  since  the  minute  hand  travels  12  times  as  fast  as  the  hour 
hand  it  will  pass  over  12x;  but  the  minute  hand  also  passes 
completely  round  the  circle  (60  minutes),  and  then  in  addition 
over  the  x  minutes.  Therefore  60  +  x  is  also  equal  to  the 
number  of  minute  divisions  passed  over  by  the  minute  hand  ; 
then  12x  =  60  +  x,  or  llx  -  60,  or  x  =  5f,-;  henco  the  hour 
*  5iVx  12  =  1  h.  S-fVm. 

(11)  To  be  opposite  the  hands  must  be  30  minutes  apart ;  then 
letting  x  =  apace  in  minutes  passed  over  by  hour  hand,  and 
remembering  that  the  minute  hand  travels  12  times  as  fast,  and 
also  goes  over  30  +  x  minutes,  we  have  12x  =  30  -1-  x,  or  ll.r 
=  30,  or  X  =  2-,^,-  and  2,s,-  x  12  =  32-iV  past  12 

(ill)  By  similar  reasoning  to  the  above  12x  =  15  +  x,  or  llx 
=  15,  or  X  =  1,4,  and  1  /j-  m.  x  12  =  le,',-  ni. 

27.  Let  X  =  price  in  dollars  of  first  field  ;  then  x  +  90  -  23 
=  price  of  second  field,  wherefore  (x  +  90  -  25)  +  90  =  2x 

28.  Let  X  -  days  required  by  ^  and  C  to  finish  the  remainder  ; 
then  /y  -  (i'o  "*■  eV)  =  ts^o  =  P'lrt  C  does  in  1  day,  .•.  in  11  days 
C  does  fs^'o^-,  and  B  and  C  together  in  5  days  do  -^fg  +  -i;  =  :/e"a 
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=  •j'j.     Uciicc   part   reraaiuing  to  be  done   -  1  -  (^""^?^J  +  g'o) 

X         19x' 
=  iiS-e  -  -,Wu  =  111 ;  tljen  in  x  days  J  and  C  will  do  -  +  y~- 

ar         19.C 

•■•    50  ■*■  1300  "  S^^'  °''  ^'^'^  ■•'  ^^^  =  ^^*^»  *^'"  ^  =  ^^^i  ^^^^ 

3x 

29.  Let  a-  =  C's  snare  in  cents  ,thcn    i^-  -  2540  =  Ds  sliare ; 

-^(-^  -  2540)  +  4000  =  Y  +  2984  ^  £'s share,  and  (x  + -j  -  2540 

4x  3'c  4x 

+  Y  +  2984)  =  2x  +  444  =  .4's.     Then  a;  +  y  -  2540  +  Y  +  ^^^^ 

+  2.r  +  444  =  718900,  or  Ax  +  888  =  T18900,  or  4x  =  718012  .-.  x 

3x  538509 

=  $1795'03  =  C's  share  ;  y  --2540  =  — z —  -  2540  =  $743-89^, 

&c. 

30.  Let  .r  =  the  number  of  days  required  ;  then  since  4  men 
can  do  it  in  9  days,  1  man  can  do  3-^  of  it  in  1  day;  similarly  a 
woman  can  do  ■--„,  and  a  child  -^o   of  it  in   1   day.     Hence 

^  +  t:^  +    "^^^TT    =  1)  or  35.C  +  54.r  +  42.^;  =  1260,  or  131a:  =  1260 
3b        70  oO  '  ' 

31.  Let  x  =  right  hand  digit,  then  1 4  -  x  =  tiie  left  hand  digit 
and  10(14  -  x)  +  x  =  the  number.     Hence  -j'l(140  -  9x)  =  ^x 

32.  Let  x  =  value  of  the  property ;  then  8600  -  x  =  gain  had 
the  note  been  good,  and  x  -  (8600  -  640)  =  ar  -  7960  =  loss 
when  note  proved  worthless.     Hence  x  -  7960  =  5(8600  -  x) 

33.  Let  X  =  weight  of  head;  then  a;  -1-  9  =  weight  of  body. 
Hence  ,r  =  9  +  i(a;  +  9),  or  2a-  =  x  +  27,  or  x  =  27  =  weight  of 
head;  and  body  =  a;  +  9  =  27  +  9  =  3S.  Hence  fish  weighs  9  +  27 
+  36  =  72  lbs. 

34.  Let  X  =  his  capital ;  a;  +  Ja;  -  1000  =  capital  at  end  of  1st 

year;   U  -  1000  +  ^ix  -  1000)  -  1000  =  capital  at  end  of  2n'd 

16x  -  21000       16x  -  21000        1  /16.c  -  21000\ 
year= ^ ; i- j[ ~)  -1000 
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64x  -  84000 
=  —"      2^  -  1000  =  capital  at  end  of  3rd  year.     Hence 

64x  -  84000 


27 


-  1000  -  2x 


X 

35.  Let  X  =  the  distance  in  feet,  then  —  =  number  of  revol- 
utious  of  the  fore-wheel,  and  -^  -  revolutions  of  the  hind-wheel. 

X  X 

Hence  —  =  -^  +  ?i  .-.  ox  =  ax  +  abn,   whence  hx  -  ux   =  aba  .-. 
abn. 


X    = 


b  -a 


36.  Let  X  -  number  of  minute  divisions  the  hour  hand  passes 
over  before  the  minute  hand  overtakes  it;  then  the  minute  Inuul 
must  pass  from  XII  to  XII,  i.e.  60  minutes  plus  x  minutes  in  order 
to  overtake  the  hour  hand,  that  is  while  the  hour  hand  passes 
over  X  minute  divisions  the  minute  hand  passes  over  60  i-  .r 
minute  divisions,  but  the  minute  hand  moves  through  twelve. 
times  the  space  the  hour  hand  travels  in  a  given  time.  Hence 
12x  =  the  space  travelled  over  by  the  minute  hand,  while  the 
hour  hand  goes  over  x  minutes.  Hence  I2x  =  60  +x  .-.  llx  -  60 
and  consequently  X  =  5-,;V;  that  is  the  hands  will  be  together 
for  the  first  time  after  XII  when  the  hour  hand  has  passed  over 
o-j\  of  the  minute  divisions,  i.  e.  in  5  ,^i-  x  12  =  1  h.  5-5,-  m.,  and 
similarly  they  will  be  together  again  1  h.  S-^j-m.  afterwards,  and 
so  on.  Hence  they  will  be  together  at  1  h.  S-j^,-  m.,  2  h.  lOJ'j'  m  , 
3  h.  16-i«,-m.,  4  h.  21-i3,-m.,  &c.,  and  they  will  be  together  a-. 
often  as  1  h.  5|'\-  m.  is  contained  times  in  12  h.,  i.e.  11  times. 

37.  Let  x  =  the  greater  part,  then  96  -  x  =  the  less.     Hence 

X 

y  +  3(96  -x)  -30;  clearing  of  fractions  we  have  x  H- 2010  -21x 

=  210,  whence  x  =  90 1'^  =  the  greater,  and  96  -  x  =  96  -  90-^^; 
=  5/5-  -  the  less. 
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3t  3x      Ox 

38.  Let  X  =  B's  share,  then  -^  =  *^'s  share,  |  of  -r-  =  -7-  ~  ^'^ 

3x     9x' 
share,  consequently  x  +  —  +  —■  =  25i!0,  whence  by  clearing  of 

fractions  ix  +  Gx  +  9x  -  10240  ;  that  is  19x-  =  10240,  whence  x 
=  S53S-94ii  :-  B's  share,  .-.  .d's  share  =  2  of  £'s  --^  $308-42-2,-,  and 
Cs  share  =  :;  of  ./^'s  -^  §121 2-63, 'y- 

39.  Let  X  =  rate  down  .-.  28x-  =  distance,   and  x  -  5  =  rate  up 

the  river,  and  x  -  3  =  rate  up  the  lake  ;   length  of  rivpr  =  ?  of 

28.r  =  12.r,  .-.  length  of  lake  =  \Gx 

12x  ICx        19/28x\  3  4  19 

"^''^'^    7^0  "*"  x^3  ~  2\\x^o)  •'■  x^  ■*■  x^  ""  3(x-5) 

4  10 

.'.  12x  -  m  =  lOx  -  30,  X  -  15,  X  -  .5  =  10, 


(x-3)  ~  3(x-5) 

X  -  3  =  12,  and  28x  =  420 

40.  Let  X  =  the  whole  property,  then  $1800  +  ^(x-lSOO) 

X  X 

=  $1800  +  —  -  $300  =  —  +  $1500  =  share  of  the  eldest :    also 
o  o 

(X  5x 

—  -f  $1500)  =  —  -  $1500  =  part  remaining,  and  $3G0O 

/5x  5x      ^  5j; 

+  -J  {  Y  -  $1500  -  $3G00)   =  $3G00  +  ^  -  $850  ^^^  +  $2  .50 

=  share  of  the  second,  but  these   shares   are   equal.     Therefore 

X  5x  »  ,    ^       ^ 

—  +  $1500  =  --  +  $2^50,  whence  x  =  $45000  and  —  +  $1500 
6  36  o 

=  $9000  =  share  of  each ;    also  $45000  -f  $9000  =  5  =  number  of 
children. 

41.  Let  X  =  the  left  hand  digit,  then  x  -t-  7  =  the  right  hand 

digit;  also  lOx  -I-  x  -f  7  =  the  number,   and  x  -f  x  -t-  7  =  2.i'  -h  7 

10X4-X+  7  7 

=  sum  of  the  digits.     Then  — .,        „      -  2  +  :7^rTr7  «'hence 

llx  4-  7  =  4x  -f  14  -f  7,  ami  ,-.  x  =  2,  x  4-. 7  =  9,  consequently  the 
number  is  29. 
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42.  Let  .V  =  B's  share,  x  -  20  :^  C's,  and  §  (2£  -  20)  +  80  =  .4's. 

2(2x~  20) 

Thou  .i;  +  X  -  20  +  — r +  SO  =  2100  ;  Avhencc  lO.c  -  100 

o 

+  4,;  _  40  +  400  =  10500  .-.  14r  =  10240,  and  x  =  $731-425  -  -6's 

:«haro  ;    also   !§731-42J    -   $20    =   $7ll-42y    =    C's    share,    and 

j(.?731-425'  +  $7ll-42f)  +  $S0  =  $657-14;-  =  J's  share. 

43.  Let  X  =  the  number  of  rows,  theu.x-^+  75  =  number  of  trees 

also  X  +  6  rows  each  containing  x  ^  5  trees  =  x^  +  x-30  +  5  =  the 

pumber  of  trees.     Then  x'^  +  x  -  30  +  5  -  x'^+  75  ;  Avhence  x  =  100 

.-.  x-  +15=  10000  +  75  =  10075  =  number  of  trees. 

n 

44.  Let  T  =  one  part,  then  rt  ^x  -  the  other ;  and  x  =  — (a-x) 

na 

.-.  mx  -  na  —  nx,  or  mx  +  nx  =  na  .•.  x  =  — ; — :   also  a  —  x 

'  VI  +  n ' 

na  ma  +  na  —  na  ma 

111  +  n  ~  m  +  n  m  +  n 

45.  Let  .r  and  60  -  x  =  the  two  parts,  x  being  the  less  ;  then 
x(60  -  x)  =  3x^  .-.  eO  -  a;  =  3x,  and  x  -  15  =  the  less;  whence 
60  -  X  =  45  =  the  greater. 

46.  Let  X  =  the  growth  in  acres  of  one  acre  of  grass  for  one 

week.     Then  the  growth  of  3J  acres  for  4  weeks  =  x  x  \^  x  4 

40x 
=  — —  ;  and  the  growth  of  10  acres  for  9  weeks  =  x  x  10  x  9  =  90x. 

Therefore  the  whole  quantity  of  grass  eaten  in  the  first  case 

40x               40x  +  10 
-  — „—  +  3J  = 5 acres,   and   the  quantity  eaten  in    the 

second  case  =  90x  +  10 

Hence  in  the  first  case  the  quantity  of  grass  eaten  by  one  ox 

40x  +  10  20x  +  5 

= -^ X  I  X  -jJg-  =  — W7^ — ,  and  in  the  second  case  theqnan- 

90x  +  10 
tily  of  grass  eaten  by  one  oi  =  (90x  +  10)  x  ,^  x  ^',  =  — ^j-— — 

But  by  the  question  an  ox  in  tlie  first  case  eats  as  much  as  an 
oi-  \<i  the  second  case 
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20.r+5  _  90.C  +  10 
U~~       189" 


Tliorcfore  — ~„~ —  =  — r^r;: — ;  whence  x  =  j'.^  of  au  acre 


20.r  -1-  5      T?  +  5  80 

Hence  — y2~  -  '    72    "  =  12  x  72  "^  '^^^'  ^  ^'■^°*'°"''^^  T*^"^  "^  ^" 

acre  of  grass  cutcn  by  one  ox  in  one  week,  .•.  one  ox  in  18  weeks 
will  cat  -/'.^  X  18  =  3  acres. 

Now  since  each  acre  increases  at  the  rate  of-j-j  of  an  acre  per 
week  24  acres  will  increase  2  acres  per  week,  and  in  18  -weeks 
the  2i  acres  increase  by  36  acres,  and  therefore  become  equiv- 
alent to  60  acres 

Then  60  acres  v  ^  acres  =  36  oxen. 

47.  Let  X  =  the  first,  then  7ix  =  the  second,  and  mx  =  the  third. 

a 
Therefore  x  +  nx  +  mx  =  a,  whence  .r  =  r— ; —  -  first;  second 

na  ma 

=  nx  =  ;— ; —  ;  and  third  =  mx 


1  +  m  +  n'  "  '       1  +  m  +  71 

mx  px 

48.  Let  a;  =  the  first,  then  — ■  =  the  second,  and  —  =  the  third. 
'11  Q 

mx      px 
Therefore  x  +  — —  +  —  =  a,  whence  nqx  +  mqx  -i-  npx  =  nqa,  and 


1 

(inq 


nq  +  mq  +  up 


~  the  first  part 


mx         111  anq                        aniq 

Second  part  = =  —  x ; ; = 

'■               n            n  nq  +  mq  +  np         nq  ^  mq  +  np 

px       p  anq                         anp 
Ibird  part  =   —  =  —  x 


q  q         nq  +  mq  +  np         nq  +  mq  +  np 

49,  Let  X  ~  the  number  thrown   by  the  first  after  the  second 

commences  ;  then  x  +  36  =  whole  number  thrown  by  the  first ; 

7a.- 

-  -  =  the  number  thrown  by  the  second.     But  everj'  4  charges 

of  the  first  consume  as  much  powder  as  evei'j  3  charges  of  the 
second,   and   tliey  are   to   consume  equal  amounts   of  powder, 

a;  +  30       7.1; 

.•. — -. —  -'  — ;  whence  x  -  216  =  balls  thrown  )iy  th^  fi.r;4 
4  24'  ^ 
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after  the  second  commences.     Therefore  I  of  216  =  189  =  balls 
thrown  by  second. 


Exercise  XXXIV. 

10.     4:X  +  ey  =  'iay  1] .  Ux  +  Any  ~  im 

15a;  -Gy  =  3b)  Ux  +  2by  =  3« 


19a.-  =  2a  +  36  4ay  -  3by  -  4//i  -  3n 

2a  +  3b  (4a  -  3b)y  =  4m  -  3ii 

1^  4:1)1  -  3/i 

3y  =  a-2x  ^  =  4a  -36 

4a  +  66  4am  _  ^an 

3x  =  m  —  ay  -  VI  —  ; — 

•^  4a  -  36 

4a?/i  -  3bm  -  4am  +  ^an 


3]/  = -r^ 3x  = 


"-   19 

19a-  4a- 

66 

19 

15a  -  66 

19 

5a  -  26 

3!/  = TTi 3x  = 


y  =  — ,-^—  X  =. 


4a-  36 
3a«  -  3bm 


4a -36 
an  -  bm 


19  4a -36 

12.  2a6a;  -  4aby  -  26^  13.  x  -y  -  a 


2abx  -  uby  -  ac  x^  -  y'  =  b] 

3aby  =  ac  -  26^  {x  -  y)  (^x  ■¥  y)  ^  b] 


ac  -  262 


} 

)(^  +  2/)  =  6-l 
a(x  +  y)  ^b] 


ax  +  ay  =  b 

lac  —    46^  nr-    —  nil  -  n2 


t,  ,  n          I,  ,  -          ^"             ax  -  ay 
ax  -  b  +  2ay  =  o  +  ;;t ■  — 

■'  36  9/lr  rr  «2 


ax 


ax 


X  = 


2ax  =  a^  +  6 

362  +  2ac  -  46*  a^  +  6 

X  =  —- — 

2a 

2ay  =  6  -  tt^ 
_b-a^ 
^~     2a 


36 

2ac  - 

62 

36 

2ac  - 

6* 

3«6 

40 


KEY   TO  [Ex.  xxiiv. 


.} 


14.  ex  -  ay  =  aciii 

(ill  -  r)x  +  (m  +  c)y  =  aan^ 

c(ni  -  r)x  -  n(ni  -  c)y  =  acm(?n  -  c) 
c(m.-c)x  +  c(m  +  c)y  =  ac^m 


15. 


■incy  +  c-y  +  amy  -  acy  -  ac'^m  -  acni'-  +  ac^ia 

acin(2c  -  m) 
mc  +  c-  +  an  -  ac 

ex  = 

2aVm  -  a'cm'^ 

ftCiH    I    i!}t  —   ftrm   .1. 

mc  +  c-  +  am  -  ac 

X  - 

am(mc  +  c^  +  am  -  ac)  +.2a^cm  -  a^m^ 

mc  +  c^  +  am  -  ac 

am'^c  +  a/nc-  +  a-m~  -  d-cm  +  2a:-cm  -  a'ni^ 

mc  +  c'^  +  am  -  ac 

X  = 

am\  +  amc^  +  a\n 

mc  +  c^  +  am  -  ac 

bni 

+  ^-!^  =  ab                      16.  ix-y)(x  +  y)  =  55-) 

X 

y                          X  +  y  =  11  J 

bill 

X 

?«^        ,                                       ll(a;-^)  =  55 

-  ~:,  ~  =  oia                               

y                                                 x-y  =  5 

bn 

7"- 

m         ,       .                                   a;  +  2/=ll 

— —  =  ab  -  bm                                — 

y                                                       2x=16 

(ab- 

bm)y  =  bn  +  mq                                      x  =  8 

bn  +  mq                                     2y  =  6 
ab  —  bm                                       v  =  3 

m  n 


X      "'~   y  -"-  bn  +  7nq  17.  459x  -  463y  =  -  495 


ab  -  bm  -  5x  +    I9y 


-  495'1 
131     J 


m  abn  -  bum  2295a;  -  231oy  =  - 2475 

—  -  a  - 


X 


bn  +  mq  -  2295x  +  8721y  =  60129 

m       abn  +  amq  -  abn  +  bjnii  6406y  =  57654 

X  bn  +  mq  y  ="  0 

i-  _  "±±^  ^^  =  ^^y  -  131  =  171  -  131 

^    ~  mq+bn  5x^40 

3.    _  ""?  +  ^"  X  =  8 

aq  +  bn 


F.s. 

XXXI  V 

•] 

ALGEBRA. 

18.  cr- 

-ay  = 

acp 

ax  • 

acx 

-cy  = 

a'  +  c' 

—  d^y 

-  a^cp 

acx 

-chj 

=  a"-c  + 

c» 

c^y  ■ 

-d'y  = 

a^cp  -a^c-  <? 

IX  = 

y 

a^cp  - 

-  a?c  -  (? 

-c* 

c- 

ax  = 

c*  -  a 

*  +  aV- 

p  -  a-c^  -  c* 

ac 

■^p- 

a'- 

ac^ 

c^- 

■a^             ■     .  .  J 

c* 

-a» 

41 


.26| 
)1?J 


(19) 

35a:  -  126  +  28xy  +  49^/  =  2Sxy  +  l6y 
72x2-  QQj.y  _  11^1 3-  ^.  42!/  _  ;Ji  =  l2j;2-  90xi/  +  930?/-  1002x 
35x  -   27y  =  126 
3293X  ~  29Q0y  =  89 
115255X-  88911;/ -  414918 
115255X  -  103600y =  312095 

146897'=^02823  •*•  ^  =  " 

35x-  ^  126  +  27y  ==  126  +  189  =  315  .•.  X  =  9 

(20) 

3(a^  -  b^-)x  +  5(a^  -  fc^)^  =  Sa^i  -  2ab'^ 

Sab'^c 
S(u\~  b'^)x  +  3(a  +  6  +  r)6i/  =  Za?b  +  Gaft^  +  , 


+  2666J 


2abh 


b{a'-  -  b^)y  -  3(a6  +  b'  +  bc)y  =  Sd^b  -  2ab^  -  3d^b  -  6ab^  -  -^      ,  ■ 

5a^b  -  3a^b^  -  8ab^  -  3ab'^c 
(od^  -  8b'  -  Sab  -  3bc)y  = — -r 

(5a^-  8b' -  3ab  -  3bc)ab 
(5d'-8b^-  3ab  -  3bc)y  = ,    ^  . . ^— 


a+b 

Sd^h-2ab''  8d^b-2ab^      5ab      8a'b  -  2ab'^  -  ba'^b  +  5ab' 

3x  ^  —2—b2~ -^y  =  ~;a^'rb^     ^b ^  a^^^^ 

3d'b  +  3ti62       3ab(a  +  b)  Sab  ub 

•J- _ i 1.       Qt-    rr  -       - 

•J-*-    -  ,.2         A';*  ,.1!  1.2         )       •^* 


a2  _  6'^      -       d^-b'i     '    "*  ~  ff  -  6   •  •  *  ~  (X  -  6 
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KEY  TO 


[Ex.  XXXV. 


EXKRCISE   XXXV. 


(6) 

(7) 

1 

X 

+ 

1         5 

y  ~  6 

X  +    y  =    xy 
X  +    z  =  2xz 

, 

1 

X 

T 

y 

1 

+ 

+ 

2 
1 

T 
1 

1          3 

s  ~  T 

15         3         1 

s    ^    6    ~    4    ^  n 

1                           7 

z                    "12 

8 
=  -  ;   81/  =  24 ;  7/  =  3 

1          7 

+  T  =  T2 

7         1         1 
~   12  "    3    ^    4   •■•  ^-  '^ 

2y  +  2z  =  3j/z. 
1         1 

1           1 

-7  +  7  =  2 

y 

1      1 
T-7"' 

J 

2          2 

7-7  =  ^ 

2          2 

—  +  —  =  3 

z         y 

A 

1 

X 

1          5 

h^--'i 

1 

X 

5        1        1 
(8) 

4 

—  =  1  /.  w  =  4 

y           -^ 
1      1 
7*7  =  ' 

1         1                          4 

—  +  -r  ^    1    .-.  X  -  -- 
X          i                              3 

(10) 

ar  +  3y  +  22  =  6 

Add  nil  four  cquatious 

to- 

3x  +  5i/  -  2c  =  7/1 

gcther  and  then  4-  3 

8x  -  2y  +  2z  =  2n. 

v+x+y+z- 

23 

4x  +  8y  =  b    +711' 
llx  +  3(/  =  m  4-  2n_ 

\ 

+  X  +  ?/ 

13 

c  = 

10 

12x  +  2iy  =  36  +  3/ 

n                           v  +  x        +  z  = 

17 

88x  +  24iy  =  8/»  +  1 

Sra                                    y       = 

G 

7Gi:             =  5m  +  1( 

)«-36                  v  +  y        +s  = 

IS 

5m  +  1( 

5/1-36 

X                      - 

x  +  y  +  z  ~ 

5 

7G 
Bin  +  16/1  -  36 

/.     1     ^-1                                 ?> 

21 

,Q               +8!/ 

=  U  +  ?/i                        ^ 

"* 

Ex.  XXXV.] 


ALGEBRA. 


43 


8y  =  b  +  m  - 


bin  +  16n  -  36 


19 


226  +  14m  -  16/1 

8y  = 1^— — ;  y 


lib  +  liii-  871 


19 

;-?i-4x+ij;  z-n 
l6n  -  20/n, 


76 
5m  +  16/1  -  36 


116  4-  lin-  8n 


19  76 

64?i  +  126  +  116  +  1m -8n 


76 


236  +  4?i-13m 


76 


(9) 

abx  +  b-y  =  be 
abx  +  acz  =  a? 


bhj  -  acz  -  be  -  a? 
c^y  +  acz  =  be 


26c  -  a' 


(6'^  +  cyj  =  26c 

az  ■-  b  -  cy  =  b  - 


y  = 


-  a^>  ■'~   62  +  c2 
26c''^  -  ((^c 


6'  +  6f2  -  26c2  +  a\ 


b^  -  bc^  +  a\ 


62  +  c^    ' 


az  = 


ab'  +  ac'' 


ax  =  c  —  by 


c  — 


r"  —  6'"f  +  (rb 

(11) 
((X  +  «!/  +  az  -  «'-  +  «6  +  ac 

hx  +  cj'  +  a=  =  a^  +  6-  +  c^ 


Si'^c  -  6a^ 
6'^  +  c2    > 


ax 


6^  +  f2 

c62  +  c=*  -  26-c  +  («-'6 
6^Tc2 


(a  -  6)x  +  (a  -  c)2/  =  a6  +  ac  -  6^  -  c' 

6j;  +  by  +  bz  =  a6  +  6^  +  6c 

ex  +  ay  +  6s  -  a^  +  6^  +  c^ 

(6^-  c)x  -i-  (6  -  a)i/  =  ab  +  be  -  a^  -  <^ 

(a  -  b)x  +  (ft  -  c)i/  =  ab  +  ac  -  6^  -  c^l 

(6  -  c)a:  +  (6  -  a)y  -  ab  +  be-  a^  -  c'^j 

(2ab-  b'^  -^^-+  (a  -  c)  (6  -  rt)y  =  2a6^  +  «6c  -  6^  -  6c^  -  a^b  -  aH  +  ac  ^ 


(o6  -»'Mr  6c  -t  c'^)r  +  («  -  c)(4  -  a)*/  =  ('''^6  -  «* -  uc^  -  6c-  4  d'-c  + 1" 
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KEY  TO 


[Ex.  XXXV. 


(b'^  +  a^+c'-ab-ac-bc)x:=¥  +  c^-iv'-2ab'^-abc  +  2u^b  +  2a'c-2ac' 

_  b^+c'^-  i,'^  -  2ab-  -  2ac^  +  2a^b  +  2a^c  -  abc 
•^"  b'  +  a^'  +  c'-ab-ac-bc  -b  +  c-a 

(a  -  r)y  =  ab  +  iic  -  b- -  c^  -  (^a -.  b)(b  +  c  -  a) 
(a  -  c)y  =  cr  ~  ab  -  c-  +  be  .-.  y  =  a  +  c  -  b 

.c  +  2/  +  2  =  a  +  6  +  c  .-.  c  =  a  +  6  +  c  -  (6  +  c  -  a)  -  (a  +  c  -  6) 
z  =  a  +  b  +  c~b~cA-a-a-c  +  b;   z  =  a  +  b-c 
(12) 

ax  4-  a'^y  +  a?z  =  am 


ax  +    y  +  az  =  n 
Ofx  +  ay  +    z  -  p 

«"!/  -  y  +  rt'"'-  -  «~  =  ajn  - 
ay  -y  +    z  -  az  =  p 
(a-  -  l)y  +  (a^  -  a);  =  am  - 
(ffl  -  l)i/-  (a  -l)z=p 
{d^  -  l)y  +  {a?  -  a)z  =  am  -  n 
(a^  -  a)y  -  (a^  -  a)z  =  ap 
(2a^  -  a  -  \)y  =  am  —  n  +  ap  —  an 
(«-  1)£=  (a-  l)j/-j9  +  ?i 
am  -  n  +  a;?  -  «?j 


-nj 

""I 

-  aw  J 


2/^ 


am,-  n  +  ap  -  an 


2a^-a-l 


(a  -  l)z 
(a  -  l)t  = 
(a-\)z  = 


2a+l  -^^'^ 

am  -71  +  ap  -  an  -  2ap  +  2an  -  p  +  n 

am  —  ap  +  an  —  p 


2a  +  1 


am  -  ap  +  an  -  p 
2ft^  -  a  -  1 


/arn  -  n  +  ap  -  an  +  am  -  ap  +  an  -  p 
X  =  m  -  a(y  +  z)  =  m  -  al  ^ 


x  -  m  -  a 


2am  -  n  -  p 
2a^-a-\ 


■.  X  =  m- 


2a^  -  a  -  1 
2d'm  —  an  —  ap 
2a^  -  a  -  1 


} 


2a^/;i  -  (/;/(.  -  vi  -  2a''m  +  an  +  ap 
2a*  -  a  -  X 


ap  -  am  +  an  -  ?« 
2a2  -  a  -  1 
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Exercise  XXXVI. 

1.  l(x  +  y)  +  4ij  =  50,  and  2(a;  -  y)  +  3x  -  IG 

2.  X  +  y  =  a,  and  bx  -  cy  -  0 

3.  Let  X  =  price  in  cents  of  hay  per  ton,  and  y  =  price  of 

42/ 
Oiits  per  bushel:    2x  +  35i/  =  4400,  also  —  =  reduced  price  of 

4.r  8a- 

oats  and  —  =  increased  price  of  hay  ;    then  —  4-  28j/  -  5120. 

Hence  the  equations  are  2.r  +  35;/  ^  4100,  and  —  +  28y  =  5120 

4.  Let  X  =  length,  and  y  =  breadth;  then  xy  =  area.  Then 
(X-  +  20)  (y  +  24)  =  xy  +  4180,  and  (x  +  24) (y  +  20)  ^  xy  h  3860, 
which  two  equations  when  reduced  give  Gx  +  5y  =  025,  and  5a; 
+  Gy  -  845 

5.  ix  +  iy  =  11;   ix-  1  =  ly 

G.  X  +  y  =  144,  and  i-x  -  ly  =  IJ 

I.  X  +  y  -  48,  and  —  =  — ,  ov  xy  =  IGx,  or  dividing  by  x  we 
get  y  =  16 

8.  X  =  '5(y  +  :) ;  y  =  K-^'  +  =)  +  6  ;  z=l(x  +  y)  -3;  whence 
by  reduction  we  get  4x  -  5y  -  5c  -  0  ;  -  x  +  2y  -  c  =  12,  and 
-  X  -  y  +  3c  -  -  9 

9.  Let  X  =  sulphur,  y  -  saltpetre,  and  z  -  charcoal 
X  +  y  +  c  =  4000  ;  y  +  z-x^  3240 ;  x  +  y  -z=  2760 

10.  X  +  y  +  c  =  72  ;  ix  =  hy  ;  Jx  =  i  = 

II.  Let  i:  -  space  occupied  I)y  one  shilling,  and  y  =  space 
filled  by  a  ten  cent  piece;  then  IGx  -h  27y  =  1,  and  llx  +  13y 
=  -,5g,  whence  x  =  jil^^-,  and  y  =  ^-^-;  wherefore  the  purse  would 
hold  ^^l^  -  40?,J  shillings,  or  ^'  =  44J  ten  cent  pieces. 
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12.  Let  X  -  number  of  lines,  and  y  =  number  of  letters  in  n 
line  ;  then  xy  -  number  of  letters  on  a  page.  Then  (x  +  Z)(y  +  4) 
=  xy  +  224,  and  (a-  -  2)(2/  -  3)  =  xy  -  145 ;  or  4x  +  Sy  =  212,  and 
3x  +  2?/  =  151 


13.  Let  X  =  left  hand  digit,  and  y  =  right  hand  one  ;  then  the 

lOx  +  y 

2y- 

10.r  +  y 
=  3,  and — =  =  13 ;  or  4x  -  5i/  =  -  12,  and  23x  -  lly  =  G5 

^  "~  •t  T  0 


number  will  be  represented  by  lOx  +  y.     Whence  „        ^o,  _  4 


14.  Let  X  =  number  of  ten  cent  pieces,  and  y  =  number  of 

51/ 
twenty-five  cent  pieces;    then  lOx  +  25y  ~  8160,  and  —  -  Gx 

=  4 ;  or  5?/  -  12x  =  8,  and  5y  +  2x  =  1632 

X       x(a  -  1) 

15.  Let  X  =  rate  before  the  accident  .*.  x =  

a  a 

=  rate  after  the  accident 

Let  n  =  the  number  of  miles  from  Kingston  at  which  the  ac- 
cident occurred. 

71  n  an  n 


=  —  +  b  .-.  —. —  =  —  +  b  (i) 


x(a  -  1)    ~    X  ■  ■  x(a  -  1)        X 


a 


n  -  c  n  -c  a{n  -  c)        n  -c 

And  ^.         ,.    =  +  d  ,-.  —. TT  =  +  d  (11) 

x(a  -  1)  X  x(a  -  1)  X  ^  ■' 


a 


an  n  n 

From  (i)  —. r^ =  — TT  =  b  (in) 

^  ^  x(a  -  1)        X       x(a  -  1)  *-    ^ 

a(n  —  c)        71— c  n  —  c 

•••  F^°™  Ov)  ^T)  -  ^(^^  =  ^-    ^"*  ('")  x(a"    I)  =  ^ 

c  c 

•••  ^-^^C^TTT)  ^'^^   or  6x-^^^  =  rfx 

whence  x(h  -  '0  -  ^  ••.  ^  =  ,;„  _  ^^(b  -  d) 
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16.  Let  X-  =  the  number  of  inside  passengers,  and  y  -  Ibe  fare 
in  dollars  of  each 

Then  x  +  i  =  niunber  of  outside  passengers,  and  j(4j/  -  J) 
=  fare  of  each 

Tlien  J-y  +  (x  i-  4)  x  1{-Uj  ~  I)  =  45;  or  22x7/  +  32y  -x  =  634 

Also  I  y  =  fare  of  inside  passengers  for  half  way,  and  Y^i(4y  -  \) 

-  fare  of  outside  passengers  for  do.,  and  the  whole  fare  was  in- 
creased by -iV  of  $45  =  6 

Then  \y  +  -5^(4!/  -  i)  =  G;  or  38)/  =  I7l ;  or  ?/  =  %4\,  and  this 
substituted  in  the  first  equation  for  y  gives  us  22  x  |a;  +  32  x  § 

-  .T  =  634,  or  98x  =  490  ;  whence  x  =  5  =  inside  passengers 

n.  Let  X  and  y  -  the  digits  ;  then  the  number  will  be  10;r  +  y 
Then  10.r  +  y  =  Ixy  (i)  and  lOo:  +  ;/  =  4.c  +  4y ;  or  G.t  -  3(/  =  0  ; 

or  2.r  -  i/  =  0  (ii) 

Adding  equations  (i)  and  (ii)  we  have  \lx  ~  Ixy  -  0,  and 

dividing  this  by  2j-,  and  transposing,  we  have  2/  =  6 ;  whence 

X  =  3,  and  the  number  =  36 

18.  Let  X,  y  and  -  be  the  digits,  then  the  number  will  be 

lOOx  +  102/  +  ;; 

lOOx  +  101/  +  z.  Then  y  =  K^  +  =)  ;  — ^T17+^ —  "  ^^'  """^ 
lOOx  +  10!/  +  s  -  198  =  1002  +  10)/  +  X.  These  reduced  give  the 
equations  -  x  +  2)/  -  c  =  0,  .52x  -  38)/  -  47z  =  0,  and  x  -  s  =  2,  &c. 

19.  Let  X  =  the  oz.  of  .4,  and  y  =  oz.  of  B ;    then  x  +  i/  =  jo  (i) 

6 
since  o  oz.  of  .4  lose  h  oz.  in  water,  1  oz.  will  lose  — ■,  and  .•.  .r 

bx  cy  bx      cy 

oz.  lose  —  ;  similarly  y  oz.  of  B  lose  —  oz.  in  water  .*.  —  +  — 

=  a  (II) 

From  (ii)  bx  +  cy  =  ap  (iii)  and  multiplying  (i)  by  b  we  get 

bx  +  by  =  bp(iy);  then  (in)- (iv)  giYe3n3cy~by  =  ap-bp 

(a-b)p      .  (c-a)p 

.-.  y  =    ^_^     ;  similarly  x  =     ^_^ 
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Exercise  XXXVIII. 

I.  (2a  +  3)6  =  (2a)6i-6(2a)''3  +  15(2tf)^3^+20(2a)33^+15(2a)23* 
+  6(2a)3«  +  36 

8.  (3  -  2m)«  =  3'  -  5  X  3*(2/;i)  +  10  x  3\2my  -  10  x  3\2m.y 
+  5  X  3(2?ft)*  -  (2my 

9.  (3a  -  2yy  =  (3ay  -  5(3a)\2y)  +  lQ(3af(2yy-  10(3flV(2yp 
+  5(3a)(2j/)4  -  (2,jy 

10.  (26  -  5c)3  =  (26)='  -  3(2b)\5c)  +  3(26)(5c)=  -  (5c)» 

II.  {3x-4yy^  (3xy~  i(3x)\4y)  +  6(3^:^(42/^-  4(3a;)(4y)^ 

+  (4yy 

12.  (a6  +  3c)3  =  (aby  +  5(aby(3c)  +  20(a6)3(3c)^  +  10(a6)-(3c)3 
+  5(a6)(3c-)*  +  (3c)« 

13.  (2ac  -  xijzy  =  {2acy  -  3(2i'CyXxyz)  +  3(2'acXxyzy  -  (xyzf 

14.  {(a  +  b*)-  cf  ^  («  +  6)3-  3(a  +  6)2c  +  3(a  +  by-  -  c^  =  a^ 
+  3a-6  4-  3ab^  +  b^  -  3c(a^  +  2ab  +  6^)  +  3c2(a  +  6)  -  c^ 

ir,.  {2a  -  (6  +  c)}^  =   (2ay  -  A(2ay(b  +  c)  +  6(2a)-'(6  +  c^ 

-  4(2tt)(6  +  cy  +  (b  +  cy  =  16tt*  -  32a3(6  +  c)  +  24a2(6^  +  26c  +  c^) 

-  8rf(6»  +  36%  +  36o^  +  c^)  +  6*  +  46^0  +  66^02  +  460^  +  c* 

16.  {2(a  +  6)  -  3c}"  =  2'  x  (a  +  6)5  -  5  x  24(rx  +  6)4(3c)  +  10 
X  2\a  +  by(3cy  -  10  x  2^(a  +  6)2(3c)3  +  5  x  2(a  +  6)(3c)4  -  (3c)' 
=  32(a5  +  5a*6  +  lOa^i^ ^  i0a-63+  5^6*  +  6")  -  240c(a*  +  4(1^6  +  6aW 
+  iab^  +  6-t)  +  I20c\a^  +  3a^b  +  3ab^  +  6^)  -  1080c3(a2  +  2a6  +  6^) 
+  810c*(a  +  6)  -  243c* 

17.  {(1  +x)-  xY  =  (1  +  xy  ~  4(1  +  xy(x^)  +  6(1  +  x)2(x3)^ 

-i(l  +  xXx^y  +  (x'^y=l+4x  +  6x^+ix^  +  x^-4x\l+3x  +  3xHx^) 
+  6x*(l  +  2x  +  a;2)  -  4x^(1  +  x)  +  x» 

18.  {(a  -  h)  +  2c}'  =  (rt  -  6)'  +  5(a  -  6)4(2c)  +  10(«  -  by(2cy 
+  10(a  -  6)2(2c)3+  5(«  -  b)(2cy  +  (2c)«  =  a^-  5a*6  +  10a*62-  lOa^i' 
+  5«64  -  6'  +  10c(a4  _  4^3^  ^  g^z^a  _  ^^^3  +  54)  +  40c2(ft3  _  zd^b 
+  3ai2  _  Z,3)  +  80t3(a2  _  2^6  l-  J^)  t-  80c\rt  -  6)  +  32c'' 


B 
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EXBRCISB  XXXIX. 

(1)  (2) 

4  +  2x-12x2  j;'+2x»-2x* 

ix^  -  3x«  x^  -  2x« 
+9x*  +x« 

(3)  (4) 

4j:^  -  12x»  -  2x*  1  -  a  +  4a2  _  2a' 

9x*  +  3x«  ia''-2a3  +  a* 

+  i^s  4a*  -  Aa^ 


l  +  2x- 

+  (?« 

(5) 

-x^-  x^  +  2x4 

X^  -  X^  ~     X*  4- 

2x^ 

lx*  + 

ir.^- 

x6 

t 

• 

Jxfi  . 

-x^ 
+  x 

? 

4(1- 

(6) 

-  4a2x  +  8a?x- 

1  +  26x  - 

■  2cx2 

d'x'  - 

•  4a2x3 

fcV  - 

26cx* 

a'  -  2ubx  - 

+  4a2x* 

(8) 
2acx^  +  2a(ix* 

+  c-x* 

6^x2  +  2bcx^  - 

2bdx* 

c^x* 

-  2cdx5 

+  d-a 

:6 

1  - 

(9) 

2a  +  262x2  -  2cV  +  2d^x^ 

a'  -  2abV  +  2acH^  -  2ad^x^ 

b*x*- 

26Vx« 

'  +  26^^4x6 

C6x6- 

2c3d4x^ 

-..*S3= 
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(10) 

{(a  +  b)f  =  (a*  +  Sa^b  +  3ab^  +  b'^Y  = 
a^  +  6a^b  +  ea^b'-  +    2a"6* 

9a^b'^  +  I8w>b^  +  6a'6* 

9a^b*  +  606" 

(11) 

j(a  -  c)=f  =  (a^  -  2(/c  +  c^)* 

=  {(a2  -  2rtc  +  c2)'f  =  (<t4  -  4a«c  +  6a^c^  -  4ac3  +  c^)^  = 
a8  -  8a'c  +  Ua^c^  -    Sa'c^  +    2a*c* 

IGa^c'  -  48a'' c*  +  32(t*c4  -    Sa^c* 

36aM  -  48a%5  +  ud^c^ 

leasee  -  Sac' 

+  c« 

(12) 
(a^x^  -  4aj:  +  4)^  =  a<a;*  -  Sa^x^  +  Sa^x^ 

IGa^j;^  -  32rtx 

+  16 

(13) 
4-12r  +  16x2-    2x3+lja;* 

9a;^  -  24a:3  +  3^4  _  2x^ 

16x*-  4a:°  +  ^x^ 

4-^x8 

(14) 
1  -  4x  -  2x2  +  ,jj.8  _  2x4 

4x2  ^  4^3  _  8x4  +  4j;S 

X*  -  4x5  +  2x6 

4x<'  -  4x'' 

+  x8 
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Exercise  XLI. 

(3) 
4a;*  +  12j;'  +  Sx^  -  6x-  +  1  (2x^  +  3x  -  1 

4j:t  

4a;'  +  3.t'\  12a;^+  5x^ 
12x3+  9^2 


4a'^  +  6x  -1  \      -  4x2  -  6x  +  1 
_  4a;2  -  6x  +  1 


(0 
This  luuy  be  worked  by  the  rule  or  it  may  be  bracketed  so  £W 
to  show  tlie  sq.  root :  thus  x*  -  2x-(i/2  ^  ^^  .,.  j^^?  ^  ^-jz 

(6) 
9a*  +  Ua^  +  34a2  +  20a  +  2o(3a2  +  2a  +  5 

9«* 
Ga*  +  2a\     12a»+34a2 

12a^+    4a^ 


Gil'  +  4a  +  5\  30tt2  +  20a  +  25 

30a"  +  20a  +  25 


(12) 

(X  -  !/)*  -  2(x2  +  ^2)(x  -  ?/)2  +  2(x*  +  2/*)  =  X*  -  4x'^^  +  Gx^yi 
-  4x(/3  +  2/*  -  (2x*  -  4x3)/  +  4a;2,^2  _  4j;!/3  +  2^*)  +  2x*  +  2i/^ 
=  X*  +  2x2i/2  +  2/t ;  and  V^;*  +  Sx^j/^  +  y^  =  x^  +  i/« 

,  (13)  (a^  _  i2  f  c*  -  rf2) 

a*- 2a-i2  +  &*  +  2a2c2-2i-c2  +  c*-2a?ri2+ 262(^2 -2c2<Z=+d* 


2a2-26'*  +  c2\  2a2c2-262c2+c* 
2a2c2-2i2c2  +  c* 


2a«  -  26'-'  +  2c^  -  (i^  -  2a2-d2  +  Zb^d'^  -  2c'^d^  +  d* 
-2a^d^  +  2bH''  -2c'^d'^  +d* 
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(14) 

l-ix+  ij'x^  -  Ix^  +  Ix^  -  ix5  +  tV^«(1  -  ix  +  x2  _  i.r- 
1 


-  %x  +  ix"'^ 


2-3x  +  x••^^   2x^- Jx^'+^x* 


)2, 


2x2    _  .4  J.3  ^  ^4 


2  -  'i.x  +  2x'^  -  ix-n  -  ix»  +  ^x*  -  ix5  +  -igxS 

-  Jx^*  +  -^X*  -  ix5   +  -,',jx6 

(15) 

x'      X-  ?/-  X        y 


43-4 


2/      !/ 


X'^  + 


x\  X*       X- 

—  )  —  +  -7 

y/         y     y 


x"^  + 


y     y'^ 


2x 


-i)-'-y- 


2  + 


y' 


Exercise  XLII. 

(2) 

a6  +  (3^5  _  40a^  +  9Gff  -  G4(rt-  +  fa  ~  4 


3«^ 


+  «^'  +  4a2 


3rt^  +  6a3  +  4a'-' 


6«'  +  12a'*  4- 8a' 


sa^  +  12a*  +  12a2 

-  12a2  _  24a 


+  IG 


3'^^  +  lld'^ 


-  24a  +  16 


-  \la^  -  48a^  +  9Ga  -  G4 


-  12a*  -48a3  +  96a  -  64 
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(4) 
a6  -  6a'  +  15a*  -  20a3  ^  15^2  _  ga  +  l(a*  -  2a  +  1 
a6 


-Ga^ 


+  4a2 


3a*  -  Gtr'  4-  4iX^ 


-6a'  +  15«*-20a* 


-6a5  +  12a*-    So* 


3j*-  Via''  +  12a2 

3a2  -  6a 


3a*  -  12a*  +  ISa^  -  6a  +  1 


+  1! 


3(7*-  12a^+  15«2-  6a  +  l|    3a*  -  12a^  +  IGa^  -  6a  +  I 


(G) 


12x2- Sax +  4a2 


8a;S  -  36aa;5  +  I02a2a;*  -  1 7la3x^+ 204a*x''' -  144a''a;  +  64a'' 
8x6 


I2x* 


-  18ax^ 


+  Qd^x'^ 


12x*-18ax^+9a2x' 


-  3  6ax  '  +  1 0  2a'''x*  -  1 7 1  a^x* 


-  SGax''  +  B'la^x*  -  2  laV 


12x*-36ax='+27a^x^ 

24a2x2-3Ga'x 


+  16a* 


12x*-36ax=*+51aV''-36a='x+  16a* 


48a2x*-144a^x^+204a*x2-144a'''x 

+  64a'5 

48a2x*-144aV-204a*x2-l  44a  "x 

+  64a6 


(8)  (a+b  +  c  +  d+e 

^  a3  +  2a^b  +  Sab'-  +  6">  +  3(a  +  b^c  +  3(a  +  b)c"-  +  &c. 


3a^ 


+  3a5  ^  j2 


3a^b  +  3ab-  +b^ 


3(«+^)%3(a+J)c^^, 

3(a  +  by^  +  3(a  +  b)c  +  c'- 
3(a  +  6  +  c)2 


3(a  +  bye  +  3(a  +  i)c*  +  c^ 
3(a  +  bye  +  3(a  +  by"-  +  c^ 


+  3(a  +  6  +  c)i  ^  ^2 


3(a  +  6  +  c-)"  +  3(a  +  (!>  +  f)d  +  tZ^ 


3(a  +  6  +  c)"''rf  +  &c. 
3(a  +  i  +  f)^i  +  &c. 
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Exercise  XLIII. 


'"'"{b-'^l  \a 
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(T     I        n      r!     :i  i     3  _  i    _  2 1  \  .1 0 

Ix'-  X  x''  X  a;'  /         x^^'i      Kx'^     '      '  I  y 


\v'  X  1/5  X  V    '  ^2/"      *        '' 


/     ^sl  +  mn+prs\rst 


_    ..ns{  +  mrt  t  ^  io  -  ni! -c   4"''7  -  4"9  -  4rs  -  7«g 


(«  4S9  / 


1/ 


(10)  (11) 

1 


-      b' 


(J  ^x^)  +  {ax)^ 


a^  -  sJb^  +  Sab  -  ah^  {a^  +  x"')'  -  {ax)^ 

oi  13  4.524'^'* 
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(12) 

2x^ty'~^-z^ 


,-2  -A-,-v~^  +  4xz^  -2xK-''-  +  2x^y''^z^ 


8x^-4xy     '^  +  4:xz^  -2x^y~'-  +  2x^y 

4xy~^  -  2x^y-'^  +  2x^y  ~  h^  -y~  i  +  y'^z^ 

-4xc*  +  2a;*!/     "z*  ~2x^z^  +  y-^z^  -y     ''z^ 

(13) 
-3x-4i/-2x-*\9x-^j/-4a;-'2/-\-3a:-«  +  2a:-^i/-i 

9x  -  9y  +  6a;  -  8 

-  6a:~*  -  ix'^y^ 

—  6x~*  —  ix~''y'^ 

(14) 

i  1     Ji         5     _i  1     _3  I     _1  — 5\ 

i_i       fi        1        *_a       i_i       3_5. 

7     _  i  h.     _  2  Z     Zn  2     _  h.         a     I~6 

-a^b     ^-a^b     ^ -a^b     ^-a^b     >'-a"b     ^  -  6-^ 

— — — 
a»b     s_i-i 

a»6     »+a=6     »+<z''6     »+a«6     »  +  a''6     "  +  a^6    " 

s.   _a       A   _4       2   _5      s    ir~a      i   _ i 
-0*6     *-a»6     "-a^i     »-a«6     '-a'b     ^  -  b-^ 

-o'6     *-a*6     «-rt*i     ^-a'b     ''-crb     '-J-i 


Ex. 

XLIII.] 

ALGEBRA. 
(15) 

x~ 

'4-1  + 

xOx- 

■i  +  .r' 

"  ^  -  1  +  x^  +  , 

X' 

■i  +  x 

-^+x-' 
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x\x     ^ —X     •'  +  l-x^+x' 


—  x~ 

—  x~ 

■J 

-  1     + 

—  X 

i-1 

x~ 

^  +  X*  +  X 

*  +  1  +  X* 

-  1  +x 

-1  -x^  -  x^ 

i        i 
x^  +  x-^  +  X 

x^  +  x^  +x 


(IG) 

/'  1  -I  _3\i' 

V«'-' -a  +  a*  + 1 -a     *-cr-i  +  a     i!J 
=  «*-  2rt*  +  2a-  +  2a2  -2a-  20."  +  2 

a2-2a2  -2«  +  2a»  +  2  -  2a~^ 


«  +  2a^  -2-2a'"^  +  2a-l 

l_2a~^-2a-i  +  2rt"^ 

a-^+2a~'^-2cr^ 

«-  3 


=  a'-2a^  +  3a2_3a-h2«^  +3-6a"^  +a-i  +  4a"  «  _a-2  _2a 
+  «-* 

(17) 

a' 4-  2a*-l-2a"'^  +  a~^(a*'H-<Z~* 


2a-^  +  l) 


2a'  -  1 
2a^  +  l 


2«'  +  2-a~  ^)  -  2  -  2rt     ^  +  a"^ 


-2-  2a~'  +  a~* 
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KEY  TO 


[Ex.  xLin, 


(18) 


,-J 


x->  _4.r+102;'-  lGr^+ 19- 16a:'"*+ lOz" ^-4a;-i  + 


_4 


Ix    -  2x-')-4x  + lOx 
—  4x  +    4x 


§ 


2.i-^  -  4x-^  +  3)       0x^-16x^  +  19 
■J  I 

6x^-12x^+    9 


2x^-4x"  +  G-2x     ^)  -4x^ +  10-16X     ^  +  lOx  ~  ^ 

i.  -'  -' 


-4x''+    8-12X     ^  +    4x     •* 

-'-^''^-4x     ^+x     ';      2-    4x     ''+GX     '-4X-1  +  .T     ^ 

_  1  _  '2  _  iL 

2-    4x     ^  +  6x     ^-4x-i  +  x      ^ 


2x'-4x-'+6' 


(19) 
3x~*T/2-   3+xV^)^  V-3-r~'2/+3x*]/-i-x?/-3( 


x'hf 


—  3x     *?/ +  3x''i/"^  -  xy*' 

—  i  1 

-  3x     'v  -j-  Sx'y"^  -  xy"' 


(20) 

|x'  -  2x^2/°  +  3!/" 

51  41  1  9       0  1      ii 

a;^-6x>2/'^+21x'2/'-44xj/='+G3x'i/'-54x^yS+27y 
^2 


3x5 


-  6xy5 


5    1 

+  4X^!/' 


i  .1-  2       1 

3x>-Gxyb  +4x'y-' 


5    1  14  i 

-  Gx-J;/''  +  21x 'y^  -  44xy^ 


-Gx''yo+12x'*3/'-    8x7* 


3x-*-12x7/fi  +  12x^?/^ 

Qx^y^  -  ISx-'y^ 
+  9/ 


4  1  21  1   a 

3X-*  -  12xyS  +  21x^2/^  -  ISx'y- 


+  9y- 


i  { 


9x''!/^-36x!/='+G3x'2/'-54x''y«+27i/ 


9x"^2/^-  36x!/H63x^i/^-54x-'!/''+27i/ 
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Exercise  XLIV. 
1.  2^  =  (2^)^  =  4*  ;  1^  =  O^y  =  343^  !  2*  =  (2*)5  =  IG^^ ;  Q)^ 

={(T)T''{a)T=(^)*=(^); 

a  =«^  -  (a*)^;  3^  =  (81)^  j  (#  =  (4^-^)'  r  (2a)*  =  (16a*)'  ; 
3.  a-  =  a'  =(«-*)"  ^  -  (^)~  ';  S'  =  (3-0-^  =  (i)"  ^  ; 

K2«^^vr ^  =  (4-0^)"^  K-^)  T^  =  (-^)"^ mrr^ 

c  1  1  1      1  /a^\-i        1  /i'M 


1     b^M     /b'M 


2  /3a6\i  .  ffl/6\|      a., 

5.  YVV)    "  ^  '^  ^^^''^  "  '^^"^ '  t(^TJ    "26^^' 
Hir  =  KY)^  =  §  X  iVH  =  iVi4 ;  KiV)^  =  KA°^)'  =  ^2^-; 


TV  2]        "416)     ^4  Um     "   4  U  W         46 


;v46 


60  KEY  TO  [Ex.  xLiv. 

«-2«(-5-j        =^"{25)        =^\9ay     =('''9^) 


200  \i  /  9a  \- J 


9a    I    '^^  \  200 


•>   /  3m  \  I        2  /  9^2  \  I 


4     y  5  V    16 


32        9m^\l       /18m2\i 
3125  ^  "T6~y     ~  1^3125 J 


2      /am  -  pq\  i  am  -  pq")  { 

(am  +  pq)'^  x     - — =  Uam~i- pq)(am  +  pq)  x , J. 

^  ^'        \am+pqj        *^  ^^^^  ^'^'     am+pqC 

t.  (135)^  =  (2Y  X  5y  =  3^5  ;  Vl62  =  V8nr2  =  9V2  ; 
VSO  =  Vl6x5  =  2^5  i    7^324  =  7  ^27x12  =  7  x  3^12  =  21^12  ; 

W?  =  WH  =  A-V2T; 

,    i/704m5\^      /704?ft5\i      /m5\i       1  1 

<-)^  (-11^ j    =  (to4t)  •=  U)    =  "^'^^"'^ 

f      a62      -^1     p2  x  6a(a  +  a-)1  J     C        b^  -|  , 

^•|6(^+-^;    =\    36(a  +  x)^-f"   =i36(a  +  x)-^^««('^+^)|' 
6        

a     /  /c'm^       IN       a      cm    /T       cm    /"n      cwi 

JJ'Cd'"  +  «x)  =  fl^a"x ;  ^  j  ^ -~^ L  =  (as  -  a^  x 

3V2  and  3^3,  or  18*-and  81^,  or  island  81^;  or  (5832^6 
and  (6561)^ 

orC^''^)^;  (44)^  and  (5103)«;  or  (H^a'^^)^, (85184)*  and  (5103)6, 
or  (3528-/5)*,  (85184)*  and  (5103)* 
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10.  12V2  +  12V2  -  V2  -  8V2  +  35sj2  =  59V2  -  9v^  =  50V2 ; 
8V(0  +  4VT5  -  VVT5  +  Vlf  =  4V3  +  4Vl5  -  Va/75  +  ^V^ 
=  4V3  +  4715  -  2VT5  =  4V3  +  2V15 

11.  2V7  +  ev?  +  s-iys  -  4^3  =  8V7  -  -^'3  ; 

—  _      c*   _       /  cA    _ 

3ab\lac  H-  2a-^/ac  — rV'"^  =  {  3a6^  +  2a"  -  —  Wac 


^  2a2'6"  ^7^6  +  3a^  '  "6  \7a^P  -  c^  ^^s  =  (2aPi»  +  Sa^  -  »6 -  c^)  ^a^P 
13.  6V200'=  GVlOO  X  2  =  60V2  ;    35V60  =  35V4  x  15  =  TOVTs  ; 
(3  X  C«)  X  (4  X  50^)  ^  (3  X  4)  X  (216«  x  3600^^ 
-  12^64  x  12150  =  24'^r2T5ll 


14.  16^  x  SB  =  ^16  X  16x8x8x8=  ^4*^  x  32  =  4^32  ; 
28(X*'  X  a^  =  28a6  =  28a^a ;  2  x  3"  x  72^  =  2  x  (27  x  72)« 
^  2Vi944;  T^  X  1^5  =  14^3  x  -^-^5  =  7^15 
ax     by      c^d  i  i  i  i 

--  xy\(ax)^^  y:.  (by)'^^  x  (c;)"'^^'}  =  xy(a^b^c^x^y^z^y'^ 
(X  -  V^  +  2/)(V-i'  +  Vy)  =  -^-^  +  y''     [See  <|^lg.  Art.  179.] 

16.  (2V3  +  UlX^^i  -  4V3)  =  (2V3  +  rs^)Q^  -  4V3) 
=  3V30  +  i^/}M  -  SV9  -  r5\/45  =  3V30  +  ^6  -  24  -  ?V5 

17.  5VI  =  ia)'  =  WG;KD^=t(U)^  =  /vVi4; 

2(1  V  I)*  =  2V^  =  ?Vio ;  K§  -  Y)^  =  §Vi!  =  Wm  =  -Miso 

l728M-_  /64X27YJ-  /27\-J- 


18.  2(12«.70  =  2x^^J-2xf-^J^=4x 

/27x7*\i       . 

=  4x  r-y^j''=  4^6482 7 

3/^4\       3/VT6\       3/16\i      3/16xl25\i  

t(7f)=t(i^)=t(i25)'  =  t(— 5^«-)    =  ■^^V^'^'^ 

If'^M  ±(^'\  IfiiV  irAM^  ir^_iV  1«/^ 

3  V^l  y  "  3  V  ^j^  "  3  V  ^  ^     -  3  V243y    '  3  V729/   "  9^^*" 
3  VV^::/  ~  3  Kya^'^J  ~  3  Va'W    ~  3  U^x^;    -  3aa:V*  * 


62  KEY   TO  IE3:-  xLiv. 

2V3-2V3"^2V3-2V3"272t    "^  2'V2t 

=  2^3  -  iC'sf)'^  +  3(1?)"'^*"=  2V3  -  —^^5038848  + 1^964467; 


/a^6"-V  +  V/^s 


s  ,        =    &C. 

20.  Multipljing  hyjl  -  6  we  have  (V?)-  -  6-  =  t  -  36  =  -  29 
Multiplying  by  V^  +  V2  we  have  (V3)-  -  (V2)^  =3-2=1 
Multiplying  by  4V3  +  6V2lwe  have  (4V3)^-  (6V2l)2=  48  -  90  =  -  42 
Multiplying  by  yi  -  ^2  we  have  (WD'-  (?V2)'-  ft-|f  -  2 jj^ 
Multiplying  by  IVI  +  JV^"  we  have  (§Vi)'-  (WD'=  A  -^  =  -T'/ro 
2(V3  -  2V5)  2V3  -  4V5        2V3-4v5  _  4^/5-2^/3 

^^•(V3  +  2V5)(V3-2V5)''(V3?-(2V3)'''     3  -  20""  ~         iT 

(V2    +   V3)(2V5    +   3V6)     _  2Vl0    +    2^/15    +    syH  +    Sa/TS 
(2V5^^   3V6K2V5   +    3V6)  ""  "         2¥^54 

_  2VT0  +  2VT5  +  6V3  +  9V2 
^  -34 

(2V3  +  -/nXVS   +   8V7)  _  14V24  +   lyiS  +   16^21  +  8a/77 
('7V8  -  8v'V)(7V8  +  8V7)  ~  392  -  448 

28V6  +  14^22  +  I6V2T  +  8VT7 
=  r-5^ =  &c. 

3(V3  +  V^)  3V3  +  3V^'     (a^/m-m^/a)(a*Jm,-m'^a) 

'  (V3-V-^)(V3  +  V^)  ~      3  -  a;      '  Qi'Jm-m'Ja)(a'^in+m'\/a) 
(wjm  -  m'\Ja)'^      a?m,  -  2am^Jma  +  rn^a      a  -  2\lma  +  m 
a?m  —  ni^a      ~  dhn  —  iri^a  ~  a  -  m 

(2  +  3V§)(Wi  +  iVD  §V^  +  Wl  +  VJ  +  2Va 


W2  +  -,WT5  +  W3  +  IVTo      , 

=    TZ -    «C 
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(^/x^  +  X  +  1  -  V^^  -x-l)  (V^^  +  X+  I  -  V-r^  -X  -I) 
(V^  +  X  +  1  +  'Jx^  -  X  -  l)('\/x^  +  X  +  1  -  V-c-  -x-l) 

(V^^  +  x  +  1)=*  -  (Va;^  -x-l  y^ 

x^  +  X  +  1  -  2(Vx^  +  X  +l)(Vx^  -  X  -  1)  +  X'^  -  X  -  1 

(X2  +  X  +  1)  -  (X2  -  X  -  1) 


2x^  -  2'^x^  -  x^  -  2x  -  1       x^  -  Vx*  -  x^  -  2x  -  1 

V3  -  V2  -  ys 

(V3  -  V2  +  V5)(V3  -  V2  -  V5) 

V3  -  V2  -  V5  V3  -  V2  -  V5 


24. 


{(V3  -  V2)  +  V5K(V3  -  a/S)  -  V5l  ~  (V3  -  V2)^  -  5 
V3  -  V2  -  V5     ^  V3-V2  -  V5       (V3  -  V2  -  V5)  x  V^ 
3  -  2^6  +  2-5  ~  ^^^"276  ~  ^^^2^JqV^ 

yn  -  VT2  -  V30       2V3  +  V30  -  3V2 
'  ^T2  ""  li  ' 

(1  -  3V2)(1  +  3V2  +  V3)  V3  -  3V6  -  17       V3  -  3V6  -  17 


(1 +3V2 -V3)(  1  +  3V2+V3)       (l  +  3V2)^-3  16  +  6V2 

(V3-3V6-  17)(16-6V2)       26V3  -  27V6  +  5lV2  -  136 

~  ^(16  +  6V2)(T6  -  6V2y~  "  92 

(2  +  3V3)(1  +  2V3  +  V2)  20  +  7V3  +  2V2  +  3V6 


(1 +2V3- V2)(l  + 2V3  + V2)  11  +  4V3 

(20  +  7V3  +  2V2  +  3V6)(11  -  4V3)       136  -  3V3  -  14V2  +  25V6 
7(1 1  +  4V3)(1 1  -  4V3)  ~  73 


Exercise  XLV. 


6.  Let  V42  +  3V174|  =  V^:  +  V 
Then  V42  -  3Vl74|  =  ^/x  - 'Jy 
Or  V1764-  1568  =  Vl96  =  14  =  x  -  y 
Also  42  +  syiTil  =  X  +  2Vxy  +  y  or  42  =  x  +  y 
.-.  2x  =  56  or  X  =  28;  2y  =  28  or  ?/  =  14 

;.  V42  +  3VT74|  =  V28  +  V^  =  2V'^  +  Vl4 
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KEY   TO 


[EjL  XL  v. 


9.  Let  V«  -  2V«  -  1  =  V-^  -  Vi/  (0 

then  Vrt  +  2Va  -  1  =  V^  +  Vi/  (")  i 
or  ^Ja-  -4tt  +  4  =  a:-y 
or  a  -  2  =  X  -  2/ 
Squaring"  (i)  we  get  a  =  x  +  w  .-.  2«  -  2  =  2x,  &o. 


10.  Let  V2a  +  2Va^  -  6^  =  V-^'  +  Vv 


V2a  -  2Va^  -  i^  =  V^  -  Vi' 

V4a2  _  4^2  ^.  452  _  ^^  ^  26  =  X  -  y 

And  2a  =  a;  +  1/ 


2x  ^  26  +  2a ;    ov  x  -  a  +  b 
2y-  2a-2b;    or  y  =  a-  b 


11.  Let  Vs  +  V39  =  V-«^  +  Vy 
Then  Vs  -  V39  =  ^Jx-'Jy 


Or  V64  -  39  =  '<J25  =  5  =  x-y 
Also  8  =  x  +  y 
.-.  2a;  =  13  or  X  =  i?^  and  2y  =  3  .-.  3/  =  S 
.-.  V8T39  =  VY  +  VI  =  iV26  +  i V3 


12, 


Let  J—  +  J6V'i^  -  '''"  =^  V-c  +  Vy 

Jy  -  '2^^^^^'  =  v^  -  Vy 


l« 


1+      a^i^!     t*     a«     &2 


^--..6.(a2_i2)  =  ^____^._  =  _, 


=  T--r  =  ^-2/ 


o^ 


Then  2x  =  y~"Y  ;  or  x  =  —  -— 


And  -r  =  x  +  y 

si? 


2^ 
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or  y  =  -7-  .',  &a. 


Ex.  sivi,  XLvii.J  ALGEBRA. 

Exercise  XL VI. 


1.  V32  -  V2I  =  V8(2  -  V3)  •••  VV32  -  V24  =  VV«(2  -  V^^) 

=  VT8  -  V2  ^ 

2.  3V5  +  V4U  =  Vi5(3  +  2V2)  .-.  VsVS  +  V*^  =  VV^C^  +  2V2) 

=  V5V3'+"2V2  =  V5(V2  +  1)  =  V-^CV^  +  1)  =  V^  +  V^ 

3.  3V0+  2VT2=V6(3  +  2V2)  .-.  Vs  ^/Q  +  2Vr2  =  VV«(3  +  2V2) 

=  V6A^r+^V2  =  v^cv^  ■!- 1)  =  v^(V^  + 1)  -  v^ + v*^ 

4.  V^  -    4   =   VTS    -   V^  ■=  V2(V9   -  V8)   =  V2(3  -  V^) 
.-.  V^TS  -  4  -  VV2T3"V*^')  -727(3  -  VS)  =  V2(V2  "  1^ 

=  V2(V4-1)  =  V8-V2 


Exercise  XLVII. 

1.  A'f^:^  -  2V"^nr2  =  12V"^  -  4/^  =  8V'^ 
(a  -h  V'-T')  +  (a  +  V^^)  =  2a  +  (V&  +  '/c')^~i 

2.  -vT^  +  V^  +  V'^ni  =  (V5  +  V7  +  V'iT)V"^ 

3.  V7  +  6V~^  =  V^'  +  Vi/ ;  V7-6V^  =  Vx  -  V// 

V49T''72  =  11  =  x-y 

And  T  =  X  +  y 

,•.  X  =  9,  and  y  =  -  2 

4.  (4V"^  +  1-f^2)(i^^^  -  y^l)  =  (4V'^)^  -  (TV^)' 
=  (IG  X  -  3)  -  (49  X  -  2)  =  -  43  -  (  -  98)  =  -  43  +  OS  =  50 

5.  (V^^  -  3V"^)^  =  -  2  -  GVeCV"^)^  +  (9  X  -  3)  =  -  29  4-  SVO 

V2-V^"5 V2- V^^       V2  -  V^-^ 

■  (V2  +  V^)(V2-V^)  ~    2 -(-5)    ■  7 

7.  fli'S  X  -  V^n:  =  -  ai23^'::n: ;  +  i ;  ^^I ;  _  i    [;see  Algebra 
Art.  193  (III)] 

8.  (a  -  V"^)^  =  a^  -  2aV"^  +  (  -  a)  =  a^  _  2fl/3:5  -  a 

E 


m 


KEY  TO 


[Ei-.  xLvn. 


9.  (V2  -  V^^*=  (V2)'  -  3(V2)^(V^=T)  +  3V2(/=1)^  -  (V^^y* 
=  V8  -  6V4V^n[  +  3V2(  -  4)  -  (V4V"=1)^=  2V2  -  12^/"^-  12^2 
+  SV"^  =  -  4V""=^  -  10V2 

10.  Let  V  -  2  -  2V  -~r5  =  V-^  -  Vi/ ;  then  V  -  2  +  2V  -  15 
=  V^-"  +  Vi/  •••  V4-4(  -  15)  =  //Si  =  8  =  X  -  2/,  and  x  +  y  =  -  2 

.-.  2x  =  G ;   X  ^  3;    2y  ^  -  10  ;   and  1/  =  ~  5.     Hence  "/x  -  Vl/ 
=  V3  -  V^-^ 

11.  We  are  to  find  tbe  square  root  of  0  i  V"-^ 

Let   Vo  +  V~  =  V^'  ±  V// 

then  Vo  +  V  -  1  =  V-'^  +  Vi/ 

or  /u  _  (  ^)  =  ^1  =  1  =  a-  -  jf,  and  x  +•  ^  =  0. 

.•.  X  =  I,  and  2/  =  -  i 

Hence  Vo  +  V^  ;  that  is  of  4/^  =  ^2  i  V  "T 
^  W2  +  W^^;  or  IV2  -i-^f^ 

12.  Let\/31+42V^  =  Va;  +  Vy;  tbenV31-42V^=V-^-Vy 
.  .  V9til  -  n64(  -2)  =  VSt^l  +3528  =  V4489  =  G7  =  x  -  ;/ 

and  31  =  X  +  7/  .-.  2x  =  98,  and  x  =  49  ;  2?/  =  -  30,  or  2/  -  -  IS 

Hence  V-^  +  V^  =  V49  +  V~T^  =  "?  f  3V^^ 

4  +  V^^  _  (4  +  V^^)(2  4-  V"^)  _  8  +  4V"^+  2V^^-  2 
2  -  V  "2  ""  (2  -  V"^)(2  +  V^  "       ~*-C--2) 


13. 


6  +  6V  -  2 


=   1  +  V  -  2 


14.  1-'f^5\  lA-^Vo-n^ -a-24~-5{2-"f^ 

14  -  2V^ 

-  7V^  -  Vl5 

-  7V^  -  vis* 

15,  (a  +  o/^Xa-JV^^)  =  a^-' (^ 
a2  _  (  _  62)  =  a^  +  63 


_l)'-::ia2-(i.2x--l) 


♦Thus  -V-5x-V-3  =  -  VSV  -  1  X  -  V3V  -  1  =  Vl5(V  -  0" 
=  Vl5x-  1  =- VT5 


EauiLvUVl  ALGEBRA.  (3^ 

Exercise  XLVIII. 

1.  12  +  x=4  +  4Vx  +  x;  or4Vx  =  8;  or V*  -  25.  or  «  =  4 

2.  3x-G  =  2x;  or  x  =  G 

3.  X  -  24  --  x~4^x  +  i-  or  4Vx  =  28;  or  V^*  =  7;  or  a;  =  49 

4.  X  -  2^/xy/^  ^  a$-^  =  a^  X,    or  -  2^a  +  ax  -  ^  =  a; 
-  2  +  ^  =  ^/a■  or^  =  ^a+2-  or-^=-r^ ^.. 't^ 

^-  \  /  }~rF- -T7  +  5  +  6+7  =  4:  or 


or 


or  VVV-i'+i23  +  4  +  5  -  3;  or  Yy_i.^l23  +  4+  5  =  9j 

VV^  +  123  +  4  =  4;    orVj--+123  +  4-  16  ;    or  -^x  +  123  =  12  \    Qt- 
x+  123  =  144;  or  x  =  21 

6.  v^  -  V^  =  Va ;  or  V-f  (Va  -  1)  =  V'J ;  Of  v^-  =-  Z"'  , ; 

'W  (t   "•     i 

a 
or  X 


(Va  -  1)-^ 


7.  2x+Vx*-x'*  =  x=«+2a:+i;  or  V^*  -  J:^  =  a;*  +  I ;    orx^-a^ 
=  x*+2x2+l;  or3x2  =  -lj  orx^  =  -i;  orx  =  ±V"^  =  iW^ 

8.  X  +  34Vx  +  168  ^  152  +  42-/^  +  x-;  or-SV^;  =  IG  ;  or  V^  =  2  . 
or  X  =  4 

4  

9.  V-i-  +  V^-  +  2  =  -==. ;  or  Va.V^-  +  2  +  X  +  2-4;  or  V^V^cTa 

YX   +   2  /  Y        Y         • 

=  2-x;  orx(x+2)  =  4-4x  +  x2;   or  x2+ 2x  =  4  -  4x +a-2;  01 
J6x  =  4  ;  or  X  =  I 

10.  a  +  X  +  2Va'  -  x^  +  a  -  x  ^-^rx  ;  or  2v'a^  -  x"*  =  ax  -  2a ;  01 
4a^  -  4x^  =  u^x^  -  ^aH  +  4o^ ;   or  a?x^  +  4r2  :=,  4fl=^X  ;    or  a?x  +  4^ 

=  4a-;  or  x<a2  +  4)  s  4ft^:  oxx~  -, 

'  0^  +  4 


G8  ICEY  TO  [Ex.  xLVm. 

n.  a'+  2ax  +  x^=  a^+  X'jW+1?;   or  lax  +  x^- =  .rVF+^j 

or  2a  +  X  ==  ^jWVi?\  or  40^  +  4«a:  +  x^  =  J2  +  a-z  •  q^  -V.tx  -  b-  -  4<r ; 

6^  -  4a2 

or  .T  =  — 

Aa 

12.  -^6"  +  aa;  +  a-^  =  a  -  t>  -  X ;   ov  h'^  t  ax  ■r  x"^  =  a'-*  -  2t;6  -  2tix 

+  6'-+  26.r  -h  x^ ;  or  Sox  -  2iuc  =  o^^.  2a6;  or  zfSa-  26)  =  c^~  2ab ; 

d^-2ab 
«>^^  =  3^r^ 

13.  X  +   2a\/:t  +  Sb^/x   -r  Gab  =  iab  •+  b\/x  +  iiT^x  +  .r; 

or  2b's/x  -  2f/V-i-  =  -  2a&  j    or  ^Jx  =  -—^  ;  or  x  =  7^—^ 

;ia  

14.  V-^  +  V'*'^  +  X  =  ^^=  ;  or  \lx  +  x'^  +  V4(i  +  4ax  +  x  +  x^ 

Vl  +  a; 

=  2a ;  or  V4a  +  4ax  +  x  +  x^  =  2a  -  V-i"  +  x- ;  or  4a  +  4rtx  +  x  -t-  .r^ 
=  4a^  -  4a  Vi"  +  a;^  +  X  +  x^ ;  or  4a  +  4ax  -  4a^  =  -  4a  V^  +  x^  ; 
or  1  +  X  -  a  =  -  '^x^  +  X ;  or  1  +  2x  -  2a  +  x-  -  lax  +  cr  =  x^  +  x  ; 

2a  -  a^  -  1 

or  X  -  2ax  =  2a  -  a^  -  1  :  or  x  =  — z — ^ 

'  1  -  2a 

15.  X  -  32  =  256  -  32  V^^  +  ^  ;  ov  32  V^  =^  288  ;  or  V^  =  9  ! 
or  X  =  81. 

b  f    be    \  i        c         [    Abe    \  \  h  c 

=  0  ;   or  ab  —  bx  +  ac-  +  ex  =  0 ;   or  6x  -  ex  =  ab  -i-  ac ',    or 

a(b  +  c) 

X-  —V 

b  -c 

.      3'\/x 

17.  X  -h  ^x  ~  ^x'^  -  X  =  -r—  =  given  cqiiation  multiplied  by 

*Jx  +  V^  ;    or  'Jx  +  I  -'\Jx  -  1  =  I  (dividing  by  ^/x)  ;    or  2Vx  +  2# 
=  2Vx-  1  +  3  ;  or  2 Vx  -  1  -  2  'Jx-l ;  or  4x  -  A^x  + 1  =  4x  -  4  ; 
or  4  i/'^  -  5 ;  or  16x  =  25  ;  or  x  =  f  §. 

IS.  X  +  c  =  c^  -  2c  V-J^  +  ^  +  ^  +  ^  ;  or  -  2c  y  X  +  6  =  a  -  6  -  c^ ; 
or  Ac"-  (X  +  Z»)  =  (a  -  b  -  c'-f;    or  46-x  =  (a  -  r^  -  i)- -  4c'^i) ; 

(a  _  c'-i  -  6)^  -  4c'^6      /rt  -  c^  -  6\  2 
or  :,  = _ =  \       2c       )    -  ^' 


4c^ 
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12        1]  I    4  9  1        2         14       9 

19.  —  +  —  +  —  =  — 5  +    i-r-^  +  — r :  or  —  +  —  -  j-r  +  —  ;  or 
x~     ax     If       a-     V  a^i-       x^ '        x       a      ya^      x-  ' 


14       4       4       9  14       9 

x'      ax     a''      a" 
4.L'  -  8a  ;  or  a;  =  2a 


:j  +  —  +  -J  =  -^  +  — 2  ;  or  —  +  —  =  —  ;    or  a  +  Ax  =   9a  :    or 
x^      ax     w^      a"      x^  '         X       a       X   ^ 


Jx  +  a  +  Jx  -  a     111        2  'Jx  +  a     m  +  1 
20.  =  -   or      ''  = 

'  ^/x  +  a-'^x  -  a      1         2'^x-a     «^  "  1 


V-i"  +  "     m  -V  1  X  +  a     m^  +  2m  +  1 

'x  —  a 


01'  — = r  ;  or =  -5 — „ — r~;  ; 

'/  r  -  a     v«  -  1  X  -  a     7)1''  -  2m,  +  I  ' 


2x     2  (»r  +  1)  X      m^+l  a  (m^  +  1) 

or  —  = ; ;  or  —  =  —r; —  ;  or  x  = r — ~ 

2tt  4/«         '         a         2>n     '  2m 


Exercise  XLIX, 

1 .  x^  =  9  ;  or  x  =  ±  3 

2.  18 -  18x+ 18  +  18x •■=  100  -  lOOx^ ;  or  lOOr' ^  6i  ;  OX-X-  -  ^Vo  ; 
or  X  =  1  J 

3.  4x2  ^  3_j.2  ^  9  .  Q^.  ^,2  _  9  .  or  X  =  4  3 

4 .  4x-  -8  =  1;  or  4x^  =  G  ;  or  x^  =  j  ;  or  x  -  +  | 

5.  X-  -  6x  +  9  =  13  -  Gx  ;  or  x2  =  4 ;  or  X  =  ±  2 

6.  3  (x2+  lOx  +  25)  -  7x  =  23x:  or  3x2=-  ^5  .  orx2=-25;  or 
X  =  4  5  V^ 


216x'''  +  36  216r2  +  36 

11x2-8^  ;  or  25  ■-     ii^.2_8 

275x2  _  200  =  216x2  +  36  ;  or  59x2  =  236  ;  or  x2  =  4  ;  or  x  =  4  2 


7.   10x2  4  17 -10x2+ 8  =-^3^^,-^:^-;  or  25.  ^^^^jrrg-";    ^^ 


8.  V9  +  ^^'^  =  3  ;  or  9  +  2x2  _  31  .  Qj.  2.c3  -  72  ;  or  x2  =  3G  ;  or 
X  =  4  6 


9.  V(-»=  -  3)(x  +  3)  =  3a]  or  x2  -  9  =  9a2 ;    or  x2  =  Ocr  4  9  ;    or 
z  =  i  3  '^uFVi 


70 


10.  v«^  -  x' 


KEY  TO                               [ 

X 

a 

a'  -  x^     x'^      2a     a^ 

b  ■ 

X 

'  °^      x^      ~  6^  ~  6  ■*■  ^  ' 

[Ex.  XLIX, 


a*  x^      2a     a^  x^      2a 

°^'  ^  ~  ^  ^  b^  " T  '^  I^'  °^  b^  ""  T  ~  ^  '    or  a;2  =  2a6  -  6- ;   or 
X  =-  +  ^'2ab  -  b'^ 


a^  [a*  a^  2a^  /a-i 


Aa*     4a-62  4a*  4a-b'^ 

or  — T-  -  —^r  +  6*  =  — r  -  46* ;  or  — ,-  =  5b^  : 

4a« 

X 


4a2  2a  2a 

or  -^  =  5&2;   or  x^  =  — -  or  x  =  +  -r-V^  =  i  ttV5 


12.  3a.T2  -  cx2  =  (Z  -  1  -  i  ;    or  x\3a  -  c)  =  d  -  1  -  b;    or  «' 
d-1-6 


3a  —  c 


;  or  X  -  i 


>/('-i^) 


13.  Va^  -  -i-^  =  «Vl  -  ^'^  -  Wa^  -  1 ; 
a2  -  x2  =  a*  -  a*x2  -  2a2xV(l  -  x^)(a^  -  1)  +  a-x^  -  x' ; 


or  2xV('l  -x2)(a^-  1)  =  a=*  -  a2a;2  _  i  +  x^ ;  or  2xV(l  -  x^)(a^-  1) 
:^  (a3-  1)(1  -x^);  or  2x  :^ -^f  (a^ -  1X1  - x-);  or  4x2=  (^2.  i)(i  _a;2) 

„      a^  _  1 

=  a^  -  a'^'x^  +  x^  -  1 ;    or  3x^  +  a^x^  =  a^  -  1 ;    or  x^  =  ^-— — -^ ;    or 


X  -  4- 


3  +  a^ 


14.  xV/>^+x^  +  6-+x-=c62;  xV6-+x2  =  <;62_i2_x2;  or  62^:2^^,1 
:^  c-6*-  2c64-  2cb-x^-{-  fc*+  26'^x3+  x* :  or  2cb'^x^-  6V=  c'-^t*-  2c6* 
+  6*  :  or  2cx=^  -  x^  =  c^fc^  _  2c62  +  ^2  _  ^-(,2  _  2c  +  l)^^  j  or  (2c  -  l)x' 


(c  -  1)^62 


(c  -  1)6 


„^      ,     ;  or  X  =  + : 

2<^-l  V2C-1 


(c- 1)^62;  orx2 

/2x  /2x   

15.  3  +  ir-2Y— V3  +  ix  +  §x=  ix-3;  or-2Y— VS  +  Jj 


2x  /2x   X 

=  -6--r-;   or  VirV3  +  ix  =3  +  — ; 


2x  .t' 

or  Y(3  +  ix)  =  9  +  2x+  - 


X' 

"9 


,.2 


X 

18 


or  —  =  9  +  —  ;  or  —  =  9 ;  or  .x^  =  81  x  2  ;  or  x  =  4  9^2 
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"2  1  15 

IG.  a  +  X  +  3(a  +  a;)'(<z  -  .t)'  +  3(a  +  .t)'(«  -  -t)'  +a-  x  =  b^; 


or  2a  I-  3(a^  -  x^y(^^a+x  +  i^a-x)  ~  b^;  and  by  given  equation 
ya  +  X  +  ^a-x  =  b  ;  substituting:  this  in  the  last  equation  we 
nave  2a  +  Zb^a?'  -  x^  =  ¥;  or  Sft-^a^  -  x^  =  b^  -  2a;  or  ^d^  -  x^ 
b^-2a  ,        ^      fb^-2ay  fb^-2ay 

F-  2a\3 


36 


/  ,        /6^-2a\ 


Exercise  L 

1.  2x2+ Sx  =  90;  orz2+4x  =  45;  or  a;2+ 4a;  +  4 -•  49;  or 
X  +  2  -  ±1 ;  x  =  5;  or -9. 

2.  ^2  -  19  =  8x-  -  10  ;  or  a;2  -  Sx  =  9  ;  or  x^  -  8x  +  16  =  25  ;  or 
or  X-  -  4  =  +  5  ;  x  =  9  ;  or  -  1 

3.  x-  -  8x  =  20  ;  or  x^  -  8x  +  16  =  36  ;  or  x  -  4  =  i  6  ;  x  =  10  ; 
or  -  2 

4.  x2  +  12x  =  45 ;  or  x^  +  12x  +  36  =  81 ;  or  x  +  6  -  +  9 ; 
X  =  3 ;  or  -  15 

5.  3x2+2x  =  85;  orx2  +  §x=5/;  or  x'-'+ lx+ J  - -js  +  ^  =  2§^  : 
or  X  +  J  =  4  J-3^ ;  x  =  5  ;  or  -  5  J 

6.  3x2  _  i4_j.  =  _  15  ;  or  x2  -  ij^x  =  -  5  ;  or  x-  -  ^^^x  +  V 
=  -  5  +  igS^  =  ^  ;  or  X  -  5  =  +  i  ;  or  x  =  3 ;  or  I5 

7.  5x2-236x  =  -47;  or  x^-z^x  =  -  i,^  ;  or  x'-'- -?Sa;  +  ly-.^t 
=  -V-  +  ''i6^  =  ^W'\  orx-^t-iH^;  orx-s^ori;  that 
is  X  =  47  or  ^ 

8.  4x2  _  8x  =:  320  ;  or  x^  -  2x  =  80  ;  x'-^  -  2x  +  1  =  81 ;  x  -  1 
=  +  9  ;  X  =  10  or  -  8 

9.  x^-  2x  ^-a^;  or  x''' -  2x  +  1  =  1  -  a^  ;  or  x-  1  =  a/I  -"^i 
or  X  =  1  4  yi  -  «^ 


72  KEY   TO  [Ex.  L. 

10.  5x'  +  4x-  -  273  ;    .r^  +  |.r  =  zp  .    ^2  ^  i ,.  ^  ^^  ^  13  ji  +  a. 

1 1.  7.ta  -  20x  =  32  ;  x-  -  sfix  =  ^  ;  x'  -  ',"x  t-  ^^.^  =  v,j'  +  'rt 
^  W  ;  -^  -  '7"  =  i  '7^- ;  x  =  4:0r-  II 

12.  x^  -  7.C  =  -  12  ;  X-  -  7j  +  'la  =  -  Y  +  V-  =  i  i    ^  -  ^  -  i  5  i 
x  -  4  or  3 

13.  3x"-  llx  =  -  6;    or  x'^-  ^x  =  -  2  ;   or  x^  -  ^}x  +  l}^^ 
=  _  2  -1-  ■  "  '   =  A?  •    r  —  J  ^  rr  +  '  •   3-  =  .^  or  * 


be  —  ad         bd 

14.  ac.r-  +  hex  -  adx  =  bd  ;  or  x^  + ■  x  =  — ; 

'  ac  ac  ' 


\2 


be  -  ad  /be  -  ad\^    bd        (be  -  ad)' 

or  x^  + X  +  (  — ;; •  1  -  —  +  — 7-s~2 —  : 

ac  I      2ac     y      ac  4a''c^       ' 

be  -  ad     /be  -  ad\  ^   4abed  +  iV  -  2a.bcd  +  a!^d' 
or  .r''^  + + 


ac         \     2ae    J  ia'^c'^ 

b-c^'  +   2abcd  4-  aV^      /6c  +  «rfy  be  -  ad  _     be  +  ad 

"=  ~4^''?  ""  y    2ae    J  !  °^  ^  +  '^2m~"  ~  -  ~  2ac     ' 

be  +  ad     be-  ad  2ad      d  2bc  b 

"^■'■^±"2^1^ 2^^!  '^=2^c  =T5  °'^  =  -2"^=-  a 

1  x  -  ^/x  . 

15.  7 —  = — -   bv   dividing   the   giveu   equation    by 

X  —  yx  4         ' 

X  -h  V-i-' ;    "I"  4  =  x^  -  2xVx  +  X  ;    or  4  =  x(x   -   2Va;   +    1) ; 

4  2 

or  —  =  (Vi:  -  1)';    or  ;t;.  =  i  (Vc  -  1)  (0  I  or  2  =  x  -  V^ ; 

or  X  -  V'a;  +  i  =  f  +  i  -  ?  ;    or  V-^"  -  i  =  ±  i  )    or  V-c  =  2  or  -  1 

.-.  X  =  4  or  1 

2 
Taking   the   minus   sign   in   (i)  we    have   7/^  "  ~  V-^'  +   ^  5 

or  2  =  -  X  +  V-J; ;  or  X  -  V-r  =  -  2  ;  or  x  -  V-^  +  i  =  "  4  +  i  =  -  4  i 

or  vx  -  J  =  ±  V^;  or  v-^-  =  i  +  2  V"^  -  Ki  ±  V"^) ; 

or  X  =  i  (1  ±  2  V^  -  7)  =  i  (-  6  i  2  /^7)  =  H"  3  i  V"^) 
The  rejected  factor  x  +  ^/x  -0  gives  us  x  ^^  0  or  1 

16.  x2  -  X  =  210 ;   x2  -  X  +  i  =  -«ii  +  i  =  ^i*-  i   a;  -  5  -   +  -^ ; 
X  =  15  or  -  14. 
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17.   4x'   +    36    =    3x~   +    48    -    llx  ;     or    x-   +     Ux    =     12  ; 
or  J.-  +  :  1  X  +  4-L  =  -■us  ^  liL  =  L«-a ;  ^  +  ii  =  4  -i^'  ;  x  =  1  or  -  12 

X  -  2     x  +  2     X  -3     X  -h  i      x^  -  4x  +  4  +  X'+  Ax  +  4: 
^  ^'  xT"2  ■*"  z~-  2  ~  x  +  3  "*■  x"^~4  '  x^-  4 

'  x^  _  T.C  +  12  4-  x^  +  7x  +  1 2  2x-  +  8       2x3  +  34 


or 


x^-x-12  '         x2-4       x^-x-12' 

x^  +  4        x'^  +12  2  x2       2x2-x  X      2x  -  1 

^^x^^Ti'^^-x-u'^  ^^    8~"   x  +  24   '  °^T"x  +  24   ' 

or  x2+ 24  X  =  8x -4;    orx2+16x  =  -4;    or  x^  +  I6x  +  64  =  60  ; 
or  X  +  8  =  V^  =  i  2  V^;  or  X  =  4  2  ^Jl5  -  8 
Tlie  rejected  factor  x  -  0  gives  us  the  other  value. 

19.  49x2  +  42x  +  9    =    10(2x2  +    4x   -    6    -    2x2  +    3x    4-    9) 
=  10(7x  4-  3)  ;    or  49x2  +  431;  +  9  =  70x  4-  30  ;    or  7x2  -  4x  =  3  ; 

r-  _  A  •    i-  r:  3   t2  _  At;    .    .1.  :;    2  L  +  .  4.  =   25.  .    3.  _  a  =  J.  5   .    x  =   }    ClV  —  ^ 
X—   ,-,x--x  7-*'^4S4y'4U4SI'^  717!    ■''■'•'-''         7 

20.  ax2  -/x2  -  ix  -  ex  :^  -  i  -  c ;  ot/x'^  -  ox2  4-  6x  4-  ex  =  6  4-  c 

/6  4-  c\         6  4-  c 
(/-a)x2  4-(6  4c)x  =  6  4-c;  x2  4-  (yC^j^=y^; 

/6  4-c\  /64-c\2     b  +  c      /b  +  cy 

^'+   [f---ay^(2r2-a)    =  ^Ta^  [2f::rYa) 


V6  4-  c       /  6  +  c  \' 


6  +  c  ( 

~  2/  -  2a 

1  1  mx  ~  «x  4-  «7?i 


X  '  a  —  ni  4-  X  a/ftx 

«mx  =  3rt)/>x  -  c.2x  4-  c^ni  —  m~x  —  ani^  +  ?nx-  -  ax2;    ax2  -  ;r(x2 

4-  a^x  -   2a?rtx  4-   iii^x  =  arm  -  ani^  =   ain(a  —  7h)  ;    (a  -  in)x^ 

4-   (a*  -   2am  4-  ?ft2)x    =   am(^a  —  m)  ;    x^  4-   (a  -  m)x    =   «m  ; 

(a  -  »i)2                  (a  -  to)2       4ani  4-  (a  -  w).)^ 
X'  4-  (a  -  m')x  4- T =  am  +  7 = 

a'-  4-   2ani  +   m"^        (a  4-  m)'^  a  -   m  «   4  m 


4  '  '  2         "    -         2 


a  +   7«        a  —  m 


X  ^  1    — ^2 —  "  ~^ —  =  m   or  -  d 
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23,  abx^-  2x(a  +  b)'^ab  =  (a -by-,   x'^  - — j=-  x=      ^^ 


2(a  +  6)  ^     (a-b) 

■^ab 


2(a  +  b)       (a  +  ly       (a  -  by       (a  +  by  __  2(a^  +  b~) 


^ab 


ab        ~        ab  ah        "         ab 


a  +  b        Aj2(<r  +  b^)  a +  b  ±^/2(d- +  b-) 

X  -  —=.  =  ±  — — -m ;  X  =  :^- " 

Ya6,  '^ab  '\Jab 


Exercise  Li. 

1.  3x^  +  23r  =  85  ;   ZQx'^  +  24r  =  1020  ;   36^-  -f  24a;  +  4  =  1024  ; 
6x  +  2  =  ±  32  ;  6x  =  30  or  -  34 ;  x  =  5  or  -  5? 

2.  4x2  _  4a;  =  840  ;  4x^-  4x  +  1  =  841 ;  2x  -  1  =  +  29  ;  2x  ^  30 
or  -  28;  x  =  15  or  -  14 

3.  64x2  _  48x  =  1360  ;    64x2  _  43^;  +  9  =  1369  ',    8x  -  3  =  +  37  ; 
X  =  5  or  -  4i 

4.  x2  -  26x  =  -  25 ;   4x2  _  1Q43.  +  6 1(6  =  -  100  4-  G1G  =  576  ; 
2x  -  26  =  +  24 ;  2x  =  50  or  2 :  x  =  25  or  1 

5.  5x2+4x  =  273;  100x2+ 80x  =  5460  ;  100x2+80x4-16=5476; 
lux  +  4  =  i  74  ;  lOx  :=  70  or  -  78  ;  X  =  7  or  -  7^- 

6.  4x2  +  8x  =  21 ;    x2  +  2x  =  2^'- ;    4x2  +  8x  +  4  =  21  +  4  =  35, 
2x  +  2  =  +  5  ;  2x  =  3  or  -  7 ;  X  =  11  or  -  SJ 

7.  11x2+  7j;_4  =:  143;;  11x2-  7a;  =  4;  484x2-  308x  =  176; 
484x2 -303X  + 49  ^   i>jq  +  49  =  225;    22x  -  7  =  +   15  ;    x  =  1 

or  -  -1^      . 

be 

8.  a2x2+  (a6  -  ac)x  =  be  ;  ax~+  (6  -  c)x  =  — ;  4a2x2+  ia(b  -  c)x 

+  (/^  -  c)2  -  46c  +  (6  -  c)2  =  (6  +  c)2 ;    2ax  +  b  -  £  =  ±  {b  +  c); 

c             b 
lax  =  2c  or  -  26  ;  x  =  —  or 


Ex.  LI.]  ALGEBRA.  75 

9.  12a;'-'  +  120  =  IGx  +  135  ;  120:^  -  16x  =  15  ;  3x^  -  ix  -^  '/  ; 
3Gx'2-  4Sx  =  45 ;  36a;--  48a;  +  16  =  45  +  IG  =  61 ;  6x  -,  4  =  +  ^ifl  ; 
6x  =  4J.^6T,  x  =  l(4±^/6l) 

10.  1x^  -  4xV3  +  (2  -  V3)a;  =  2;  (7  --  4V3)x2+  (2  -  ■\/3)x  =  2  ; 

X  2 

^'  ^  2^rV3  "  7^^4V3  '-^'"^^  7  -4V3  =  (2  -  ^3)'] 

4  18  __1 9__ 

^"^  "^  -2  -  ^3^^  "^  7-4V3  ~  7-4V3  ""^  7  -  4V3  "  7  -  4V3 

13  4  2 

2*'  "^  oTTTT^  ""  ±  9  _./^  ;  2a;  =  -  „  _   /,  or 


-V3  ~-2  -V3'  ^  2  -V3        2  -VS 


X  =  -^ r-  or 


2  -  v3  2  -  V3 

11.  x'  +  6aa;  =  b^ ;    x"  +  6aa;  +  Oa^  =  6^  +  9aS!  j    x  +  3a 
=  ±  VOa^  +  6*  ;  a;  =  ±  V9a^  +  ^'^  -  3<i 

45 -9x                      63  +  36x     19(45  -  9x) 
12-  TT3--2^=.-^ 19—!         3+x     -=40x-63; 

855  -  I7l.r  ^  40i-2  +  57x  -  189  ;   lOa;^  +  57a;  =  261 ; 

400x2  +  2280X  -1-  (57)2  =  10440  +  3249  =  13G89  ; 

20x  4-  57  =  ±  117;  20x  =^  GO  or  -  174 ;  x  =  3  or  -  8-^- 

13.  xs  -  5x  =  -  m"  ;    4x2  _  20x  +  25  =  -  47?i2  +  25 ;    2x  -  5 
-  +  V25  -  iin'  ;  2x  =:  5  +  V25  -  im'^  ;  x  =  |(5  4  V25  -  Avi') 

14.  mx'  -  nx"^  -  2mxi/«  -  -  mn ;  {m  -  n)x^  -  (2m^jn)x  -  -  mn 

2m\/ii  mn  Sm^n  4mn 

m  —  n  m  —  n'  m  —  n  m  —  n 

4x2  _       ^      • 


-  II       {ill  -  7t)2       (;)i,  -  n)''       m  —  II       (m  —  n)** 

2m'\/n.         2n^jin  2n\Jm.  +  2m'^n       2m\Jn  -  2n\/m 

2x =  + ;  2x  = or 

m-n     ~  m-n  m - n  m -n 

^Jmn('^n  +  '^m)       '^iim(^\Jm  -  ^Jn)               i/mn  i/mn 

X  = ■ —  or ;  X  -  —. —  or 


m-n  m-n  '        \/m-^n       's/in  +  y« 


'^^  KEY    TO  [Ex.  LI,  Lfi 

15.  i+xf  ..-^'^-i^^  ni^^Yf^-]  (^±-^-it^^\ 

ya-lJ\^l+x+x-J    [a-lj^      1+x  +  x''      J 
\"'-'^J\  l+x  +  x^  J 


-  f"^^\  /l+x  +  x'-x(l-a:)(l  +x  +x^) 

1+3^  +  3:"       a  +  1     2  +  2x2       2«     1   +  x2 

1  -  X  +  x2  =  a  -  1  !  ~2x~~  '""  T  ;  ~^ —  =  '^ ;     1  +  x2  ^  ax  ; 


x^  -  ax  =  _  1 ;    4x-  -  4ax  +  a3  =  a2  _  4  ,    2x  -  a  =  +  Va2  _  4  . 
X  =  i  (a  +  Va^-  4) 

16.  X*  +  3x»  +  6  =  X*  +  3x3  ^.  13J.2  +  7^:  -  GO  ;  ISx^  +  Tx  =  66  ; 
676x=^  +  364x  =  3432  ;  670x3+  3^4^  ^  ^^  ^  3^3  j^ .  26x  +  7  -  4  59  ; 
2Gx  =  52  or  -  66  ;  x  =  2  or  -  2/3- 


EXERCISE  LII. 

1.  x  +  2  =  0,  and  X  T  7  :=  0  .-.  (x  +  2)(x  +  7)  =  x2-;-9x+  14  =  0 

2.  (X  -  4)(x  +  2)(x  -  l)x  =  0  ;  or  x*  -  Sx^  -  Gx^  +  8x  =:  0 

3.  (x-2)(x  +  2)(x-3)(x  +  3)x-0;  or  (x^ -  4)(x2- 9)x  =  0  ; 
or  x'5  -  ISx^  +  36x  =  0 

4.  (x-5)(x  +  5)(x-2)(x  +  2)(x-3-V2)(x-3  + V2)  =  0; 
or(x2-25)(x2-4){(x-3/-(V2)2}=(x=-25)(x==-4)(x2-Cx+7)-0; 
or  x6  -  6x=  -  22x*  +  174x3  -  103x'''  -  600x  +  700  =  0 

5.  (x-l)(x-2)(x-3)(x-4K^-5-V6)(x-5  +  V6)=  0; 
or  (X-  -  3x  +  2)(x2  -  7x  +  12)(x2  -  IQx  H-  19)  =  0  ; 

xG  -  20x''  +  154x4-590x3+  llSBx^-  1190x  +  456  =  0 

e.  (x-5)(x-4)(x-  l)x(x-2-V"^^)(3:-2+V"~3)  =  0; 
or  (x^  -  9x  +  20)(x'''  -  x)(x-  -  4x  +  7)  -  0  ; 
j6  _  14^5  ^  'jQj.i  ._  206x3  +  283x2  _  i^q^  _  q 
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7.  (.r  -  5)(x  4  2)  =  0  ;  or  x^  -  ?,x  -10  =  0,  and  (x*  -  Sx'-*  +  5j;^ 
+  12x-  -  60)  4-  (Z--  3.r  -  10)  gives  us  x^  -  3.r  +  6  =  0  ;  then 
a:--3j-  =  -G;    a:^  -  3x  +  IJ  =  ?  -  ^  =  -  V  i    a:  -  ^  =  ±  i  V^^^^  i 

g.  (T  -  1  -  V -^)(^  -  1  +  V"-6)  =  0  ;  or  x^  -  2x  4-  7  =  0 ;  and 
Ihercfoie  (x*  -  4x^  +  Sx^  -  8x  -  21)  ^  (x^  -  2x  +  7)  gives  us 
x2-  2x  -  3  =  0.  Then  x^  -  2x  =  3  ;  x-  -  2x  +  1  =  4  ;  x  -  1  =  ±  2  ; 
X  =  3  or  -  1 

9.  (x^  +  6x2  _  3920)  V  (x  -  14)  gives  us  x^  +  20x  +  230  ^  0  ; 
x'  +  20x  =  -  280  ;  x^  +  20x  +  100  =  -  180  ;  x  +  lO  =  +  6  V~>  5 
x=-  10  +  6V-5 

10.  X  =  0  is  evidently  another  root,  then  (.c*-  Gx^+  ISx^-  10.r) 
•f  (x-  -  2x),  gives  us  x''^  -  4x  +  5  =  0  ;  x^  _  4x  =  -  5  •  x'^  -  4x  +  4 
=  -  1 ;  X  -  2  =  i  V~l  ;  a;  =^  2  i  V^ 

11.  (x-3)(x  +  4)x  =  0;  therefore  (x'^-2x*-25x'*+ 26x2+ 120x) 
f  (.T'  +  x^  -  12x)  gives  us  x-  -  3x  -  10  =  0  ;  x^  -  3x  =  10  ; 
4x2  _  i2x  +  9  =  49  ;    2x  -  3  =  1  7  ;  2x  =  10  or  -  4  ;  x  =  5  or  -  2 

12.  X  =  0  is  obviously  anotherroot.  Then  (x  -  V  -  2)(x  +  V  -  2) 
=  x2  +  2  =  0 

.-.  (x^-  x^-  2x  -  4)  -f  (x2+  2)  =  x2-  X  -  2  =  0  ;  that  is  x"-  x  ^  2, 
whence  x  -  2  or  -  1 

13.  Alg.  Art.  206,  when  the  roots  are  equal  4^  =  4  x  2  x  c; 

cv  i6  =  8c;  or  c  =  2 

b  c        j3  +  7         b 

14.  Alg.  Art.  208  (Cor.),  ,Q  +  7  =  -  -  and  /Sy  =  -  .-.  -^  =  -- 

c          6        11  ^       .,        .        „        '^     1       ^ 

-  —  = .-.  —  +  —  =  -  — ;  Also  since  &y  =  — i  7"  =  — 

b  o, 

Hence  —  ='the  sum  of  the  roots  and  —  =  their  product  and  the 

ha 

equation  is  x'^  +  -  x  +  —  =  0  that  is  fx^  +  Zix  +  a  =  0 
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15.  Alg.  Art.  208   &  +  y  =  -p  and  0y  =  q 

/8'^  +  7"  =  /3*  +7«  -f-  2^7-  2;87=(|8'  +  2i87  + 7*)  -  2j97-=  (/3  +  7)* 
-^  2j37  =  p^  -2q  (I) 

(3  -  7)-  =  /3«  -  2)37  +  7"  =  (;82  +  y^  s  2fiy)  =  p^  -2q-  2(7 from 
(I)  .-.  =;>2-49(ii) 

13-  -  7'^  =  O  +  7)  ()3  -  7)  =  -  p  (iVy^  -4g),  siace  from  (11) 

i8  -  7  =  +  Vp'  -  4^)  ; 

1  1  _  ^  +  7  _  P 
jS  7  ~  ^7  ~  ~  y 
33  _  ^3  ^  (^2  +  g7  +  7^)  (j8  -  7)  =  (iS:^  +  73  4.  07)^^  -  y) 

=  (p«  -  25  +  9)  Vp^  "  45)  =  (p"  -  5)  Vp^^) 


Exercise  LIII, 

1.  X  -  6V^  +  9  =  25  ;  V^*  -  3  =  +  5  ;  V-^  =  8  or-  2  .-.  i  =  Gi  or  4 

2.  V-^  -  4^0;  +  4=1;  V^  -  2  =  i  1 ;  ^:c  =  3  or  1,  .-.  X  =  81  or  1 

3.  X-*  -  14x2  =  _  40  ;  a;4  _  i4j;2  +  49  =  9  ;  x2  -  7  =  i  3  ;  x2  =  10 
or  4,  .-.  X  =  +  2  or  +  ^10 

4.  x='+  14Vx^=  1107;  x^  +  14Vx'^  +  49  =  1156;  x^  +  7  -  ±34; 
x^  =  27  or  -  41 ;  x^  =  3  or  y~^i\;  .-.  x  =  9  or  ^feSl 

5.  x-2Vx  +  6  =  2  ;  (x  +  6) - 2Vx  +  6  =  8;  (x  +  6)-2Vx+6  +  l  =  9  ; 


Vx  +  6  -  1  =  ±  3  ;   V-^  +  6  =  4  or  -  2  ;   x  +  6  =  16  or  4,   .-.  x  =  10 
or-  2 

6.  X* -  ix^  =  248  ;  x*  -  \x^  +  -Jg-  =  248  +  ^^^  =  3S p. ;  x^  -  i  =  ±  -63 . 
x2  =  16  or  -  ^42-,  .-.  X  -  +  4  or  ±  l^f^^Z 

7.  x6  -8x3=  513.  a-e  _  Sx^  +  IG  =  529  ;  x^  -  4  =  4  23  ;  x^z:  27 


or  -  19,  .'.  X  =  3  or  7-19 


8.  (X  +  5)  -  Va;  +  5  =■  6  ;    (x  +  5)  -  ^x  +  5  +  J  =  6  +  i  =  ^f  ] 


'^x  +  5-^=±f;  V^ +  5=3  or -2;  x  +  5  =  9or4,  .•.x  =  4or-l 
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9.  'Jx(x~  +  x  -G)  =  0,  .-.^x  ~  0  and  .-.  x  -  0 

Also  X-  +  X  -  6  =  0,  .-.  X-  +  X  =  6  ;   x'^  +  x  +  \  -  ^^  ]   ar  +  ^  =  +  -J, 
.-.  X  =  2  or  -  3 

10.  Clearing  of  fractions  2x  +  2^Jx  =  IG  -  a; ;  3x  -  2^/x  =  16  ; 
36x-  -  24Va-  +  4  =  192  +  4  =  196  ;  6^/x  -  2  =  +  14  ;  G'^x  -  -  12 
or  16,  .-.  ^x  =  -2  or  f,  .-.  x  =  4  or  7^ 


11.  V^  +  '-il  +  V^  +  21  =  12  ;  V-«;  +  21  +  V-^  +  ^1  +  ?  =  ^i' 
l^x  +.21  +  J  =  i  5  ;  V^  +  21  =  3  or  -  4  ;  x  +  21  =  81  or  25C 
r  =  60  or  235 


12.  aJx(x-2-^/x)  =  Q,  .•.'^'x  =  0,  .-.x-O.  Also  r  -  2  -  V-i' -  0, 
.-.  x-^x  =  2;  X  -^x+  i  =  I;  V-^  -  2  =  ±  i  i  V-*-'  =  2  or  -  1, 
.-.  X  -  i  or  1 

3.5  4.  ^4  .j.  2       x'  +  a;2  -  2 
^3-  ~^^^^  =      a;3_:^.-^    •     Then  (by  Art.  106  -  vii) 


2x*+  2  ~  2x^-  2  '  x4+  1  ~  X--1 
+  x^  -  1,  or  x"'*  -  x'  =  x^  -  X*  ;  x'^  -  x*  +  x^  -  x*  =  0  ; 
x-*(x-  l)  +  x2(x-])==0;  (x-l)(x4  +  x-)  =  0,  .-.x-l  =Oorx=  1. 
Also  X*  +  X-  ^  0,  .-.  X*  +  x'^  +  I  =^  I  ;  x^  +  I  ^  ±  i ',  x^  =  0  or  -  1, 
.-.  X  =  0  or  i  V^^ 

9(6  -  V^)  "^^^  -  3x  +  4  23(x-  2v'x) 

^•^-  "xTW^  =  (G  +  V^)(^  +  2V^)  ■*■  ~6TV~x"-;  "multiplying 
by  the  denominator  of  the  2nd  term  we  get 
9(36  -  x)  =  7x2  -  3x  +  4  +  23(x2  -  4x) 
or  324  -  9x  =  1x^  -  3x  +  4  +  23x^  -  92x ;    SOx^  -  86x  =  320 ; 

ar    ;■■'    -    i-'ix    =    ^?  ■     x'^    -     t'x    +    (■'^Y   =   -i^ia     <     <)fiaa   =    ItAAS  . 

or  X  —  j-jx  -  f  ,    ^    ii>-^  ^  KiuJ    ~    300  ^    900     900  > 
^-il^-i^J^o';  x  =  5or-2i^ 

15.  X*  -  3x-  +  3x  -  9  =  0;  x2(x  -  3)  +  3(x  -  3)  -  0 ; 
(x-3)(x'-^+  3)  =  0,  .•.  X  -  3  =  0  or  X  =  3;  also  x^  +  3  =  0, 
.*.  x''  =  -  3  ;  or  X  =  ±  V^^ 


80  ICEY  TO  [Es:.  Ltrt 

16.    (X  -  3)(x  -  4)  =  2  -  2V2V(a;-  1)(^"^)  +  (J-'  -  OC-^  "  -)  ; 


or  .r'-^  -  7x  +  12  =  2  -  2'ij2'^x'  -  3x  +  2  +  x-  -  3x-  f  2  ; 


or  -  4.f  +  8  =  -  2V2V-i-^  -  3x  +  2  ;   2x  -  A  -■  V'-V-^'"  -  3x  +  2  ; 
4i---  IGx  +  IG  =  2(x2-  3x  +  2)  rr  2x--  to  +  4  ;  or  2x^-  lOx  =  -  1  J, 
.-.  x^  -  5x  +  -"^s.  .;  S5.  _  ai  :.  p .     ncnce  x  -  -J  =  +  i,  .•.  x  -=  :'.  or  2 

17.  x3  -  1  -  3x  +  2  +  1  =  0;  or  x^*  -  1  -  3x  +  3  =  0; 
or  x^  -  1  -  3(x  -  1)  -  0  ;  or  (X  -  l)(x2  +  X  +  1)  -  3(x  -  1 )  -  0  ; 
or  (x-l)(x^+x-2)  =0,  .-.x-l  =  Oorx=  1.  Alsox'+x  -  .]  -  0, 
.-.  X-  4-  X  r.  2  ;  or  x'  +  x  +  i  =  J  ;  ov  x  +  1  =  ±^„  .'.  x  =  1  or  -  ?. 


18.  Since  (■^x'^+ax  +  6  +  'Jx^-ax  +  b)('Jx^  +  av  +  b-  ^jx^-  ,;x  -I  /■) 
=    2«x,  dividing  these  equals  by  the  given  equation   we  liavo 


2  ax 


aJx^+qx  +  b-'\/x^-ax-¥b  =  —-,  and  adding  the  given  equutiou 

2ax 

to   this  we    get  2'Jx''  +  ax  +  6  =  — -  +  c;    or,  bj'  squiinng, 


c 
4a2x2  „      4a2x3 

-^—  +  4ax  +  C-, 


4x2  +  433.  +  4&  =  --^  +  4ax  +  C-,  .:  4x-  -  — 3-  =  c^  -  ib\ 


c- 


c     I  c^  -  46 
or  x-(4c2  -  4a0  =  c\e'  -  46),  .-.  x  =  4  y  y  ^^Tl^ 


Ab^ 
2   V  c'-'  -  a^ 
19.  Reducing  the  terms  of  the  first  member  to  a  common  deno- 


X'Jx  -  xt^a  -  X  +  X'v'x  +  x\Ja  ~  x       h 
minator  and  adding  we  get  • x  -  (a  -  x) ~  'Jx  ' 

or —  -  -1—  \    or   2x^  =   2ox   -  ab,    or  x-  -   6x    =    -   -—  : 

2x  -  a       V^  '  ^ 

62     52      ab      62_2a6 


x2  -  fcx  +  Y  =  4-  -  y  "~4 — ■  ;  "wlieucc  X  ---=-.  i  ^V^^-  '-^''^ 
orx  =  K''  ±'^b'^-2ab) 

20.  Clearing  of  fractions  we  get 


(Vx  +  60  4-  V-t""  +  9)^  =  2V-£^+  60x^+  9x  +  540  +  S9  ;  that  is 
X  +  60  +  2VxH60xH9x  +  540  +  xH  9  =  2Vi*+ 60z''T9x  + 540  +  89; 
or  xH  X  =  20  ;  x2  +  X  +  J  =  20  +  J  =  ^^i- ;  X  +  ^  ^  i  a  .-.  X  :-.  4  or  -  5 
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21.  x-i--1^0;  or(j;6  +  l)(r'5-l)^0;  or  (x^  +  l)(x3+ l)(j;a-  i) 
=  0  ;  or  (x2+  l)(x-*- x-'+  l)(a;  +  l)(x-- .r  +  l)(,r -  1)(.t2  +  x  +  I)  =  0 
.-.  we  have,  separateljr,  x^  +  l  =  0  ;  or  x^  =  -  l,  .-.  ^  -  +  ^  -  l ; 
Also  X*  -  x2  +  1  =  0 ;  x*  -  x^  +  i  =  -  3,  .-.  x^  -  i  =  +  iV"^, 
.-.  X  =  i  VsCl  i  V  -  3)  ;  Also  X  +  1  =  0,  .-.  X  =  -  1  ;  Also 
x3  -  X  +  1  =  0  ;  or  x2  -  X  =  -  1,  .-.  x  =  i(l  +  V^^)  ;  Also  x  -  1 
=  0,  .-.x^l;  Alsox^+x  +  l^O;  orx-  +  x  =  - 1,  .-.x^  J(- 1  i/Ts) 

22.  x^  -  Gx^  +  llx  -  6  =  0;  multiplying  by  x  we  get 
x*  ^  Sx^  -J-  llx*  -  6x  =  0 ;  or  x*  -  6x^  +  9x'-^  +  2x2  _  6x  =  0  ; 
or  (x2  -  3x)3  +  2(x2  -  3x)  =  0,  .-.  (x^  -  3x)^  +  2(x'''  -  3x)  +  1  -  1  ; 
or  X--  3x  +  1  =  ±  1,  .-.  .x^-  3^  =  0  or  -  2;  x(x  -  3)*  =  0, 
.-.  X  -  3  =  0,  or  X  =  3.     Also  x^  -  3x  =  -  2  ;  whence  x  =  2  or  1 

23.  x^  -  4x2  +  x  =  0  ;  ^^  ^^^2  _  4x  +  1)  =  0,  .-.  x  =  0.  Also 
x'-'  -  4x  +  1  =  0  ;  whence  x  =  2  +  V3 

24.  x^  -  8x2  ^  iij,  .(.  20  =  0;  multiplying  by  x  we  get 
X*  -  8x3  +  11^2  +  20x  =  0  ;  or  x*  -  Sx^*  +  ISx^  -  5x2  +  20x  =  0  ; 
or  (x^  -  4x)2  _  5(x2  -  4x)  =  0  ;  (x^  -  4x)2  _  5(x2  -  4x)  +  S5  ^  ^^ 
.-.  x2  -  4x  -  I  =  +  -[:  ;  or  x2  -  4x  =  5  or  0  ;  x(x  -  4)*  =  0,  .-.  x  =  4. 
Also  x2  —  4x  =  5,  .-.  .r  =  5  or  -  1 

X  +  a-b  +  b  _    /2x  +  a -i-  c  +  b  -  b\^  x  +  b  +  a  -  b 

^^-         x  +  b         "^  (^        2x  +  6  +  c     ■  J    '    ""^  ^+b 

2x  +  b  +  c  +  a-b\  -  a-  b        /  a-b      Y 

2x  +  6  +  c     J  ;  "I-  1  +  ^^b  =  n  +  mrTTl:)  ' 

a-b  2(a-b)  (a-  bY  1  ■>. 

or  1  +  -7-7;  =  1  +  ^--r^r^.  +  .0'  ,  ,.  .   ,x. ;  or 


x+b  2x  +  6  +  c  ^  (2x  +  t  +  c)2 '        X  +  6  ~  2x  +  6  +  c 

a-b  2x+6  +  c-2x-26  a-b 


or 


(2x  +  6  +  c)2 '    "'     (X-  +  6)(2x  +  6  +  c)    ~  (2x  +  6  +  c)2  5 
c - b  a-b 

^^  x+b  ""  2xT6Tc  '  "^^  ^^^  ~  ^^^  -  6^  +  c2  =  ax  -  bx  +  ab  -  b'^; 

c2  -  ab 
nr  («  +  6  -  20x  :.  c2  -  «i  ;  or  X  =  ^  ^  ^  _  g^ 

I" 
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26.  3x^-  14^2+  21.r  -  10  =  0  ;  multiplying  by  3x  we  have 
9x4-  42x3+  53^2 _  30a;  =  0  ;  or  O.r*-  42x3+  ^qj.2j^  i42;2_  30j;  ^  o  ; 
or  adding  x^  -  5x  to  each  side  (9x'^-  42x^+  49x-)  +  (15x--  35x) 
=  x^-  5x;  or  (3x^  -  Tx)^  +  5(3x2-  7^)  ^  ;;i  ^  _j.2  _  5^.  4.  .■^-•^ 
.-.  3x-  -  7x  +  ;]  =  i  (X  -  ^) 
Then  3x-  -  Tx  -i-  {j  =  x  -  5- 
that  is  Sx^  -  Sx  =  -  5 
■whence  x  -  IJ  or  1 


Or  3x-  -  7x  +  I  =  ■£ 
'that  is  Sx'^  -  6x  =:  0 
whence  x  -  2  or  0* 


27.  Assume -^x  +  ^a  =  ^n,  then  cubing  each  side  we  have 
2   I  19  

X  +  3x^a^  +  3x-'a^  +«-«;    orx  +  rt+  3^ax{yx  +  ^(i)  =  n; 

or  X  +  a  +  3^'aiix  =  n  since  -^x  +  ^a  =  ^n.  But  corajiaring  this 
with  the  given  equation  we  see  that  n  -  b,  .-.  ^n  -  ^h, 
.'.  ^x  +  ^a  =  V6  ;  or  \lx  =  {lb  -  {la,  .-.  x  -  (^'i  -  {'u)^ 

28.  (4x2- 9x)  -  (4x2- 9x  +  11)''  =- 5,  or  adding  11  to  each 

side  we  have  (4x-  -  9x  +  11)  -  (4x-  -  9x  +  11)^  =  6  ;    or  com- 

1 
pleting  the  square  (4x-  -  9x  +  11)  -  (4x-  -  9x  +  11)^  +  \  =  ^s  . 

.-.  (4x2 -9x  4.  11)^  _  ^  =  +  A;  or  (4x2-  g^.  4.  11)2  =  3  or  -  2, 
.-.  4x2  _  9a-  +  1 1  =  9  or  4,  Then  4x''  -  9.r  =  -  2,  whence  x  =  2  or  i  ; 


Also  4x2  _r)x  =  -1,  whence  x  =  —(9  4  V  -  31) 

29.  Completing  the  square  wc  liave 
(x  +  6)2  +  2x''(x  +  6)  +  X  =  138  +  x  +  x^,  and  taking  the  square 
root,x+6  +  V-c  =  iV(138  4-xHx);  or  (x  +  a/x)  +  6=^  iVx  +  x* +138  ; 
squaring,  we  have  (x  +  Vx)-'  +  12(x  +  ^x)  +  36  =  (x  +  x=)  +  138  ; 
or  (x  +  Vx)-+  ll(i;  + V^)=  102;  or  (x  +■  V-r)2+ ll(x  +  Vx)  +  isL 
=  102  +  J-3i  =  -^la,  .-.  X  +  Vx  +  y  =  +  "^^  .-.  x  +  Vx  =  6,  whence 
X  =  4  or  9,  or  X  +  V^  =  -  17,  whence  V-c  -  a  (  -  1  i  V  -  67),  p.nd 
.-.  X  =  K  -  33  +  V'-^^) 


*We  throw  away  tho  root  x  =  0  because  it  arises  from  the  x  hy  which 
we  multiplied  each  side  of  the  equation  in  the  solution/  and  is  conse- 
quently net  a  root  of  the  given  equation. 
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30.  .1-^  -  4^;^  +  6x"  -  4a;  +  1  -  6,  or  extracting  the  square  root 
x'^  -  2x  +  1=±\/G;  and  again  taking  tlie  sq.  root  x  -  1  =  ±'^  ±  ^6, 
wlieiice  ^'  -  1  +  V  ±  V^J 

31.  Squaring  we  have  4.t-  -  4.i-"-  a-  -  2«^x-*  +  a-x",  and  divid- 
4        4x2       1  4        4.^.2 

a-x"       ft^       .r  ^ 


ing  by  k-'x^  avc  get,  -  .t-t,  -  — .,-  =  — r  +  2  +  .x*  ;  or  -^,  -  — jt-  -  4 


-:-2+x-or(^x^-2+;j;,)  +  (^-^^j=-4; 


X-  /        a"  \  X- 


/  1  \  -      4  /  1  \       4       4  4  -  4a*      4 

or      X-  -  —       +  —     x-  -  —      +  -r  =  -r  -  4  = -J—  :-  -:(1  -«4) 


1 


X'      G-      -a-'  x"         a-^^     '    *  -^ 


Let  -  —(1  +  V-  -  «^)  be  represented  by  2?i",  then  we  have 

x^  -  —  =  26''';    or  x*  -  2b-x-  =  I ;    or  x*  -  26"x2  +  6*  =  i  +  fc*  • 
or  X-  -  Z)-  =  ±  Vl  +  b^,  ••■  ••'^^  =  ^"  i  Vl  +  ^'     (A) 


But   26-  .  -  -(1   +  Vl  -  «*),   •••  /'■'  =  -;^(1   +  Vl  -  «*) 


{-i' 


.-.61=--  -^  --(l+Vl-«')^    --,(1  +  2V1  -  a^  +  1  -ai) 


a* 


1 1 

=  -:,(2  +  2Vl  -  a"  -  «*)  •••  6*  +  1  =  1  +  —(2  +  2Vl  -  «•*  -  a*) 

=   1   +  -,-(2  X  2Vl  -  «*)  -  ^  =  -4(2  +  2Vl  -  «-^)  •••   1   +  fc* 


:=  --(1  fVl  -  «0     Substituting  these  values  for  6^  and  1+6* 


a 


in  equation  A,  and  then  extracting  the  square  root  wo  liave 


VI  1 2  

-  -0(1   T  Vl  -  a*)  +  Vj^(l  +  Vl  -  «*)  or  using  only 

the  upper  signs 

+  —  {  y  -  1  -1-  Vl  •"  «*  +  V2(l  +  Vl^  -  «*)  1 
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or  X  =.  +  --{    -   1   +  Vl  -  «*  +  V2  -  2V'l  -  a*}^ 

If  , ij 

=  ±  —  I    -  1  +  VI   -  «■*  +  V(l   4   «■-)  -  2Vl  -  a*  +  (1  -  fr), 

.-.  X  =  i  --{  -  1  +  vr~<^  +  V(vi  +  a^  -  vr^^'/P 


1 


$  _   1    +    >/l      _     «-l     -4-     Wl      4-     «.^     _     a/I      _     /7l!i* 


=   +   — J  -  1  +  Vl   -  «■*   +   Vl   +   «^  -  Vl  -  a' 


a 


i   — Vl  -  «•'  -   VI   -   «'  +  Vl   +   a'   -    l|^ 
1 


32.  {(x   -    2)"   -   x]^   -    {(,r    -    2)'^   -    x}    =    90 

...    {(X    _    2f   -   :rf   -    {(X    -    2^   -   x\    +    i    -^    3;U. 
or  {(X  -  2)^  -  x]  -  i  =  i  V,  •••  (-i;  -  2)2  -  x  =  10  or  -  9 
that  is  a:^  -  4x  +  4  -  -r  =  10,  whence  x  =  0  or  -  1  ; 
or  a;^  -  4x  +  4  -  X  =  -  9,  whence  x  =  1(5  +  Sy  -  3) 

b       « 

33.  Dividing  through  by  a-  we  have  f/x-  +  6x  +  c  -I-  -7  +  7^  =  0  ; 

or(  ax-  +  — j  +  ( /^x  +  — j  +c  =  0;  ov  a(x-i-~]  +b(x+  —  Yl-c  ^0 

1  .,       1        , 

Let  X  +  —  =  y:    then  x^  -i =  jr  -  2,  and  sabstihatincj  these 

a;  x2  ° 

values  for  x  we  have  a(j/  -  2)  +  by  =  -  c  ;    or  ai/  +  bij  -  2a  -  c, 


-bi  *J^a?  +  b'--  iac                I       -  6  ±  V8«^  +  b^  -  4ac 
whence  y  =  — ^^ —  .-.  x  +  -  =  ~ 


lliat    is    2ax^  +    (b    +    aJ8(i^  +    b'^  -   4rtc)x   =   -   2ci,   whence 


4  V8a^  +  Z)^  -  4ac  -  &  +  V  -  Sa^  +  26^  _  4„c  +  2b^8a'^  +  b^-  iac 

-J'    —    — ■ — ) 

^  4a 

^TOTE. — An  equation  such  as  the  above,  in  which  the  coefflcients  follow- 
ing (he  middle  term  are  the  same  as  those  preceding  it  but  revprsod  in 
order,  is  called  a  recurring  equation.  The  above  solution  affords  a  gi-neral 
method  for  solving  such  recurring  biquadratic  equations^ 


I» 
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34.   V  ( "^^^  ~  "^  ) ~  ~  V  (  "^  ~  "^  ) '  squaring  both  sides 

we    liave    x-  —    — :    +    — 7    -    x^  —    — „-  ) 


w   - 


2x-V  i'^^M        /^*  \ 

or  X- 1  x~  -  -T,  ]     +   ^  -  a^      =  0  ; 

2.2-                 1      x*  -  a* 
or  X-  -  — (x*  -  a*)^  + :; —  -  0  ;  or  takioj?  tlie  square  root  we 

get,  .r =  0  ;  or  transposing  and  squaring,  x'-=  — -^-  ' 

or  aV  =  x-4  -  a* ;    or  a:*  -  a^x^  =  a* :    or  x-*  -  a'-'x^  +  -r  = ' 

'  4        4 


•.  x'^  =-^7(1+  V^);  wlicnce  x  =  ±  a^^(l  ±  ^5) 

2{(2,r  +  4)  -  4(2  -  x)\ 


35.  '^2x  +  4  -  2^2  -  r  = ■■■      ;    or  factoring 

V9xa+  16 


the   second   member,    we   liave   'J2x  +  4   -   2-^2    -   x 


2{(V2x-  +  4   -    2V2    -    a--)(V2x  +  4   +    2V2    -    x)\ 
'/d£^  +    16 


Then  dividing  each  side  by  'J2x  +  4   -  2a/2    -    x  we  have 


2(V2x  +  4H- 2V2 -x)  ^ , , 

I  ^  _J _____ i .  or  V9X-+  16  =  2  V2x  +  4  +  2V2  -  x\ 


Xow  squaring  each  side,  we  get  9.t-  +  16  =  48  -  Sx  +  IG\'^  -  2x^ 
.-.  X-  +  8.T  =  32  -  Sx'^+  16VS^2ir^ ;  or  x^  +  Sx  -  4(8  -  2.r-)  +  ICVS^-'x- 
or  X-  f  8r  +  16  =  4(8  -  2x-)  +  16V8^x-+  10  .-.x 4-4  =  ±(2V8-2xH  4) 


.-.  X  =  2V8  -  2x^,  or  x^  =:  4(8  -  2x^)  ;  whence  x  =  +  1^2 

Also  x  =  -  2V8  -  2x^  -  8,  or  x^  +  lOx  +  04  =  4(8  -  2.1-)  ; 
or  9x-  +  lOx  =  -  32,  whence  x  =^  -  «  +  :',V-14  =  -  J(2  f  V~l^) 


And  by  equating  the  rejected  factor  ^2x  -t-  4  -  2^2  -  x  =  0 

2 

we  obtain  the  remaining  root  x  =  -— 
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2x^  +  I  +  xJ47^~3        a  ,  .        ,      ,,. 

36. ..,     =  —,  whence  Al'^cbia,   Article   l'*G 

2x'  +  3  +  X'^4x'  +  3        1 '  ° 

2  I -a  ,  ,-^ 2 

-r—  =  1  -  (7,  .-.  2x-  +  3  +  aV •*■*•■"  +  ^  = 


2x~  +  3  +  a-V4x^  +  3 


1  -  a 


or   aV4x-  +  3  =  ^—  -   3   -   2x2  =      ^  _^ 2x'^;  squaring 

each  side  we  have  4a:*  +  3a" 


^(T   -    1 

T 

3fit  -  l\^ 


1  -  a 


3a  -  1\         /3a  -  iV 


Sx'-'  +   4a''    —, =      -; ;    or   a' 

9rt   -    1\        (3a  -  1)-                                          ,                , 

I   -  aj         (\  -  ct)-^              ^               '            \    -    a 
3a-  1 


,J 

/S'Z  ■ 

~^\ 

+ 

4a-4 

L 

U- 

.a) 

■> 

12a 

- 

'^ 

1 

- 

aj 

1 

\    - 

(Sft 

- 

1)^ 

V(l-rt)(9a-l) 

37.  {(.r-l)(a;-4)}{(x-2)(a--3)]  =  8;  {.r^- 5x  +  4}[a-2-5a-  +  (5}  =  8 
.-.  |(a-2-  5x)  +  4}{(x''' -  5x)  +  Gj,  that  is  (x-  -  5x)'''+  10(x2-  5x)  +  04^8 
or  (a-^  -  5x)"''  +  10(x--  5x)  +  25  =  9,  .-.  x^  -  5x  -h  5  =  +  3 
.-.  X--  5x  =  -  2,  whence  x  =  |(5  +  Vlf).  Also  x''^  -  5x  =  -  8, 
whence  x  =  1(5  +  '^-  7) 

38.  {(X  -  l)(x  -  8)}{(x  -  2)(x  -  7)J{(a  -  3)(x  -  6)}{(x  -  4)(x  -  5)} 
=  {(X--  9x)  +  8}{(x2-  9.1)  +  14<[(.7-  -  9x)  +  18}f(x^-  9x)  +  20} 
=  (x2  -  9x)(l7x'''  -  133x  -r  230)  +  401.  For  x'^  -  9x  write  y,  then 
we  have  (y  +  8)(y  +  14)((/  +•  I8)(y  +  20)  -  17!/^  +  230;/  +  401  ; 
that  is  !/*  +  C0/+  1308i/2+  1217G(/  +  403'20  =  17!/^+  230 y  +  401, 
subtracting  from  each  side  8y-  +  llGy  +  320  we  have 
y*  +  GOi/^  +  1300!/2  +  12000)/  +  40000  =  9y'^  +  54?/  +  81,  or  taking 
the  square  root  of  each  side  1/  +  30y  +  200  =  4  (3y  +  9) 
.-.  y'^  +  2ly  =  -  191,  whence  1/  =  |(  -  27  +  V  -  35) 

Also  y'^  +  33y  =  -  209,  whence  ?/  =  ^(  -  33  +  v'25J) 

But  y  =  x'  -  9x,   .-.  x'''  -  9x  =   ^(  -  27  ±  V  -  35),  whence 

X  =  K9  i  V27  +  V  -33  

Also  x2-  9x  =  i(  -  33  i  V253),  whence  x  =  J(9  ±  Vl5  ±  2  V253) 
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39.  Miiltii)lyirig   as   indicated  we    have  x^  -  Qx'^  +  ll.i'  -  G 
=  r'  +  G.r'^  +  II2:  +  6,  whence  Ux^  +  12  =  0,  .-.  x  =  +  V  -  1 

40.  lleducing  as  indicated  by  the  question  we  have 

A-  +  1  -  5^Jx  +  1  +  6  +  5V1  +  X  -  Qslx  +  1  +  V-i"  +  1  -1=0; 
or  (2-  -  o^[x  +  1)  +  5Vx  -  5\/a;  +  1  -  -  7  ;  or  completing  the  square 
{X  -  b^J'x+'\)  +  5(0-  -  Z^jJVlY  +  -i  =-  ly  whence  (x-  -  5'Jx  +  1)' 

-  5  T  V^3  .  , 

= ,  .-.  X  -  5V-C  +  1  =  ^11  i  5i/  -  3)  =  «,  suppose  : 

Then  .r  -  o^Jx  +  1  -  a  ;  or  x  -  a  =  5^/x  +  1 ;  or  x-  -  2ax  +  a'^  =  25x  -t-  25  ; 
or  X-  -  (2a  +  25)x  =  25  -  a^,  .-.  x  =  ^2a  +  25  +  5V4a  +  29) 

Bui  (!  -  ^11  +  5V  -  3)  by  supposition 

■  ••     X    =     -J{]1     +    Sy    -    3    +    25    i    5V23    i    lOV^^^S    +    29^ 

=  IS  i  -j(V  -  3  +  Vci  +  lOV  -  3) 

41.  Arranging  the  given  quantities,  we  have 

( tr*-  8x3-  4x-'+  .^i-  -  1)  -  2(2x2-  ^x  +  l)V4.i.4-  8x^-  4xH  3x^1 
I-  (4x*  -  8x3+  8.1:;  _  4r  +  1)  =  0,  and  taking  the  square  root 
V4x*  -  Sx*  -  4x''^  +  3x  -  1  -  (2x'  -  2x  +  1)  =  0  ;  or  transposing 
and  squaring  4xi  -  Sx^  -  4x-  +  3x  -  1  =  4x*  -  Sx^  +  8x"  -  4x  +  1 
.-.  12x2  _ix  =-2,  whence  x  =  ^4(7  i  V  -  47) 

42.  Multiplying  through  by  ax  to  clear  of  fractions 

(?2/u--i  +  2a3c-ix^-  2ab  +  2ah-'^x'^-  2bx  =  ac  -^x(x^- a-'^bcx  +  u^) 

multiplying  now  by  c  we  have 

(iV>cx-'^  +  2  •'  -  -  "^.^hr  +  2a V  -  2icx  =  ax*  -  a'^bcx'^  +  ff*x ; 

or  transpoiing  and  changing  signs 

ax*  -  2«-x3  -  'la^x'^  +  a*x  -  cr'^bcx'^  +  2icx  +  2abc  -  a%cx-'^  -  0 

dividing  through  by  ax  we  now  have 

^^_   'i.-.x^-  2a^x  +  a'-  bc(a-^x  -  la''^-  2x-i  +  ox-2)  ^  0; 

ora-x-'(a-2x-2a-i-2x-^i  +  ax--)-i.-(a-2x-2a-i-2x-i  +  ox-2)^0 

.-.  (a^x^  -  6f)(a"2x  -  2(i"i  -  2x-^  +  flX-2)  =  0,  or  factoring  the 

first  member  (a^x''^  -  bc){a-'^x-'^  +  a-'^x-'^)(x'^  -  3ax  +  <r)  -  0 

,•.  o"X^  -^  be  -  0,  whi'iice  X  =  f  a'^^bc 
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Also  a '  -x  ■  ^  +  a  ■  U-  -  •=  -  0 ;  or  -j—  =  -  --0  ;    or  I'x-  -  ~  a-x, 

whence  x  =  -  a 

a 

Also  x^  -  Zax  +  a^  =  0  ;  or  x^  -  3ax  =  -  a'-*,  wbence  x  =  ^(3  +  Y») 

43.  Add  X*  to  each  side,  then 

x't  +  8x*  +  22x^  +  24x  +  9  =  x*,  and  taking  the  square  root 
x'-'t  4x  +  3  =  i  x^,  .-.  4x  =  -  3,  whence  x  =  -  '  j  also  2x2i  4x  =  -  3, 
whence  x  =  -  ^2  f  V  -  2) 

44.  Changing  signs,  adding  (4  -  2x')  to  each  side,  and 
arranging  we  have  x*  -  4x'-  +  4  =  4x4  _  ^x^  4.  jso,-^  _  gx  +  9,  and 
now  extracting  the  square  root  +  (x^  -  2)  =  2x^  -  x  t  3| 
■.  2x^-x  +  3  =  x'^-2;  whence  x'^'-x  =  - 5,  and  .-.  x  =  |(1 +y  -  19) 
Also  3x^  -  X  =  -  1,  whence  x  =  ^(1  +  Y  -  H) 

x'-\-  2x(V3  -  V5)  +  (8  -  2Vr5)     x^- 2x(V3 -V5) +(8-2Vl5) 
^^-  ~  x-V3  +  V^  '~  X+Y3-V5 

=  x^  -  8  -  vis 

That  is  ^         ,^      ,i  -  - — ,    ,„      ,.   =  xH  8  -  2V15  ;  or  clear- 

icg  effractions 

(x  +  V3- V5)'-  C*^  -  V3  +  V5)'  =  (*H  8  -  2Vl5)(x'^  -  8  +  2^ll^)  ; 
or  6x2(V3  -  V5)  +  3(V3  -  V5)'=  }^'+  (V3  -  V^)'}!^-'- -  (V3  "  V^)'} ! 
Let    V3    -   V^  =  «)    then    x*  -    Qa^ie^  =    a*  -    2c^,    whence 


£ 


i  V3a  ±  oV^'  +  2a  +  9  where  «  =  ^3  -  V^ 


Exercise  LIV. 

1.  (.r  -f  2/)('C  -  y)  =  45,  but  X  -  2/  =  5  ,',  5(x  +  3/)  -  45, 
or  X  +  y  =  9  and  x  -  2/  =  5  .-.  2x  =  14,  &c, 

2.  (x  +  2/)(x-?/)  -  105,  but  X  +  y  =  21  .',  2I(x  -  ?/)  =  105, 
or  X  -  y  =  5  .-,  2x  =  26,  &c. 
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3.  x'^  +  2.ry  +  f  -  81,  b,it  x-  +  y-  -  41  .-.  2xy  -  40,  and 
.-.  X-  -  2x]j  +  ■>/  =  1,  whence  x  -y  -  ±1,  .-.  2x  =  10  or  8,  &c. 

4.  X'  -  2xy  +  7j-  -   225,   but  x"'  +  y^  =  113  .-.  2.r!/  =  -  112 

.-.  x^+  2a;?/  ■)-  2/^=  113  -  112  =  1,  whence  x  +  i/  =  +  1  and  x  -  ?/  -  15 

.-.  22-  -  16  or  14,  &c. 

40       402 

5.  x^+y^-89a,ndx=  —  .-. --^  +  ?/- 89  ;  or  2/''-89y2- -  IGOO  ; 

2/*-  89/4-  (SJ^)^^  -  1600  +  i^^-J-  =  J-^j'i  .-.  y'^-  «/-  ^  +  'i',  whence 

40       40  40 

»/  =  +  S  or  +  5.     And  x  -  —  =  -— - ;  or  7— r  -  4-  5  or  +  8 
J-  -  y       ±  8'        ±  5      -- 

72      24       24'^  ,       „ 

6.  x--y^-  55,  andx  =  --  =  r—  .•.— —  _ijZ=:  53-  or7/''  + 55?/-=57G 

whence  y^  =  9  or  -  G4,  and  .-.  y  =  ±  3  or  ±  8^/  -  I 

24      24  24  _      , 

And  X  =  —  =  T-^ ;  or  =.  =  +  8  or  4-  3v  -  1 

y      +3'        +8V-1~ 

7.  X'  4-  3i/'-  =  143,  and  y  =  24:  -  2x  .-.  x^  4-  3(24  -  2.iy-  =  148  ; 
or  x'^-  1728  -  288x  4-  12x=  =  148;  or  IS.c- -  288x  =  -  1580, 
whence  x  =  12-,%-  or  10 

And  y  =  24  -  2j:  =  (24  -  24,i,j)  or  (24  -  20)  =  -  -^3-  or  4 

2  4-  3!/  /2  4-  3>/Y 

8.  3x2-  2j,2=  115,  and  x  =  — ^ —  .-.  3[ — ^— j   -  2/=  115; 

or  19j/-  4-  301/  =  448,  whence  y  -  4  or  -  5[^ 

2  4-3?/       2  4-  12             2  -  1711^ 
And  X  =  — ^ —  =  — ^ — ;   or ^ '-  =  7  or  -  7-Sf 

2y  /         2yY 

9.  4x'-'4-3/=  511,  and  x=  9-y  .-.  4f  9  -  YJ    4-  3r  =  511, 

or  4:3y'^  -  432?/  =  1683  ;  whence  y  =  IS^-^-  or  -  3 

2y      /        26-,-' A 
And  X  =  9  -  --  =  f  9  -  -g-  j  or  (9  4-  «)  =  U  or  11 

10.  x^  -y^=2G;  also  from  2nd  cquat.  x^-  3x'y  4-  3x/-  j/^  =  8 
.".  by  subtraction  Zxhj-  Zxy'^~  18  ;  or  xy(x  -  y)  =  6,  butx  -y  ~2 
.-.  2xij  =  6  or  xy  =  3.  Then  xy  =  3  and  x  =  2  4-  y  .-.  i/(2  4-  ?/)  =  3 
or  ?/'  4-  2;/  =  3,  whence  y  =  1  or  -  3.     And  x  =  2  4-  ?/  -  3  or  -  1 
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11.  X  +  y-  4:  .-.  (x  +  yy  =  IG  .-.  x^  +  ■>/  -  1(5,  and  from  1st 
cquat.  a'  +  Sx^y  +  "ixf  +1/=  64,  .•.  by  subtraction  3x^y  +  3.ri/^  ^  43  ; 
or  xy(a;  +  y)  =  16,  but  r  +  y  =  4  .-.  xy  =  4  .-.  y(i-y)  =  4  or  j/--4i/  =  -4, 
■whence  y  =  2,  and  a;  =  4  -  y  =  4  -  2  =  2 

12.  Squaring  tbe  1st  equat.  V-i'  + 2  V^  +  Vi/^  9,  but4  V-^i/^  8 
.-.  subtracting  we  haveV-e-2V-^+Vy=  1  i  whence  Va:-V2/  =  i  1 
and  Vx  +  \'y  =  3,  .-.  by  addition  2  Va:  =  4  or  2,  .-.  V-^  =  2  or  1, 
whence  x  =  256  or  1,  &c. 

13.  2/2  +  4x_2y=  ll,andx=  14- 4i/ .-.  2/^4- 4(14- 4y)- 2i/=  11, 
or  y'^  -  I8y  =  -  45  ;  whence  y  =  15  or  3.  and  x=  14  -  4!/  =  -  46  or  2 

3y  +  1 

14.  2x^  +  xy  -  by-  =  20,  and  x  =  — - — 

/3y  +  1\2        /3y  +  1\  „        ^ 

.-.  2    -V-)    +y(^V-      -   %'  =   20;    or   2/+    ^y  =    39, 


3y  +  I 
whence  y  =  3  ov  ~  61  and  x  =  — ^ —  -  5  or  -  9J 

15.  9x  +  5y  -  4x1/  =  0,  and  x  =  2  +  y .-.  9(2  +  1/)  +  5)/  -  4i/(2  +1/)  ^  0, 
or  2y^  -  3y  =  9  ;  whence  y  =  3  or  -  f ,  and  x  =  2  +  y  =  5orl 

16.  x^/  +  4x!/  +  4  =  100  .•.  x!/  +  2  =  i  10  ;  whence  xj/  =  8  or  -  12 
From  second  equation  x  =  6  -  y  .-.  y{6  -  y)  =  8  or  -  12 
That  is  </--  Gy  =  -  8,  whence  1/  =  4  or  2  ;  and  y'-' -  Gy  -  12, 
whence  ?/  =  3  ±-^21  .-.  x  ^  G  -y  =  2  or  4,  or  3  +V2 1 

17.  9.1-  +  36x1/  -  85!/^  =  0,  and  x  =  2  +  y 

.-.  9(2  +  7/)^  +  3Gy{2  +  y)  -  85/  =  0.     That  is  lOy-  -  2ly  =  9; 
whence  y  =  3  or  -  -p,„  and  x  =  2  +  1/  =  5  or  l^- 

12+1/ 

18.  From  second  equation  x  =  — - — -  and  substituting  this 

/12  +  v'\'       /12  +  y^\ 
forx  in  the  1st  equat.  we  getl  r — )     +   ( — JV   =    < '  i 

or   ^^^  +  ^^/'  +  y^  +   12  +  r  =   77;    or  22/*  -  Ah/  =  -   144 

.-.  2/^  =  16  or  -^Z,  whence  ?/  =  +  4  or  i  |V2 

12  +  2/^      28        i  of  66  33  11 V2 

Andx  =  -^  =  ^or-^-|;^;  =  +  ^  or  ^^2;  =i7ori-^ 
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19.  Let  X  =  V  h  z  anil  y  -  v  -  z 

Then  .r^  +  xy  =  (y  +  r)-^  +  (y  +  3)(y  -  c)  =  2i'- +  2i'z  =  6C  (i) 
X\so  X'-  r=  (y  +  zf-  (y  -  r)2  =  4:vz  =  11  .-.  2yz  =  V  00 

From  (i)  we  get  2y-  =•  C6  -  V  =  -^I^  •"•  '""  =  "^4'"  or  y  =  +  J.^"- 
From  (11)  wo  get  by  substitution  z  =  -'.,'-  v  ±  11  =  ±  g.  Then 
a;  =  j>  +  r  =  +  J.'-  ±  i  =  i  G.     And  i/=y-2;  =  +ll  +  i=i5 

20.  From  1st  cquat.  by  clearing  of  fractions  x^  -h  f  =  ISxij  (1) 
and  cubing  the  2ud  equat.  we  getx^+  3x-y  +  'dxy-  ■'r  f  =  1728  (11) 
and  taking  (i)  from  (11)  we  have  2xhj  +  3i-?/ =  1728  -  ISa-y; 
or  a:i/(x  +  y)  =  5TG  -  Ga;?/ ;  or  since  x  +  y  =  12,  we  have  I2xy 
=  57G  -  0-11/  .-.  IS-ry  =  576,  and  hence  xy  =  32.  Then  x  -  12  -  1/ 
.-.  2/(12  -  y)  =  32,  or  y-  -  12i/  =  -  32  ;  whence  2/  =  ?  or  4. 
And  X  =  12  -  y  =  4  or  8 

2 1 .  Let  .r  =  v  +  z  and  y  -  v  -  z 

Then  .x-^  +  y'-  =  (v  +  z)'  +  (v  -  c)-'  =  2y'  +  20y3---+  lOys*  -  33G8  ; 
or  v'-  +  lOyV  +  5y=*  ==  1684.  But  a;  +  1/  =  ■y  +  =  +  «  -  =  =  2y  =  8 
.-.  t>  =  4,  and  substituting  this  for  v,  1024  +  G40:2+  2O2*  =  1684 ; 
whence  z'^  +  32='^  =  33,  .-.  s^  =  1  or  -  33  and  =  ^  +  1  or  4  V  -  33 
Tlien  a-  r-  r  +  2  =  4  +  1  ;  or  4  ±  V  ^33  =  5  or  3  or  4  +  V  -  33 
2/  =  y  -  2  =  4  X  1 ;  or  4  f  V-33  =  3  or  5  or  4  +  V  -  33 

22.  From  1st  equat.  x^  +  3xhj  +  3xy'^  +  y^  =  343,  and  x'  +  2/=  133 
.•.  S.T^y  +  3xy^  =  210  ;  or  xy{x  +  y)  =  70,  but  x  +  ?/  =  7  .-.  a-?/  =  10 
And  X  -  1  -y  .-.  ?/(7  -  (/)  =  10  ;  whence  ?/  =  5  or  2,  and  x  =  2  or  5 

23.  Let  X  -  V  +  z  and  y  -v  -  z 

Then  a*  +  ?/*  =  (i)  +  2)*  +  {y  -  2)*  =  2y4  +  12y''2-  +  2:*  =  97 
But  .T-)/  =  y  +  ~-«  +  -^22=l.-.  2=i 

Hence  2y'*  +  3y'-^  =  97  -  ^  =  9Gt ;  whence  v~  =  "^  or  -  ^i- 
.-.  y  =  +  ^,  or  +  ^V^^ 


Then.r-:y  +  s  =  ±'Ui;  or+ iV-31  +  i  =  3  or  -  2  or  J(1±V-31) 
And7/  =  i>-s  =  +  f-2  ;  ov±y'^^-l  =  2  or-3or  J(~l  +V~31) 
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24.  Multiplying  the  7ncl  equal,  by  3  and  adding  it  to  the  1st 
equation  we  have  x'^  +  3j.-//  +  oxy-  +  i/  =  343  ;  whence  x  +  y  -  1 
.-.  X  =  1  -  y.  Also  x^i/  +  xy^  =  xy(x  +  y)  =  Ixy  =  84  .-.  xy  =  12 
•■•  VO  -  y)  =  12,  or  x/  -  Ti/  =  -  12;  whence  y  =  A  ov  3, 
and  x  =  7-v  =  3or4 

25.  a:-  +  ?/^  +  a;  +  y  =  26,  adding  2xy  to  each  side  of  the  equat. 
we  have  {x^  +  2zy  +  j/^)  +  (j;  +  ?/)  -  26  +  2xy,  or  completing  the 
square  (x  +  t/)'^  +  (x  +  y)  +  i  =:  26i  +  2x1/ .-.  a:  +  y  +  ^  =  ±  V^tJT+^xy 
ora;  +  ?/  =  +  <^26i  +  2xiy-i, but  4(.x-  4-  y)  =  Sz// .-.  3xy  =  +  4V26iT2^^ 

-  2  ;    transposing  and  squaring  these  we  have  ^x-i/  +  I2xy  +  4 

-  420  +  32ry  .-.  Qx^/ -  20j;?/  =  416;  whence  a;?/  =  8  or  -  ^^ 
Then  4(x  +  y)  =  Zxy  =  24  .-.  a;  +  j/  =  6,  and  x  =  6  -  y 
•■•  !/(6  -  2/)  =  8,  or  2/^  -  61/  =  -  8 ;  whence  7/  =  4  or  2,  and 
.-.  X  =  2  or  4.  Also  j/(6  -  z/)  -  -  V  >  whence  2/  =  K  -  13  i  V377) 
and  .-.  a;  :^  J  (  -  13  +  V^TT) 

26.  Clearing  the  first  equation  of  fractions  we  have 

5{(x  +  yY  +  (x  -  y)2|  =  26(a;2  -  y^)  :  i.  e.  lOx'-'  +  10(/-  ^  2Qx^  -  2Gy^ 

2x 
Hence  36«/^  =  IGx^,  or  6]/  =  +  4a:,  or  y  =  +  —  ;  substituting  this 

,     /    2a;\2  4x2 

m  the  2nd  equation,  we  have  a;-  +  l  +  —  1    =  52  ;  or  x''  +  —  -  =  52 

X 

4;    or  —  =  +  2  ;    or  x  =  +  C.     And 


13x2 

x* 

or      g      -  52  . 
2a; 

•    9 

2x  +  36 

27.  Ty  =  2x  +  36  .-.  y  =  — ^^ — ;  substituting  this  in  the  first 

2X  +  36 
equation,  we  have  x  +  — -^ —  =  a;^,  or  1x^  -  9x  =  36  ;   whence 

2x4-  36 
X  =  3  or  -  If.     And  y  =  s —  =  G  or  4^1 

28.  Let  X  =  V  +  i,  and  y  ~  v  -  z;  then  we  have  from  the  first 
equation  2v*  +  12«V  +  2i*  =  14i;*  -  2Bv^z^  +  14j*,  and  this  by 
transposition  gives  40y*;2  =  12p*  +  12s*  ;  but  x  +  y  =  i;  +  c4-f-r 
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=  2v  -  7/1,  .-.  V  =  ^m:    substituting  tliis  for  v,  Ave  have  lOm-^^ 

3»i*  3;/i  7/1 

-  Im*  +  I2z\  or  6i^  -  5m-z"  =  -  -^  i  whence  z=  ±  ^.^  or  +  — 

oiii  m       m  ,  m 

Tlien-c-  r  +  ^=  i/«i-.-^  ;  or  ^«  +  ^5  -  yCl  +  V3)  I  or  ^(1  ±  W3) 

m      3//!.  ?/i       wi       '"•     _   ,  ™      _      , 

Andj/  =  !;-x  =  y  +  -^^;  or  y  +  2V3  "  "2"^^  ^'^^'^ '  or-(l  +  -lV3) 

7-4 

29.  Let  X  =  vij ;    then  v-j/'-^  4-  2^  +  d?/^  =  74,  or  if  =   -■>,  ^  ^  ^  ._, 

73  74  73 

and  2vf^y-^2vhf=  73  ;  or t/=  2-.rp2^^  •••,;^T7-r2  =  2^^^?^^ 

74 
or  by  reduction  y»+  y  =  5^ ;  whence  u  =  |  or  -  f  ;  1/  =  ^■■J'ljr^'Tl 

74  74 

=    ■■    ,  :i  ,    9  =  25  -••  2/  =  +  5,  also  //^  =  -^ — ^p— v,  =  25 ;   whence 

as  before  1/  =  +  5,    Therefore  x  =  I'l/  =  +  5  x  ?  ;  or  ±  5  x  -  f  =  +  3 
or  f  8 

30.  Adding  the  two  equations  together,  we  have  x^  +  2x^^^  +  1/* 
=  169,  whence  x^  +  J/'*  =  +  13  ;  but  x^  +  2xV  +  U^  -  85  .-,  by  sub- 
traction 2xh/  -  72  or  98  .-.  x~]f  =  36  or  49,  and  xy  =  +  6  or  +  7 

±6+7  ,  .     ^ 

Tlicn  X  =  — •  or  ,  and   substituting  this  for  x,  we   have 

y         y 

6\^  36  .  , 

4  —  J    +  ,/  =  +  13,  that  is  -J  +  j/  =  ±  13  ;   or  y*  ^  I3y^  =  -  36, 

whence  y^  =  9  or  4,  and  .-.  y  =  ±  3  or  +  3.     (Impossible  values 
being  rejected.)  ^^^ 

31.  Letx^ry;  then  3dV+ 2t;2/2-4t/2=  108  ;  or  y^=  3^^^  ^^_^' 

81 
Also  vY  -  3«!/2  -   7y2  =  _  81 ;    whence  if  =   3^  _  ''^~:^>j 

108  81 

.-.  -  .,  , 7  =  X rr—^  or  by  reduction,  13t>''-  6y  =  40: 

3y'  +  2i;  -  4       St;  - 1)-  H-  7  •'  '  ' 

whence  y  -  2  or  -  ^j} 

81  _  SI  ®^  _ 

- '^'^'^  'J"  "  3y  -v'+  7  '   "  6  -  4  +^  °^  -  t3  -  t^9  +  ?  '  ~  ^ 

or  169  X  27  .-.  y  =  +  3  or  =  i  39V3 
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And  X-  ^-  t-y  =  4  3  X  2  ;  or  i  3  x  -  -^  5  =  +  6  or  f  4  ,";,- 

Also  X  =  t-y  -  i  39V3  X  2  ;  or  ±  39V3  x  -  ^j]  =  +  IS^/Z  or  "f  GOa/S 

32.  Fiictoring  the  first  equation,  we  have 

((/-'-  X-)  -  (V  +  x)  =  12  .-.  (1/  +  x)(u-x  -  1)  -  12  ;  ov  y  +  x  =  jj^fri 

48  12       _      48  1 4__ 

but y  +  x^ ^:^, .-. --^zTi - iy-zi^^ ;  or ^TTT^i  =  ifz^^ ; 

or  (y  -  x)"  =  4()/  -  x)  -  4  .-.  (y  -  .r)'-  -  4(i/  -  x)  -l-  4  =  0  ;  whence 

48 
y-.z;  =  2,  and  y  +  x  =  7y-Z^^=''-r  =  12, .-.  y  -■  14  or  2y  =  7,  and  .-r-  5 

33.  Transposing  the  first  equation,  we  have 

x^      2x  X  /x        ,  \2      /x  \ 

-i  +  ^7-  +  y  +  -  +  Vi/-20;  thatisfy  +  Vy)  +  (7  +  Vyj=2o 

X  •'' 

.-.  —  +  Vy  =  4  or  -  5  ;  that  is  x  +  y'^  =  4y  or  -  oy 

Taking  x  4-  y"  =  4y  -  x  +  8,  (by  2nd  given  equation)  we  have 

3 

t/''  =  8  .-.  y  =  4,  and  x  =  4y  -  8  =  8 

Taking  x  +  y*  -  -  5y,  and  subtracting  this  from  the  2nd  given 

3  1 

equat.,we  have  8  -  y'^  =  9y  .■.8-8y  =  y  +  y2  ;  or  8(l-y)  =  y(l  4-y=) 

1  1 

and  dividing  each  side  by  1  +  y',  wo  have  8(1  -  y')  =  y  ;  that  is 

y  +  8y^'  -  8,  whence  y"  =  -  4  +  2^/6,  aud  .-.  y  =  40  +  liV*^,  and 

X  =  4y  -  8  -  152  +  64V6  ;  also  1  +  y^*  -  0  .-.  y  =  1 

34.  x^  4-  y^  =  35  (i),  x-  +  y^  =  13  (ii). 

From    (i)  (X   4-   y)    (x-  -  xy  +  y-)   =    35  ;    but   x^  +   y-  =    13 

35 
•■•  (3-  +  2/)(13  -  xy)  =  35  .-.  x  +  y  =  ^3  _  ^^,  squaring  we  have 

1225 
x'-'  +  2xy  +  t  =  169  -  26xy  +  xhf  '    substituting  (i.)  in  this,  we 

1225  1225  -2197  +  338xy-13rV 

^^^^  2^^  "  169  -  2 6xy+xy  ~  ^^  "  169  -  2Gxy  4-  xS' 

338xy- 13xV- 972 
•••  2xy  =  -^i-eg— 26^'W" '    ^=^^^""2  °^  fractions,  we  have 

2xV-39xY+972  =  0  \  and  factoring  (xy  -  6)(2xV^  27xy  -  162) 
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=  0  .-.  2-1/  -  6  =  0  (III)  ;  and  also  2xhf  -  2lxy  -  1G2  =  0  (iv) 
From(iii)x(/  =  6,  andfrom(iv)xy=18  or  4^  .-.  2x)j  =  12,  or  36,  or  9 
Hence  adding  these  to  (ii)  and  extracting  the  square  root,  we 
have  x  +  y  =  ±5,  or  1-  7,  or  ±  V-^i  similarly  subtracting  these 
from  (ii),  and  then  extracting  the  square  root  x  -  y  ==  ±  I. 
or  X  V~~  '->^)  01'  t  2.  Hence  by  addition  and  subtraction  we  have 
a:=4  3;  or  +  ^(7  +  V~23)  ;  or±J(2+V22) 
y  =  ±2;  or  ±  1(7 -V'- 23);  or±i(V22-2) 

Otherwise,  thus  : 
Let  x  =  V  +  z,  and  y  -  v  -  z 

Then  from  (i)  2i)^-hGvz-  =  35  (in),  and  from  (ii)  2y'+2;-=  13  (iv) 
Multiplying  (iv)  by  3v,  and  subtracting  from  (in,)  we  have 
4v^  -  39y  =  -  35.  Multiplying  by  v,  we  have  4y*  -  39y^  =  -  35j; 
Dividing  by  4,  v^  -  -fv'^  -  -  ^£v  ;  add  v'^  to  each  side,  and 
t.4_3aj,2=  i,3_  \^-v.-.vi-v'^  ■Y'(*'^-«')  •••  iv'^-vXv^  +  v-\^)^0 
.-.  V'  -  V  -  0  (v),  and  v"  f-  v  =  ^^  (vi) 

From  (v),  zj^Oorl  ;  and  from  (vi),  f  =  ^  or-J.     But  2i!24-2c-^  13 
.-.  z=^  yj^;  or  i  l^pFl;  ov  \\;  or  4  ^V~23 
Then  x  =  ?;  4-  -  =   1   ±   l\l22]    or  f]  4  |  ;    or  -    ■    4    \r^23 
y  =  V  -  z  -  values  as  obtained  above. 

IJoTE.— Tlie  values  v  —  0,  and  z  ~  JV26  are  derived  from  thc'i-,  by 
wliich  we  multiplied  equation  (iv).  


35.  By  Algebra  Article  106,  we  have  ^/y'^  4-  1  = 
whence  x  =  9y'^;  substituting  this  in  the  2nd  equation,  we  get 
QfO/  +  2y  +  I)  =  3Gy^  4-  64  ;  or  9j/*  -  I8y^  4-  9y'"  ^  64  ; 
or  9y\y''  -  2y  4-  1)  -^  64  .-.  3y(_y  -  1)  :.  4  8  ;  or  y' -  y  =  ±  f, 
whence  y  =  ■  (3  +  VT05),  or  ^3  ±  ^f  -  Si) 

And  x  =  Oy^^  .^(lO  4  ^^05) ;  or  |(  -  13  +  V~'87) 

36.  Multiplying  the  2nd  equation  by  x,  we  have  x*  +  xy^  =  x, 
but  X*  4-  ?/*  =  X  .-.  z*  +  I/*  =  X*  4-  xy' .-.  y'^-xy^  =  0  ;  that  is  yXy-x)  ~  0 
whence  y^ -  0  .-.  y-  0,  and  hence  x  =  1.  Also  y  -  x  =  0  .•.  y  =  X) 
whence  2x^  =  1,  and  y  =  x  =  J^4 
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3T.  Dividing  the  1st  equation  by  x/^,  we  have  f  x^  +  ^  j  J/  ="  ?/-^-l  1 

11  .      ,       1 

.-.  X*  +  —  =  V  +  —  (i).     Again  dividing  the  2nd  equation  by  ?/•', 
X'  y 

we   have  U  +  ^)^  =  ^C^''  +   1)   •'•  '^  +  ^  =  \^  +  t) 

Now  adding  equations  (i)  and  (ii)  together,  we  have 

i/'   +    ~)  +   y   +   7   =   ^^^   +   3x   +   I  +  ^  =    {x  4-  i 


.-.  7/^+  —  +  3y  +  —  =(^  +  -7-)     =3(x  +  — j,or  extracting 

\         /'   .       l\  1 

the  cube  root  of  each,  V  +  ^  ^   [''^  '^  T  i^^*    ^^^^  *^''*  ''  "*"  "y" 

=  x»  +  -^   .-.  x3  +  -^   =    /^  X  +  —  j\/3,    and   factoring 


or  X  =  4  V-  1.     Alsox2-  I  4-^  =  ^3  ;  or  x3+  2  +^i  =  3  +  -^/3  (iii) 


by  adding  3  to  each  side,  .-.  x  4-  —  ^  iV3  +  ■v'3,  similarly  by 


X 

1 


taking  1  from  each  side  of  (in)  and  then  taking  V;  ^  -  ~  ~  +  V\/3  -  1 
Then  by   addition,  we   have   x   =   +    1^3  +~^    +    V^3  -^T| 

Andy  +  j=   fx  +  -i'jVS  =  +  V3  X  VW^    =    V3   +   3^9 

1  ■>  ^ 

_._  y-i  +  2  4-  -^  =  3  4-  3^9,  or  taking  4  from  each  r  -  2  4-  -j 

=  d^V^l    .-.   y  -  —  =  ±  V3\/9  -   1-      Hence   by   addilioa 

^       _^____  1 

7/  =   +   i{V3   4-  3^9  4-  V3^/9  -   !}•     Also   since   x   4-  —  =  0 ; 


( 


X  4-  —  l\/3  :=  0  .-.  y  4-  —  =  0,  whence  y  =  +  V  -  i 
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x-        -if-         X  1j 

38.  By  transposition  ~  +  :tj  +  ~  +  ~7=  "I  ■,  or  addlns^  2  to 

fx"  y"\      fx       y\ 

each  side,  (— +2  +  -^)  +     —  +  -r)=V;  completing  the  square 

\y         xj         \y         xj  y 


y 

+  -   +    ^    .    i    3 


X         y  5xy  Ixy 

y        X       -  ^  "2  2 

Again  by  squaring  the  2Qd  equation,  we  get  x-  +  y'^  =  2xy  +  4 

bxy  *lxy 

,'.  2xy  +  4  =   -^  or  -  —^- ;  whence  xy  =  8  or  -  -j^f.     Then  since 

Z--  2xy  +  y2  =  4,  and  ixy  i  32  or  -  "{]  ;  we  have  b\*  addition 

X-  +  2xy  +  y2  =  3G  or  [  f  .-.  x  +  y  =  ±  6  or  +  fi  VS^",  and  .r  -  y  =  2 

.-.  .K  -  4  or  -  2 ;   or  I  +  -I'rVsS ;   and  similarly  y  =  2,  or  -  4, 

or  -  ]  ±  -,'iV33 

39.  From  the  istequat.,  we  get  (V-<'  + V^)  +  V'^(V-c  + Vi/)'  =  10, 

completing   the   square   (\/x   +  ^/y)  +  'j5(^/x  +  ^.V)^  +  4  =  ''4^ 

1  I 

.-.  (V-c  +  Vy)"  +  5V5  =  ±  W^  J  whence  (^x  +  -JyY  =  ^o  ov  ~  2\l'> 

.-.  V-r  +  V.V  =  5  or  20  (11).     Taking  the  former  of  these  values, 

and  raising  to  the  5th  power,  we  have 

5.  1  a  a  1  5 

x-  +  ^xhf  +  10x-*2/+  lOxJ/*  +  5x^2/'''+  y'^  -  3125 

But  X-  H-3/2  =    275 

..•,      5a;2|/^  +  10x^2/+ lOxi/^' +  5x^2/2  =2850 

11/3  1  1  3 \ 

x^y'^\x^  ■\-2xy'^  +2x''y+y")  =    570  (in; 

But  cubing  equation  (i),  and  multiplying  it  by  x-y  ,  we  have 

x^i/Ha;-  +3x!/^  +  3x*7/ +  j/'^ ;  =  I25x-y^  (iv) 
Subtracting  (iii)  from  (iv),  we  hiive 

x^z/K-cy-  +a;-y);  that  is  xy(x^  +  7/)  =  I25x^y^  -  570 

But  .r^   +  y^   -r  5   .-.  5xy  =   I25x^y^  -  570 

Hence  xy  -  25x'y'   =  -  114  .-.  x^y^  =  19  or  C 

Then  x  +  2x^y^  +  y  =  25  ;    and  Ax^y^  =  24  or  7G 

G 
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.-.  X  -  2xhj^  +  7/  =  1  or  -  51  ;  or  x'^  -  y'  ■-  ±  I  or  ±'</  -  51  ;   and 


11  1 


a;^  +  i/^  =  5  .-.  x^  =  3,  or  2,  or  ^5  ±  V  -  51)  ;  whence  x  =  9,  or  4, 

or  ^  -  13  i  V -"sT)  ;    similarly  y  =  4  or  9,  or  ^  -  13  +  V~"51) 

By  using  throughout  the  value  '^x  +  V.'/  =  20,    other  values  of 

X  and  y  may  be  similarly  found. 

40.  From   the    1st   equation    (x  +  y)(x'^  -  xy  +  y~)  -  x  -  y 
X  —  y 
.-.  x^  -  xy  +  y^  =  ^TT^'  ^^^  ii^om  the  2nd  equat.  x'^  -  axy  +  i/-  =  0 

X  -  y  I  x'^  -  2xy  +  y' 

.-.  by  subtraction,  we  have  (a  -  l)xy  =  ---^  :r  y  ^r:^^y-^yi 

,_         V'.'^ 

_       n^jj-txy  _       /(_a-2)xy  _       /« -^  .\'*_i  _  ;, 

"    V  axy  +  2xy  ~    ^  (a  +  2)xy  ""    V  a  +  3     '*^  <i  -  I        ' 

b  6« 

suppose.     Then  y  =  —,  and  y'^  =  — ; ;  Substitating  these  values 

in  the  2ad  equation,  we  have  x-  ^-  -g  =  a& ;    or  x^  -  abx^  =  -  t^ ; 


whence  x^  =  -(a  +  -y'd^  -  4)  ;  and  therefore  x  =  ±  -y  -(a  +  '^d^-4) 
it  I     2 

1  

=  +  2V^[2(a  +  V'i""  -  4)}^  -  +  \^h{^\ja  +  2  i  V^  -  2)  by    Algebra 

h  

Art.  189.     And  ?/  =  -7  =  +  'l\lh{^a  +  2  t  V"  -  2).     See  Algebra 

Art.  181 

41.  From  the  1st  equation  xjr  +  ax  --  ay  -  a^  ;   that  is  (x  -  a) 

(y  +  a)  =  0  .•.  X  -  a  =  0  ;  or  x  =  a.  '  Also  y  +  a  =  0  .•.  7/  =  -  a 

From  the  2nd  equat.,  substituting  x  =  a^  we  have  a  +  ?/-  +  a^  =  0 


.•.  1/  =  +  a^^  -  (a^  +  1).     Again  substituting  —  a  for  y  in  the  2niJ 
equation,  we  have  x  -1-  a^  +  a^  =  0  ;  whence  x  -  -  c^(a  +  1) 

42.  Squaring  the  first  equation,  we  have 
x*  +  y*  +  a*  +  2x-(j/'  +  a-)  +  2a^y-  =  0  ;  and  subtracting  this  fron 
the  2ud  equat.,  we  g^ix^(^f-a/-)  -lahf-  0  .-.  x'^(})^-a?)-2ahf  {i 
From  the  1st  given  equat.  x"  =  -  (\/  +  a^)  .'.  x'^{y^  -a^)  =  -  (y*  -  a*) 
.-.  -  (i/'i  -  a*)  =  2aYj  or  I/*  +  2«^y2  =  a* ;  whence  y"  -  a^(  -  1  ±  V'jI) 
and   y   =   +  a^  -    l   ±~V2.     Also   x-  =  -  (y"  +  «')  =   f  «'^v'3 
.',  X  =  Y  f  a^V2 
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43.  From  2nd  equat.  x^  -  Zy^  +  aS  +  Zx^y  -  xhf  -  a^j-i  _  oa^x^ 
=  0  (i),  and  1st  equation  x  (x*  -  y'^)  gives  a:"  -  Zy^  +  Zx^y  -  x'^y- 
+  a^x*  -  «^(/-  =  0  (n);  then  (i)  -  (n)  gives  a"  -  2a?xi  -  2a^x'h  a'y^  =  0 
ordividingby-a3,  wehave2x4+ 2x2-a^-y2^  0  (iii).  But  from 
first  of  the  given  equations  2/=^  =  J   -  -^^ — - — -  L    =   [ ) 

.-.  substituting  this  in  (in),  2x*  +  2x-  -  [  — - —  j   -  <i3  _  q  j   that 

is  when  clear  of  fractions  18x*  +  ISx^-  x*-  2aV  ~  ,i«  -  g^^  =  0, 
that  is  17x4  +  2(9  -  a^)x'^  =  a\d  +  a?) 

«*  -  9  ±  3V9  -  rSa^  +  2a'* 
whence  x-  = ~ ^  aiid 

.-.  X  =  4  -.-V{17(a^  -  9  ±  3V9-15tt''  +  2a'')i^ 

x2  +  a3  

And  2/  =  -  — - —  =  -  -}.-(&a?  -  3  f  V9  -  15a^  +  2a«) 

44.  Raising  the  1st  equation  to  the  4th  power,  wc  have 
X*-  4x3y  +  6xV-  4x7/3+  yi~xi^ yi_  2xY-  ixyCx^-  2xy  +  y"^)  -  a* 
But  x^  -  2x1/  +  2/2  =  a^,  and  x*  +  j/*  =  J*  .-.  Jt  _  2xh/  -  4:a^xy  =  «4  ; 

.1    t  •     o  ■'  "  ,    ^  •»           74        t      1                      -2a^  +  V2«*  +  26* 
that  13  2x-(/"  +  4«-xy  -  6*  -  a*,  whence  xy  =   ^^ 

Then  x-  -  2xy  +  %f  -  cr,  and  multiplying  value  of  xy  by  4,  and 

adding,  we  have  x-  +  2.ry  +  y-'=  -  Sa^  +  2V2a*  +  26*  =  70",  suppose^ 

1        ,  ,  m  ■¥ a  in  —n 

...  X  -y  =  a,  and  x  ■{■  y  =  m;  whence  x  =  .and  (/-- - 

. 2     '  •'         2 

where  7/1  =  +  V2V2«*  +  2^*-  3a^ 

4.^.  From  1st  equation  x^  +  7/  =  «2  +  xy,  and  squaring  this,  we 

have  x-t  +  2x^7/2  ^.  ^4  ^  a*  4.  2a:^xy  +  x'-'i/^ .-.  x*  -  xY  +  yi  -  2a'xy  =  «* 

subtracting    the    2nd    given    equation    from    this,     we    h.ive 

2xy-  2a'-x2/  =  a*  -  b*  ■  whence  xy  =  '-^ =  ^^^  suppose 

Then  xy  =  c^,  and  x^  -  xy  +  t/^  =  ^2  _._  ^2  _  3^^  +  ^^2  ^  ^^2  _  ^2^ 
aud  x-  -  y  =  ±  V«^r72_  ^igo  3^^2  ^.  2j,.y  +  ^2  ^  a2^  3^2.  ^^jjenpg 
X  +  y  =  ±  ^JTFTZ?  .:  X  =  +  i(Va^+  Zc'  i  V^=^),  and 
y  -  +  i  (V^t^Ts?  +  V^i^^^^,  where  c"  --  ^^^"^  "  ^^^ 
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46.  From  the  2nd  equation,  we  have 

a:*  -  2x''i/2  +  2x\a  -  I)  ■\- yi  -  2y\a  -  \)  ^  (a  -  \f  -  d^  -  .\a  f  4 

.-.  extracting  the  square  root  of  cacli,  we  have  x~  -  y'^  +  («  -  l) 
=  +  (rt  -  2).  To  find  the  values  of  x  and  y  which  are  independent 
of  a  use  X-  -  y-  +  (a  -  1)  =  +  (a  -  2).  Then  x-  -  y-  +  1  =  0,  or 
x''^  =  2/2  -  1  ;  a;-  -  3  =  )/-  -  4  (ill).  Again  from  the  first  given 
equation  3x6  _  jsa;*  +  27x«  =  3x2(x2-  3)^  =  2%i^  -  ll?/*  +  ^ly-  +  27 
But  (III)  x2  _  3  =  2/2  _  4^  j^nj  2-2  ^  2^2  _  J  _._  3^y2  _  i)(^e  _  4); 

=  2i/6  -  llj/*  +  521/2  ^  27;  that  is  3i/8  -  27i/*  +  72y'-  -  Ai 
=  2(/8-  ll!/*+52y2  +  27  .-.  y^  -  lG(/*  + 20)/2  _  75  =  0  ;  multiplying^ 
by  -  4,  we  have  -  4i/6  +  64?/*  -  SOy^  +  300  =  0,  and  adding  to 
each  side  y^  -  20i/*  +  100  we  get  y^  -  Ay^  +  44?/'^  -  SQy-  -f  400 

-  rf  -  20y*+  100.  Then  taking  the  square  root  y'^  -  2y-  +  20 
=  +  (y*  -  10);  that  is  y"  =  15,  or  ?/*  -  2/^  -  -  5,  whence  y"  -  1 5, 
or  1(1  +  V^l9),  and  x^  =  y^  -  1  =  14,  or  |(  +  V~'i9  -  1) 
whence  y  -  ±'t/\.5,  or  +  V^(l  +V~  1^)  =  ^*^- 

47.  From  the  1st  given  equat.  y*  -  2x^y'^  +  x*  +  4(y-  -  x-)  +  5 
=  2  V4(y^  -  x2)»  +  5(2/2  -  x-y  ;    that   is   (j/*  -   2x^2/"  +   ^*) 

-  2(2/-  -  a;2)V4(2/'^  -  a;^)  +  5  +  [4(2/^  -  x')  +  5}  =  0  .-.  extracting 
the  square  root,  we  have  y"'  -  x"^  -  V4(2/^  -  ^^)  +  5  =  0; 
or  2/2  -  x^  =  V4(i/2  _  a;2)  4.  5  ..,  (^2  _  _^.2)2  _  4j^y2  _  a;2)  ^  5 

whence  y-  -  x^  =:  5  or  -  1,  taking  y--x''-  =  5,  we  have  from  the 
2nd  given  equation  2/*  -  32/*  +  1  =  5.r-  -  8x  +  Sx'^x-  -  2x  +  5  +  4 

-  5x'2  -  8x  +  4xV4x2-8x  +  20  +  4  =  5x2  -  g.r  +  4x^32/* +x2 -8x  +  5  +  4 
since  15  ==  32/^  -  3x-.  Hence  by  transposition,  we  have 
1/  -  31/2  +  X-  -  8x  +  5  +  4xV32/2  +  x*  -  8x  +  5  +  4x2,  j^^j  taking 
the  square  root  ]/2  =  +  (VSy*  +  x^  -  8x  +  5  +  2x) ;  using 
the  positive  sign,  2/^  -  2x  =  V^J'''  +  a;^  -  8i:  +  5 ;  squaring 
j|4  -  4x2/2  +  4x2  =  32/2  ^-  x2  _  8x  +  5  .-.  ?/*  -  4x1/''  +  4x2  _  4^2  +  gx  +  4 
=  X'  -  2/2  +  9  ;  but  2/2  -  x2  =  5  .-.  2/*-  4a;22/2  +  4x2  _  4^2  .^  gx  +  4 
=  9  _  5  =  4  .-.  J/"  -  2x  -  2  =  i  2  .-.  2/-  -'  2x  =  4  or  0  ;  but  2/2^x^  +  5 
.-.  x2  -  2x  +  5  =  4,  or  x2  -  2x  +  5  =  0  ;  whence  x  =^  1,  or  1  +  2V  -  1 
and  2/  -  ±  V^^^S  =  ±  V6,  or  i  V2  +  4V^l 
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48.  From  the  2nd  giren  equation,  we  have 
x'-y-  -  Gxys/y-  -  x-=  +  0(y'^  -  x^)  =  lG(y"  -  x^)  .-,  extracting  the 
square  root,  we  have  xy  -  3^^'y'^  -  x'^  -  +  4Vy^  -  a;* 
.■.xy  =  7'tfp -x'^  or-'/y^-x^a.ni  .-.  x-tj'^  =  4:9(y'^  - x-)  or  (y-  - x'^) 
From  thi;  1st  given  equation  x*  -  y^  -  Ax''  +  iy'^  =  4x^  -  12 
.-.  a,*  -8x-  -h  16  =  y*  -  iy^  +  4;  whence  x^  -  A  =  ±  (^f  -  2) 
that  is  ?/2  =  a;2  _  2,  or  6  -  x"-  .-.  y"^  -  x'' =  -  2  ;  x^y"^  =  A9(y^  -  x^) 
or  (y-  -  x'-');  tliat  is  .T'(.r2  -  2)  =  49(  -  2)  or  -  2  ;  that  is 
X*  -  2x-  =  -  98  or  -  2  ;  wlience  x^  =  I  ±  V~9^  or  1  +  V^^ 
and  y-  =  a;2  -  3  =  -  1  ±  V^9^,  or  -  1  ±  V^^-  ^^so  since 
?/■•  =  6  -  x^,  we  have  by  substitution  x"(Q  -  x'^)  =  49(6  -  2x--) 
or  G  -  2x"  ;  that  is  x'^  -  6x"  =  98x«  -  294,  or  =2x^-6 
that  is  X*  -  104x"  =  -  294,  whence  x"  =  52  f  ^2Al6 ;  or  x*-  8x3 
-  -  6,  whence  x^  =  4  +  '/V).  And  y'^  =  6  -  x''*  =  -  45  +  A/^To 
or  2  f  '/Iq  ;  whence  x  -  &c. 


Exercise  LV. 

1 .  Let  X  -  one  part,  then  19  -  x  =  other,  and  x(19  -  x)  =  84 

361-336 

■X-  -  19x  =  -  84,  x^  -  19x  +  (h/y  ^ =  "4^  .-.  X  -  V-  =  ±  5 

X  =  12  or  7 ;  wliencc  the  numbers  are  12  and  7 

2.  Let  X  =  greater,  then  17  -  x  =  less;  x  -  (17  -  x)  =  2x  -  17 
=  difference;  then  x(2x  -  17)  =  30,  2x2  _  ^^^  ^  ^0,  whence 
X  =  10,  and  the  numbers  are  10  and  7 

3.  Let  X  =:  length,  then  x  -  12  =  breadth,  and  x(x  -  12)  =  2080 
that  is  x-  -  12x  =  2080,  whence  x  =  52  and  sides  are  52  and  40 
rods. 

4.  Let  X  =  greater,  then  x  -  9  =  the  less,  and  x'  +  (x  -  9)^  =  353 
that  is  2x'-  18x  +  81  =  353;  x"  -  9x  =;  136,  whence  x  -  17  or -8 
and  the  numbers  are  17  and  8,  or  -  8  and  -  17 
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5.  Let  X  =  one  part,  thon  16  -  x  =  other,  then  a;(16  -  .x)  +  x* 
+  (16  -  xy  =  208  ;  that  is  x^  -  16a:  =  -  48,  whence  a;  =  12  or  4, 
and  the  numbers  arc  12  and  4 

X 

6.  Let  X  =  gain  iicr  cent.  -  buying  price  of  wheat ;  then  yv- 

X        x^ 
=  gain  per  doUar  on  buying  price,  and  x  x  -^  =  rrr  =  gain  on  x 

dollars,  i.e.  gain  on  whole  transaction  ;  but  171  -  a;  =  whole  gain, 

x^ 
whence  r^  =  171  -  a;;  or  a;^  +  lOOx  =  17 100,  whence  x  =  $90, 

buying  price  of  wheat. 

rKooF.    $81  +  f  90  =  $171 ;  also  if  he  gain  $81  on  $90,  he  gains  at  the 
rate  of  $9  on  $10,  or  $90  ou  $100. 

80 

7.  Let  X  =  number  of  sheep  bought,  then  —  =  price  in  dollars ; 

80         80 
then  — .— :  -  —  '^  1  ;  that  is  x^  +  4,c  =  320,  whence  x  =  16. 
.T  -1-  4         X  '  ' 

8.  Let  X,  7j  and  z  be  the  digits,  z  being  the  right  hand  one ; 

then  x2  +  7/2  +  s«  =  104  (i) ;   y^  =  2xs  +  4  (n) ;    lOOx  +  lOy 

+  z-  594  =  lOOz  +  lOt/  +  X  (III).     Substituting  (ii)  in  (i),  we  have 

x^  +  2xz  +  z^  =  100  ;  whence  x  +  z=  IQ  (iv).     Reducing  (in),  we 

have  99x  -  99=  =  594  ,  or  x  -  c  =  6  (v).     Adding  (iv)  and  (v) 

together,  we  have  2x  =  16;   whence  x  =  8.     Also  x  +  s  =  10 

.-.  z  :^  2,  and  t/^  =  2xi/  +  4  =  32  +  4  =  36  ;   whence  y  =  6.     Hence 

the  required  number  is  862 

240 

9.  Let  X  =  number  of  sheep  bought,  then =  price  per  sheep, 

240 
X  -   15  =  number  sold,   and  ■ —  +  1  =  selling  price;    then 

/240        2  \  /600  +  a;\ 

(X  -  15)  f—  +  yj  -216,  that  is  f-^^— j(x-15)  =   108; 

or  x2  +  45x  =  9000  ;  whence  x  =  75,  and  ^-^-^  -  $3-20.     Hence 
number  bought  was  75,  and  price  per  sheep  $3-20 

10.  Let  X  -  one  number,  then  10  — x=  other,  and  x^+ (10 -x)"*, 
that  is  x^  +  1000  -  300x  +  SOx^  -  x'' =  380,  that  is  SOx'-i  -  300x 
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=  -  720  ;  or  a;2  -  iQx  -  -  24,  ^vheuce  x  -  6  or  4,  and  the  required 
numbers  are  6  and  4 

11.  Let  X  =  less,  then  24  ~  x  =  greater,  and  x(24  -  x) 
=  35(24  -X  -  x),  that  is  24x  -  x-  =  33(24  -  2x)  =  840  -  70x ; 
or  x-  -  94.r  =  -  840,  whence  x  =^  10  or  84,  and  24  -  .t  =  14  or 
-  GO  .-.  the  required  parts  of  24  are  10  and  14,  or  84  and  -  GO 

12.  Let  X  and  y  be  the  numbers,  then  x  +  y  =  X2j  =  x^  -  y"^  -^ 
X  +  y  =  X-  —  y^,  whence  dividing  hy  x  +  y,  we  have  x  —  y  =  1 ; 
or  r  -  1  +  y.  Also  x  +  y  =  xy,  that  is  1  +  y  +  y  =  y(l  +y);  or 
I  +  2y  -  y  +  y'^  .-.  y-  ~  y  =  I;  whence  y  ~  J(l  +  V^))  and  x  =  1  +y 
=  1  +  ^1  +V5)  =  1(3  iV5) 

13.  Let  X  =  circumference  of  hind  wheel,  and  y  =  that  of  fore 

120          120 
wheel  in  yards  ;    then  -^^7-  and =  revolutions  made  by  each 

120            120 
in  goin<?  120  yards.     Also  by  second  condition and r 

~  revolutions  made  in  120  yards. 

120   120  20    20 

__=    _6^     ~    =    --   -l^  (I)  by  dividing  by  6 

Then  "  Y  ]  ov     '  ^     I 

120   120    (     30    30     i 

= 4  ) = 1  )  (u)  '<  4 

x  +  1     y+l        -'  x+1     2/+I        -'  ^'^ 

.\  20x  -  20y  -  xy  (111)  and  29x  -  31y  =  xy  +  1  (iv).     Subtracting 

lly  +  l 
(iii)  from  (iv),  we  have  9x  -  llj/  =  1 ;  or  9x  =  lly  H- 1  .-.  x  :=  — - — • 

20(11?/+ I)  /11J/+1 

Substituting  this  in  (iii),  we  have -  20?/  =  y  f  — - — 


that  is  220y  +  20  -  ISOj/  =  lly^  +  y  ...  uy^  _  39^  =  20  ;  whence 

lly+1 
y  -  4,  and  x  =  — ^ —  =  ^^  -  5.   Hence  circumferences  of  wheels 

arc  4  and  5  yards  respectively. 

14.  Let  X  =  one  fraction,  then  j^  -  x  =  other,  and  —  +  ,73 — - 

X         I5  —X 

1  15 

=   sum   of   their   reciprocals   .•.   —  +  ^ rr-  =  y§  ;   that  is 

12(29  -  15x)  +  ISOx  =  29x(29  -  15x),  whence  by  reduction 
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435a:-'  -  84lx  =  -  348  ;  or  x^  -  ^.U  =  -  J-Jf  ;    x"^  -  {^ix  +  (-^fi)^ 

-  mUh  -  mn^  =  mm,  ^^ence  x  =  § U  +  il?  -  V,^-  or  t^tt 

Iieace  fractions  are  i  and  ^ 

•*  46800 

15.  Let  X  =  number  of  children,  then =  share  of  each; 

46800  4G800  24  24 

then r-  =  +  1950,  that  is  =  —  +  1 ;  whence 

X  -  2  X  '  X  -  2        X 

r'  -  2.r  =  48  .-.  x  =  8  =  number  of  children. 

16.  Let  X  -  number  of  hours  the  clock  is  too  fast,  then,  since 
the  shadow  on  the  dial  moves  from  1  to  5,  the  clock  will  strike 
the  hours  from  2  +  x  to  5  +  x  inclusive  ;  i.  e.  vi'ill  strike 
2  -f  X  +  3  +  a:  +  4  +  X  +  5  +  X  =  14  +  4x  strokes,  and  last  stroke 
will  be  5  +  X.  Then  (5  +  x)'^  -  41  ^  number  of  minutes  the  clock 
is  too  fast  above  the  x  hours;  i.e.  25  +  lOx  +  x'~  -  41; 
i.  e.  x^  +  lOc  -  16.  But  hours  too  fast  +  minutes  too  fast 
=  whole  number  of  strokes ;  that  is  x  +  x'^  +  lOx  -  16  -  14  +  4x, 
whence  x^  f  7x  =  30  .-.  x  =  3  or  10,  and  x'  +  lOx  -  IG  -9  +  30 

-  16  =  23  .-.  the  clock  is  3h.  23  m.  too  fast.  The  second  answer 
10  is  excluded  by  the  limitation  that  the  clock  does  not  strike 
12  during  the  time. 

17.  Let  X  =  hours  travelled  by  each  =  miles  per  hour  travelled 
by  slower,  then  x  +  3  r  miles  per  hour  travelled  by  faster; 
x^  +  x(x  +  3)  =  2x*  +  3x  =  324,  whence  x  :=  12.  Hence  slower 
travelled  12  x  12  -  144  miles,  and  the  faster  12  x  15  -  180  miles. 

144  144  144 

18.  Let  X  -  number,  then =  share  of  each  .-.  —-,-„  +  1  -  -_.- 

whence  x'^  4-  2x  =  288  .-.  x  =  IG  =  number  at  first. 

lOx  +  y 
10.  Let  X  =  left  hand,  and  ij  -  right  hand  digit,  then  — — - — 

=  2  (i),  and  lOx  +  y  +  27  =  lOy  +  x  (ii).  From  (i)  lOx  +  y-  7,xy  (m) 
Fruni  (ii)  9x  -  9(/  -  -  27,  whence  x-t/--3,  orx-7/-3; 
substituting  this  in  (iii),  we  have  10(1/  -  3)  +  y  =  2!/(y  -  3) 
.-.  2y^  -  I7y  =  -  30,  whence  y  -  G,  and  x  -  ij  -'6  -2.  Hence  tha 
required  number  is  36 
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20.  Let  X  =  price  of  coffee,  and  y  ^  price  of  sugar  per  lb.  ia 

800 
cts. ;  then  60x  +  my  ^  2500  (i).    Also  -—-  =  lbs.  of  sugar  for  $8, 

1000  800       1000 

and =  lbs.  of  coffee  for  $10 ;    then    —  =  — —  +  24   (ii) 

X  y  ^ 

125-41/ 

From  (ii)  by  reduction  1  OOx  -  125y  =  Z.rij  (iii).  From  (i)  x  = ^ — , 

100(125-  4!/) 
substituting  this  for  x  in  (in),  we  have  ^  -  125;/ 

(125  —  4v) 
=  3?/  X  r ,  whence  by  reduction  6(/^  -  SiSf/  ^  -  6250 

125  -  4v 
.-.  y  =  12J  cents,  and  x  = ~ -  25  cents. 

21.  Let  .F  and  y  =  number  of  days  required  by  B  and  C 
respectively  to  finish  the  work ;    then  in  1  day  Jl  do'^s  ygth; 

1  1  11  3G     a;  +  18 

B,  —  \h  ;  and  C,  -th  of  the  field  ;  -,V  +  —:—::  $3t>  :  —  v  -r^— 

V/  =  what  D  would  have  received,  had  C  not  been  called 

X  +  18  ' 

10  3G0 

in;    but  R  worked   10  days    .-.   he  did  receive  —  x  36  =  — 

/    018  360\  ^  ^„  ,  ,  , 

Then    (  — rrz dollars  =  $1-50  =  $;j ;    whence  by  reduc- 

\  »x'  +  1  y       '^  J 

tion  .(•'  -  I74x  =  -  4320  .-.  a;^  -  l'74.r  +  (87)^  :=  T569  -  4320  =  3249 

4 
.-.  X-  =  30  =  days  B  would   require.     And    J2   +   i"  +  —  =  1 

•  ^ 

•••  7^1-  (1»  +  aC)  -  1  -  IS  =  f«-  •••  22/  =  72,  and  y  -  3G  =  days 
C  would  require  tocradle  the  field. 

ruoop.— If  C  had  not  been  called  in,  they  would  have  taken  11|  days  to 
(inii'U  the  work,  and  A'a  share  would  have  been  S2  X  11}  =  .¥22-50. 
Honco  /J's  share  would  have  been  $1,3-50,  but  since,  when  C  is  called  in, 
/;  oidy  works  V)  days,  he  receives  only  J  •{  =  1  of  S36  =  $12  =  $1-50  less 
than  lie  would  have  otherwise  received. 

22.  Let  X  and  y  -  the  number  of  feet  in  the  side  of  tlie  base  ; 
tlien  bxy  -  Axy  -  xy  =  80  +  a;  +  i/  (i)  ;  also  V25  +  x'*  +  y^ 
=  4'o(-^^  +  .'/'0(iO-     From  (n),  we  get  3(a:-  +  r  )  =  40v'25 +  a;^''= 
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9 


That  is  (x2  +  y^  +  25)  -  ^^V^*  +  y«  +  25  =  25 

(x2  +  J/*  +  25)  -  *3a(x«  +  2/2  +  25)^  +  ^^°  =  ^S'^  +  *5^ 

.-.  V^'^  +2/^+25  -  7-  =  i  %^  .-.  V^+  2/'  +  25  =  15  or  -  ^; 

squaring,  we  have  x2  +  y^  +  25  =  225  or  V  .-.  taking  the  former 

value,  x^  +  y^  =  200  (iii),  but  by  (i)  2x7/  =  160  +  2(x  H-  y)  (iv). 

Adding  (iv)  and  (iii),  we  have  x^  +  2xy  +  y^  =  360  +  2(x  +  y). 

Hence  (x  +  y)2  -  2(x  +  y)  =  360  .-.  (x  +  y)^  -  2(x  +  (/)+!  =  3G1 ; 

(^x  +  y)  -  I  =  ±  lOy  X  +  y  =  20  OT  -  IS  .-.  again  taking  the 

former  value,   x  +  y  =   20,   and   hence 'xy  =  80  +  20  =  100 

x^  +  2x?/  +  2/^  =  400  >y  „       „„       J 

*     -^  I   .-.  X  =  7/  .-.  2x  =  20,  and  x  =  10  :::  ?y 

4xy  =  400  f 

J.2  _  2x7/  +  V*  -^      of 

•^     ^  \    .-.  the  base  is  a  square  whose  side  is  10  ft. 

.•.  X  -  7/    =      0  y 

23.  Let  X  =  distance  B  has  travelled  when  he  meets  J,  then 

X  +  J5  =  distance  ^  has  travelled  ;    Also  since  J  has  yet  to 

travel  x  miles,  and  accomplishes  it  in  2  hours,  his   rate  of 

X  _    X  +  15     2x  +  30 

travelling  is  —  miles  per  hour ;  also  B'a  rate  is  — ^r —  =  — ^ — 

X  +   15       2x  +   30 
Then  time  ^  travels  before  they  meet  =  — j- 


X  X 

X  9x 

time   B  travels  before    they   meet  =     ^^  ^  ^q     =   ^^  ^  ^^ ; 

~~9 
2X  +  30         9x 

•   = — ,  that  IS  x^  -  24x  =  180  ;   whence  x  =  30  =  rate 

■'       X  2x  +  30' 

2X  +  30       90 

Hence  distance  =  x  +  x  +  15  =  '75  miles.    J5's  rate  =  — - —  =  — 

X 

=  10  miles  per  hour,     ^'s  rate  =  —  =  15  miles  per  hour. 

24.  Let  X   and  xy  be   the  two   numbers,   the  latter  being 

the  greater ;    then  x"y  -  x^t/^  -  x^,  whence  y^  -  y  =  1,  and 

y=  l(l±  V5).     Also  x^T/*  +x^  =  xhf  -  x^  .-.  y-i  +  1  =  xy'^  -  x  ; 

yUi     K3iV5)+l     K5+V5)_  W5(V5il)_     .  ,^ 
whence  x  -  ^j^^  =  (2TV5)^^  "  ~  1  +  V^    ""  ~  1  +  V^      "  *  *^ 
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25.  Let  X  and  y  ~  hours  required  by  Bacchus  and  Silenus 

I 

respectively  ;   then  Bacchus  would  drink  —  of  it  in  1  hour, 

y 
hence  in  y  hours  ho  would  drink  — ths  of  it,  and  in  ly  hours 

22/  2y 

Biicchus  would  driuk  r-tbs  of  the  cask  full  .-.  1  -  r-  =  part 
3x  3x      ' 

1 

drunk  by  Sileuus,  and  since  he  drinks  ■ —  of  the  cask  in  1  hour, 

/       27A      1 
tha  time  he  required  to  drink  part  remaining,  was  j  1  -  —  1^  — 

2y^ 

-  y  -  o~.     Had  both  drunk  together,  Bacchus  would  only  have 

/        2y\  ?y 

consumed  ^     1  -  ^  1  =  J  -  ^,  and  Silenus  would  have  taken 

?/  * 

!+;;-;;   hence  when  drinking  together,  time  taken  by  Bacchus 

/       V  \      1       ^      y 

was  (J-^~)-^~~  =  ":r-~5")  and  the  time  taken  by  Silenus 

2'/       /  2v2\ 

Also  ^  +    Z/  -   3  r  j  =  time  taken  when  drinking  separately 

X        y 
=    —  -  --  +  2    (u).     From  (i)   Zx'^  -  5yx  =  %f.     From  (ii) 

12xy  -  4y«  =  3x2  +   12.T  (in)  x^  -  y^  +  -3^  =  -9-  +  ^ 

-  o(~  j   ^  — Y~-~&'    Hence  x  =  -—-  =  2y;  substituting  this 

value  of  X  in  (m),  we  have  24^"  -  4y'  =  3(2^-)*  +  12(2*/),  that 
is  247/'^  -  4y2  =  I2y2  +  24y  .-.  8^^  -.  24y  -.  0  ;  y^  ^  3y ;  y  =  3, 
whence  x  =  6 
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Exercise  LVI, 


c       ab       I 
a'        cd        a 


,^    a^-b'    («-ft)2    a^-ab  +  b^    (a-bXa  +  b)(a-by\a'-ab  +  b^) 
"•  a^T6^^       a      ^"^x^bf'  ""  "a(<r+bX(i'  -ab-vb  ■'){"  -bf 


o 


1 

—  =  1  :  a 
a 


(X  -  5)  (J,-  +  3)        (X-  +  2)(x  -  1)        (x+  1)ix  +  5)  _  a:+  7 
^-  (7^5 Xa;  +  2)  ^  (x  +  3)(a;  +  5)  ^  (x  -  l)(x-  +  1)  ~  x  +  1 
=  X  +  1  :  X  +  1 

4  -^-"^^  :> f-,   according  as  a*  +  «^6  +  ab^  +  6*  ^J   a* 

a^  +  b'  <    a  +  b  '  ^  ^ 

+  2a262  +  i* ;  or  as  (i''6  +  ab^  >  2a'^6^ ;  or  as  a^  +  6'  ^  2ab ; 
but  G-  +  6^^  is  greater  than  2a6  (Algebra  Art.  134,  Note  2) 

a^  +  b*        a^  +  6' 
•'•  (I'^  +  b^  -^     a  +  b 

5  -i H;  :^  -^i :< ^—.7 'r~. — i»   according  at, 

^.6  _  a; '2/  +  2x*y2  -  2xV  +  2x"y^  -  xy'"  +  ?/«  >  x"  +  4x>  +  5x*y2 
-  bxY -  iW'  -  2/^  01"  ''IS  7x"Z/*  +  3xy -^  +  2y«  >  Sx"?/  +  2xy  +  3x V ; 
or  as  7x^2/=*  +  3x?/*  +  2y5  ^  ^x"  +  2x»y-  +  3x*y  ;  or  as 
y\1x^  +  3xy   +   2y«)    ^  x»(5x2  +   3xy  +   2y'') 

Now  since  x^5  >  y^l,  cubing  we  have  5x^  >  V  •"•  ^"^  >  y"* 
.-.  2/3(3xy  +  2y2)  <  x^iCSxy  +  2y'0  !  also  7x«?/»  <  Sx^  •.•  T^/^  <  5x=' 
.-.  y\1x"  +  Zxy  +  2y'0  <  x^^CSx*  +  3xy  +  2//^) 

•*•  x"  -  2/2        X*  -  x^*?/  +  x^y''*  -  xy^  +  2/* 

6.  Let  X  =  the  quantity  to  be  subtracted  from  each  term-, 

a-x      c  be  —  ad 

then  r-^  --J  .'.ad-  dx  -bc-cx\  ex-  dx  =  bc-ad  .-.x-   ^_^ 
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7.  Let  X  ■-  the  quantity  to  be  added  to  each  term  ;    then 

rn  +  X 

,      -  I,  whence  m  +  x  =  n -h  x ;  x-x-  in-  u]  x(\  -  1)  =  m  -  n  ; 

m  —  n      m  —  n 


(a +  6)       /a2     a«\  h^         (a  +  b)      /a^       \  h^ 

((?. -6)  h-  (a^hy      a+b 

—  (a  +  c)-       a"  +2ac4-c2 

y.  Since  a  :  c  ::  c  :  ft,  c  =  V«6 ;   then  ^^x^i  =  WT2bcT&' 

a^  +  2aVff6  +  ab       a(a  +  2t/ab  +  b)        a 

h'^  +  2b'^ab  +  ab       b{b  +  2^Jab  +  a)        b 

a^  -b^  -^a-b 
10.  -TTTi  ^^  "~7T)  according  as  0.^+  a-6  -  ai^  _  fcs  -J  a->-  a- 6 

+  ab'^-b^]    or  aso'6-oi>2  ^  ai^-  (1-6;   or  as  2a26  >  2a62  ; 
or  as  «  >  6 


Exercise  LVII. 

1.  Let  a;  =  the  quantity  to  be  added  ;  thenai-x'.b-hxy.c+x'ul-bx 
•.  ad  +  ax  +  dx  -i-x"  -bc  +  bx  +  cx  +  x^  ]  ax-hdx  -bx  —  cx^bc-ad 
be  -  ad 


a  -  b  —  c  +  d 


2.  U  a  :  b  ::  c  :  a;   then  'T'  ~  T'     ^^  '^^  ^^^  possible,  let  x  be  a 
quantity  added  to  each,  so  that  a  +  x  :  h  +  x  ::  c  +  x  :  d  +  x; 

arxc-~x  be  —  ad 

then  ,-; —  =   %-; — ,  whence  as  above  x ; --3;   but  gince 

o  +  X       rfxo:'  a  —  0  —  c  +  d' 

a       '  r  0 

-r  ~  -r,  we  have  be  -  ad  .•.  be  -  ad  -  0  .•.  x  = i ;  =  0 

b         d'  a-b  -  c  +  d 
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a       c        a"^     c"^  m,      p        m        p 

3.  T  =  -r  •■•  rr  =  7? ;   also  —  =  ~-  ■'•  tt  -  W-     Multiplying 

b        d        b^      d^  '  n       q        2,i       2q  t  j      & 

ma^  pc^ 

equals    by    equals    r— ,-2    =   Yin  i     ^^^^    Algebra    Art.     lOG 

ma^   -   2n62       p^^  _  20^2 

7na*  +   2nb'      pc^  +  2qd^  ^  ^ 

+  2nb^:pc^  +  2qd^ 

24 

4.  Let  X  =  one  number,  then  —  =  other 

/24\3        /         24\' 
And    x^-(  —  ]    :    lx-—\    ::  19  :  1 

/24:Y  r  1728      /24\31 

Hencex^-/— J    =  ID-ja:^  -  72a;  + -^  -  (  —  J   ^ 

24\'  32832  /'24\' 

—  =19i5-1368x  + •  -  19    —  I 

^/  ^  \^/ 

24\3  32832 

—  )    -  18x3  ^  .  _  13283- 

X  J  X 

/24\3  1824  /24\3       ,     „    /'24      \ 

*,.  24  /24\2  „      ^ 

Dividing  each  side  by  —  -  x,  we  have  (  —  1    +  24  +  x-  -   (C, 

576  „ 

that  is  — 2- +  x'2  =  52  ;  x*- 52x2  =  - 576  ;  x4-52x  +(26)«=  100; 

x^  =  26  +  10  =  36  or  16  .-.  x  =  +  6  or  ±  4,  and  the  numbers  are 
±  6  and  i  4 

5.  Let  X  =  one  partj  then  20  -  x  =  other  part ;  then 

X  :  20  -.X  ::  9  :  1  .-.  X  =  180  -  9x;    or  X  =  18,  and  20  -  x  =  2 
Let  y  be  the  mean  proportional  between  these ; 
then  18  :y::  y:2;  or  y^  =  36  .-.  y  =  G 

X        a^  a       ^c  -h  X         a'       c  +  x  x        c  +  * 

6.  -  =  i^ ;  also  y  =  ^1^  .'.  bi  ^  dT^j  •'•  J  "  ITTy 

»•.  dx  +  xy  =  cy  +  xy,  or  dx  -  cy 

7.  Dividing  the  equation  by  (a  +  6  -  c  -  d'){a  -  b  -  c  +  d), 

u  +  b  +  c  +  d      a^b  +  c - d 
^«  ^^^«  a^b-c-d  =  a-b-c^rd-     '^'^'"  ^'^-   ^°'^'  ^'  ^^'^ 
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2a +26       2a -26  a  +  b       c  +  d  2a      2c 

2-cTu  ^  2^:ru  •'•  ^''-  '^^'  ^n,  =  7^1  ■■■  ^'^-  io«'  Yb  =  u ' 

a         c 

or  -r-  =  —r  .'.  (I  :  b  ::  c  :  d 
0        (I 

8.  Let  .r  and  1/ =  the  numbers  ;  ihen  x -i-y.sy.x  -  ij  :  d::xy  :  p 

s      x+y  d      x~y 

•  •■  V{^  +  y)  =  sxy,  and  ;j(.f  -y)  =  dxy  .-.  —  =  -^,  and  -  =  — - 

s         1         1    ^  s  +  d        2  2.» 

—  = 1-  —  i  By  addition — ,    wbenco    y  =  ~~T~1 

■j}        y        X    f     •'  p  y  -^  +  ''' 

(/  1  1    C  2        s-d       ^  2p 

—  -  — ^  By  subtraction  —  =  — — ,  whence  x  -  ; — -. 


9.  Let  X  =  speed  in  yards  of  faster  train  per  second,  and 
y  -  speed  of  slower  :  tben  in  2"  the  former  passes  oyer  2.t,  and 
the  latter  2y  yards,  consequently  2x  +  2y  =  length  of  the  faster 
train;  also  30a;  -  30?/ =  lengtb  of  faster  train,  .-.  30x-307/=  2x-  +  22/, 
or  28.r  -  32y,  or  "Ix  =  8y,  .-.  x  :  y  ::  8  :  7 

10.  Let  a:  =  ^'s  money,  and  y -  i3's  ;  thenar  MSO:?/- 50::  3:  2, 

whence  2a;  +  300  =  3y  -  150  ;    or  2x  -  3y  =  -  450  (i).     Also 

x  -   50  :  .y  +   100  ::  5  :  9,  whence  9a;  -  450  =  5y  +  500  ;    or 

9.r  -5y-  950  (ii).     Multiplying  (i)  by  9,  and  (ii)  by  2,  we  Lave 

13.r-  27y  =  -4050  (iii)") 

^Subtracting  (iii)  from  (iv)  \1y  ^  5950, 
I8r  -  lOy  =      1900  (iv)J  °  ^    ' 

whence  y  =  $350  =  B's  stock;    2a;  -  3y  =  2r  -  1050  =  -  450, 

whence  2a;  =  COO,  and  x  ~  $300  =  J'a  stock. 

l\.  h  -  ^/ac  .-.  b'^  =  ac;    26^=  2ac;    6^  -  2ac  -  b^  .-.  adding 

rt2  +  c^  to  each,'  a^  +  6^  +  c^  =  a^  +  2ac  +  c^  -  6^ ;    or  a^  +  6^  +  c'' 

(a  4-  c  -  6)(a  +  c  +  6) 
ir  (a  +  c)2  -  6^  =  (a  +  c  -  6)(a  +  c  V  b)  .:  1  =  ^ a^+h^  +  c^ 

1  a  +  c-b  a-i-c  +  b  a-b  +  c 

°^  a   h  c  +1)  "^  a?  +  6«  +  c^'   ""^  (^"mTfrp  =  a=*  +  6^  +  c* 

.-.  a  +  6  h  c  ;  (a  +  6  I-  c)^  -  (t~b  Vc  :  a^  +  i^  .,.  ^a 
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12.  rt  :  c  ::  a  :  c,  .-.  multiplying  each  term  of  the  latter  ratio 
bj'  ft  -  r,  we  have  a  :  c  ::  a(a  -  c)  :  c(n  -  c) 

.-.  a  :  c  ::  o(-^a  -  ^Jc){'s]a  +  VO  :  c(Va  ~  V<^)(V''  +  Vf-) 
.-.  «  :  c  ;:  '^a('\/a  -  'Jc)('^a  +  ^/c)'^a  :  Vc(V«  -  V<^)(V"  +  V'')Vc 
.-.  «  :  c  ::  (a  -  V"<?)(«f  +  V*^)  ■  (V^-  c)('Jac  +  c)  ;   but  'Jac  =  h 
.-.a  :  c::  (a-b)(a  +  i):(6-c)(6  +  c)  since  by  hypothesis  V«c  - '' 

13.  Let  X  =  the  number  ;  then  x  +  3  :  x  +  8  ::  x  +  8  :  x  +  \1 
.-.  (.r +  3)(j:  +  17)=  (x  +  8)^,  that  is  s;^  +  20x  +  51  =  .x- +  16x4-64; 
or  4x  =  13  .-.  X  =  3i 

14.  Let  D  and  d  =  diameters  of  a  sovereign  and  shilling  res- 
pectively, and  t  and  T  =  thickcess  of  a  sovereign  and  shilling 
respectively  ;  then  iiid  =  nD,  and  pt  =  qT,  and  since  circles  are 
to  one  another  as  the  squares  of  their  diameters,  we  have 
quantity  of  metal  in  sovereign  ;  quantity  of  metal  in  shilling 

D*         t 
::  D-^T:  d't,  or  ::  "^-^  :  "r" 

Dm.  f-  1 

But  7nd  ^  nD  .-.  D  :  d  ::  m  :  n  .-.  -j-  =  — ,  similarly  -jt  =  -r 

in^        q 

.'.  quantity  of  gold  in  sov.  :  quan.  silver  in  shil.  ::  -~y   '•  ~T 

But  a  sovereign  =  20  s.,  .•.  quantity  of  gold  in  bulk  equal  to  a 

20g     m^ 
shil.  :  quantity  of  silver  in  a  shil.  ::  :  — ^,  or  ::  20n^q  :  m^p 

a       c  '42  ,  •4'2a      -420 

15.  y  =  -J  .-.  multiplying  both  by  ~,  we  liave  ^^^  =  f^^ 

•42a+ll|6       •42c+llic?  ,  .  ,   .        ,       ,,, 

.-.  Art.  106,  —YiTf—  =  '~iild. — '   "^  multiplying   by    11  f 

•42a+lli6       -420  +  11}^  a         c        4a       4c       ^^Z^ 
6—^  = d ('^'^^'''T  =  i:-'-5b-5d-'-'    56 

=  ~5^  ;  or  — ^ —  =      J       (II).     Dividing  (i)  by  (u),  we  hare 
•42a+lU6  b  -420+ 111(2  d  .    •42rt+lli?' 

— b —  ^  i^::56  =  — d —  ^  4r-^5  *^^*^'  "^-'5i 

•42a-HHrf 
'      4c  -  5rf 
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C2  fZ  J(-i 

16.  \Ut:b::b:c::c:H,(ic-b'^  and  bd  =  c^  .-.  d  =  —  = -^  =  ■^-■ 


Vc 


c 


(«  +  />)  (c  -  d)  -  (a  +  ^ac)  (  f  -  -—     =  V«(V«  +  Vf)  (V'-  -  V*^)   , 

-  c  {a~  c);     ^   ^  ^   ,_...__-_  X  -  X  -J  u  -...-  =  ^^- 

,».  a  :  ^a  ::  b  :  ^'d 


Exercise  LVIII. 


1.  v.x^  +  ny  oc  ca;3  -  dy  .-.'mx^  +ny  =  p(cx^  -  dy)  =  i,cx'^  -  pdy 

.'.  pcx~  -  mx-  =  ny  +  pdy]    that  is  x'^^pc  -  m)  =  (it  +  pd)y 

^      (n  +  pd\  /     In  -V  pd\ 

•■•  ^''■■'  "  (^^iTT^J^^  •■•  ^'  =  [y^^Zlityy '   But  since  n, ;,,  m,  d 

I  fn  +  pd\ 
and  c  are  all  constant,  y  I   -  _  ^^  j  is  constant  .-,  x  oc  Vy 

2.  X  -my;  1  -  3m  .-.  m  =  I  .-.  x  =  ly 

m  m 

3.  a;  =  p  +  — — ;    then   1  =  p  -I-  -—  (i),  and  2  =  p  +  m  (ii) 

Subtracting  (i)  from  (ii),  1  =  Im  .-.  m  =  I,  and  j/  +  7;i  :=//  +  3  =  2 
771  i  3 

4.  x2  =  my' ;  4  =  Mm  .:  m  =  -,\. ;  x^  =  -.l^y  .-.  x  =  ly^y 

5.  X  =  7?i  +  nxy  .-.  2  =  7/i  +  6?i  (i),  and  3  =  7?i  -  9;t  (ii) 
Subtracting  (i)  from  (ii),  we  have  I  =  -  I5n  .-.  n  =  -  -^'-g 
m  -  -y%  =  2  .-.  ?ft  =  2  +  -f^-  =  igS.     Then  x-nxy  =  m ;  x(l  -  ny)  =  m 

_      in       _  ^^-  V-  36 

'■  ^~  I  -  ny  ~  i  -  (  -  -r'^)  ""     15_+^     ""  15  +  y 

15 

6.  y  =  7/1  +  Tix  +px- ;  then  0  =  7/1  +  3/i  +  9/j  (i) 

-  12  =  7/1  +  5/1  +  25p  (ii),  and  -32=m+  In  +  49/?  (iii) 
Subtracting  (i)  from  (ii),  we  get  -  12  =  2/i  +  16p  (iv)" 
"  (i)  from  (III),     "       -  32  =  4/i 

H 


:  +  16p  (it)"] 
.  +  40p    (v)J 
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DiviJing  (iv)  by  2,  aud  (v)  by  4,  we  have  -  6  =  ra -l-    8/)   (vi) 

-8  =  n  +  lOy;  (vii) 
Subtracting  (vi)  from  (vii),  wo  have  ~  2  =  2p  .• .  p  =  -  I  ; 
~G-n-8.-.n  =  2;  0  =  /«  +  6  -  9  .-.  in  -  3  .-.  ?/  -  3  +  2x  -  x- 

n  n  n 

7.  y  =  mx^  +  —  ;   then  7  =  25m  +  —  (i) ;   5  =  8l7?i  +   -  (ii) 

X  O  L/ 

25n       n 
Dividing  (ii)  by  5,  and  (i)  by  9,  we  have  I  =  — -  +  —  (iii), 

31m        71  2        604-11). 

and  1  -  -  -  +  —  (iv).     Subtracting  (iii)  from  (iv)  -  -  =  —     - 

11      5j;2     9945 
.-.  m  =  ^S^.-.  n  =  35-125;«  =  323S^-;  *^<^" ^  ='"'''' +  T  "  302  "^  302 J 

(Z^  1 

8.  y  -  mb^  +  mx'^  .•.  -j-  -  mb^  +  ma^  —  mb^  =  ma^  ,•.  -r-  ~  m 
62     x"^  x^ 

9.  z  -  X  -  y  =  m,  and  (x  +  y  +  z)(x  -  y  -  z)  =  nyz ;    thai  is 

|.L'  +  (7/  +  z)\[x  -  (y  +  z)\  or  .r^  -  (2/  +  =)^  =  nyz.     Adding  4yc  to 

each  side,  x'^  -  (y  -  z^  -  (n  +  4.)yz  ;  that  is  (x  -  y  +  z)(x  +y-z) 

-  (."■  +  '^)U~  J  '^ut  z  -  X  —  y  -  m  .•.  x  +  y  -  z  =  -  m  .•.  -  m(^x  -y  +  z) 

n  +  4 
=  (n  +  4)yz  .-.x-y  +  z^-  —^y=  .-.x-y  +  zccyz 

10.  Let  x^  -  number  of  cars  attached,  then  decrease  of  speed 
GC  .j;'^,  and  is  .*.  =  ?>ix^  ;  then  24  -  mx  -  speed  of  train, 
.-.  20  -  24  -  2m  .-.  2m  =  4,  or  7?i  =  2  ;  tiien  24  -  2a;-  -  speed  when 
X-  waggons  are  attached.  Now  if  speed  is  reduced  to  0,  we 
have  24  -  2x'^  =  0  .•.  x  =  12,  and  .•.  x^  =  144  =  number  of  cars 
required  to  completely  stop  the  train,  .-.  greatest  number  it  can 
move  =  143 
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Exercise  LIX. 

126  +  60 
1.  S3,  ={12G  +  (31-  1)2}V  = ^ x3l  =  2883 

n                                n      124+  2ri 
S„  -  { 12G  +  (/I -  1  )2}  -  =  (I'JG  +  2/1  -  2)—  = ^ X  ?i  =  n(G2  +  n) 


2.  5^^  =  [--lOO  +  (22  -  1)  X  12|v-:-  (  -400  +252)11  =-  1G28 

n       (-•100  +  12?i-12) 
S„^\-  -100  +  {II  -  1)  X  12}—  =  ^^ ., xn  =  ?i(Gft  -  20G) 

3.  5, ,  -  {4  +  (17  -  l);jj'/  =  (4  +  24)!/  -  238 

2m,  +  p                                    2m  +  /) 
S,,„^„  =  {4  +  (2m  +  p  -  ly-} ^—  -  {i  +  (2ni  +  jOS] :f~ 

=  'l(2m+p)  +  i(2m  +  py 

i     <'   -/tx/'ii     ^^s'    "I'l-/'     2iiNii__iiivii__i7ii  __9<ii 

4.  '^u-U  +  C^  ^  ~  U^-3J  y  -(:j  -  3  Ji-^i^'i (T  ~    ^'^3 

5.  17"'  =  2  +  (17  -  1)3  =:  2  +  IG  X  3  =  2  +  48  =  50 
2S"»  =  2  +  (28  -  1)3  =  2  +  27  X  3  =  2  +  81  =  83 

7i"'  =  2  +  («  -  1)3  =  2  +  3/1  -  3  =  3?i  -  1 

G.   17"'  =  3  +  (l7-l)x-5  =  3+16x-5  =  3-80  =  -77 
23"'  =  3  +  (28  -  1)  X  -  5  =  3  +  27  x  -  5  ==  3  -  135  =  -  132 
7i"'  =  3  +  (/i  -  1)  X  -  5  =  3  -  5/i  +  3  =  8  -  5m 

7.  17"'  =  2^  +  (17  -  1)5  -  5  +  16  X  fi  :.  ^  +  ?ft  =  i-^  ^  13,\ 
28""  =  2|  +  (28  -  1)5  ==  5  +  27  X  =5  =  ^2  +  "i'^  ^  ^IJi 

n""  =  2^  +  (71  -  l)&  -  5  +  >  -  ^  =  §  -  f  +  5n  -  ?i^  +  ?n  =  /\(5  +  2ii) 

33  —  3 

8.  rf  =  --  _  '  -  ^"~  =  Ik  ;  hence  series  =  3  +  10^  +  18  +  25^  +  33 

-66-9 

9.  d  =  'YZT'  ~  ~  ""  -  ~  ^^  i    hence  series  =  9-G-21-3G 

-  51  -  6G 

100-  (  -  1)        100  +  1 
10.  d  =  Q^i ~  — 8 —  ~  ^'^'^~  ~  ^'^  '  ^^^^^  series  -  -  1 

+  115+  24:1  +  36i  +  49^  +  62|  +  74^  +  87^  +  IQO 

11.  5^j.j  =  {2 +  (73-  1)1}'/  =  (2  +  72)^,/  =  37x  73  =  2701 

12.  Ti"'  term  =  I  4  (n  -  1)2  =  1  +  2rt  -  2  =  2?t  -  1 
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13.  5,  =  (2  +  (rt  -  1)2}—  =  (2  +  2»i  -  2)—  =  2n  x  ---  =^  n'' 

^  '  M  it 

t  t  t  ^ 

14.  S,  =  {2a  4-  (/  -  l;2i;}  -  =:  (2k  +  2at  -  2a)—  =  2at  x  —  ^  ui^ 

15.  20'h  term  =  <i  +  (20  -  l)3a  =  a  +  19  x  2a  =  a  +  38a  ^  30a 
/til  terra  -  a  +  {t  -  \)2a  =  a  4-  2a^  -  2a  =2at-a-  a(2t  -  1) 

IG.  Let  X  -  2if,  X  -  y,  X  +  y,  x  +  3y  represent  the  numbers 
Then  (x  -  3yy  +  (x  +  3yy  =  2x"  +  18^*  =  200 
(X  -    yy  +  {x+    tjY  =  2.r2  +    2^^  =  136 

r-TTe'!/^  =   G  4 
Ileuce  ?/2  =  4  or  ?/  =^  +  2  .-.  2x'^  ^  136  -  2^^  =  136  -  8  =  128 ; 
or  x2  =  64 ;  or  x  =  +  8  .-.  the  series  is  +14+10+6  +  2 

17.  Let  X  -  3;/,  x  -  ?^  .r  +  y,  x  +  3y  represent  the  numbers; 
then  (X  -  3^)(x  -  »/)(x  +  y)(x  +  3y)  =  (x'^  -  9!/2)(x2  -  y^) 
=  (x--3G)(x2-4)*;  x*-40x'+  144=  1080,  or  x*- 40x2=  153^. 
x*  -  40x2  +  400  =  1936  .-.  x^  _  20  =  +  44  .-.  x'^  =  +  64,  or  -  24 
Kejecting  the  latter  value,  we  have  x^  =  64,  or  x  =  +  8;  hence 
the  series  is  +  14  +  10  +  6  4  2 

18.  Let  X  -  2y,  x  -y,  x,  x  -\-  y,  x  +  2y  re]iresent  the  numbers, 
then  X  -  2y  +  X  -  ?/  +  X  +  X  +  J/  +  X  +  2y  =  5x  =  25  .-.  X  =  5 
(X  -  2i/)(x  -  y)(x  +  y)(x  4-  2^)x  =  (x^  -  4y^Xx^  -  2/^)x 
=  5(25  -  4.v2)(25  -  y^)  =  5(4y*  -  Udy"^  +  625)  =.945,  or 
4-/*  -  1257/2  .  _  436  ;  7/^  -  ^t'f+  Cs^)^  =  Hi'  -■■  2/'  -  -^F  =  +  ^ 
^-hence,  y-  =  i  and  y  =  ±2.  Hence  the  series  is  1,  3,  5,  7,  9  or 
9,  7,  5,  3,  1 

19.  S  =  (a  +  l)—  =  (60  +  1)^^"  =  61  X  30  =  1830,  i.  e.  since  the 

principal  on  interest  is  §60  the  first  day,  and  only  $1  the  60th  day, 
tlie  whole  interest  is  equivalent  to  that  of  $1830  for  1  day.  Interest 
of  $60  for  360  daj-s  =  $3-60,  or  of  $1  for  360  days  =  $0-06,  or  of 
$1  for  1  day  =  jgn  =  -gV  of  a  cent;  hence  the  intcest  of  $1  for 

*  The  common  difference  is  given  =  i  .-.y  —2. 
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1830  days,  i.  e.  of  $1830  for  1  day  =  m^  cents,  aud  siuco  this  is 

1830 
to  be  divided  into  GO  paymeuts,  each  will  be     ^       „     =   jv',,-  of 

a  cent. 

n  n  n      11(11  +  1) 

20.  S  =  {2a  +  (n  ~  \yi]  --  =  {2  +  Qi  -  1){-  .  («  +  1)-  = -— ' 

21.  Let  S=  1!  +2^  +  3-  + n^ 

Now  ;i^  -  («  -  1)3  =  2,1-  -  3rt  +  1 

(«  -  1)^  -  (;i  -  2)3  =  3(/i  -  \y  -  3(/t  -  1)  +  It 

(ra  -  2)3  -  (n  -  3)3  =  3(?i  -  2)=  -  3(«  -  2)  +  1     Ilcncc  by  addition 

Jt=*  ==  '|3(n  -  2)"  +  3(71  -  1  )*  +  ^\^i(ii  -.  2)  +  3(/t  -  1)  +  3/;}  +  m 

n3=3(i2  +22  +  ....  ?i2)  -3(1  +  2+ '/0+Ji 

But  by  supposition,  1^  +  2^  +  . . . .   71*  =  iS,  and  it  lias  been 

n{n  +1) 
sliown   iu  question   20,    tliat    1   +   2   -f>  3    n • 

3«(w+  1) 
Therefore  7i3  =  3S ^ +  n 

3??(»i  +  1)            2»i3  +  3h(«  +  1)  -  27J 
35  =  7i3  + ^ n= -2"'' 

7?(2h2+  3/i  +  3  -  2)  _  7)(2«- +  3h+  1)  _  v{n  +  1)(2«  +  1) 
2S  =  ~      ■      -  =        — ,^  =  -^ 

n(n  +  I)(27i  +  1)  _  n(n  +  l)(2?z  +  1) 

22.  S  =  {2a  +  (n-  l)'/}~;    517  ^  {4  +  (n  -  1)9}  .^  ;     lOMt 

=  4n  + 9.1(71  -  1);   1034  =  97i-- 5?i;  324/r- 180,7  +  25  r:3T224+ 25 
=  37249 ;  lS?i  -  5  -:  +  193 ;  13«  =  193  ;  «  =:  1 1 

Note. — Tlie  negative  value  i.s  iiiadmi.'!sible. 

23.  I  +  I  -  d  +  I  -  2d  ^  31  -  3d  ^-  9G,  or  I  -  d  -■  32  ■ 
l-3d  +  l-4d  +  l-5d-\-l-Gd  =  Al-  I8d  =  86,  or  2l-9d=  43: 
21  -  9d  -  43,  and  21  -  2d  =  G4  .-.  1d  =  2\,  and  d  ■-=  3,  whence  Z  ^  35 ; 


*NOTE.— The  student  must  here  read  Ji  as  number,  n  -  1,  one  less  than 
number,  fee.  Thus  taking  n  =  S,  then  »i  - 1  =  2,  «  -  2  =;  1 ;  if  Jt  be  taken 
as  4,  we  should  have  to  take  four  addends  as  above. 
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and  inverting  the  scries  .".;"),  ;12,  2!>,  26,  Ac  ,  WTi  Iiave  2,  D,  8,  11, 
14,  17,  20,  2.1,  20,  2!),  ?,1,  35 

21.  l~  5,  riiul  I -2d  -  7  .-.  Uic  si.^lli  term  or  last  term  but 

7+  5 
one  -  I  -  (I  -  — -—  =  G,  and  the  series  is  found  b}^  reversing  tlie 

serie.s  5,  C,  7,  8,  9,  10,  11 

n  n 

2.->.   S  =  bn  I-  en-  =  (b  +  cii^a  -  {2b  +  2cn)  ~  =  (2b  +  2c  +  2cn -  2^)^ 

-  {2{h  -I-  c)  +  («  -  1)2(J.-.    But  by  formula  S  =  [la  +  (h  -  1)'/}—, 

whence  it  is  evident  thai  «,  Iho  first  term  of  the  series  =  h  \  c\ 
(i,  the  common  difference  =  2c.  Then  tlie  /*  term  =  u  +  (t  -  Ijd 
=  b  +  c  +  {t-  l)2c  =  b-c  +  2ct 

2G.  The  (in  -  ??)"i  term  =  c/  +  (vn  -n  -  l)d ; 
the  (m  4-n)'li  ttrra  =  «  +  (in  +  n  -  l)d  .-.  the  sum  of  the  two 
terms  =  2«  +  (2m  -  2)d  =  2{'/  +  (m  -  1)(/|.     Also  the  ?«">  term 
=  a  +  (in  -  'l)d.     Therefore,  &c. 

21.  (/H-^)"' term  =  f/  +  (/> +  17-1 )(/- w]  m~n 

■  .■.2ad-m~n.\d- 


(p-qY^HcTUi- CI +  (j>-q -])(!- n  j         '  2g 

ifi  —n 
But  a  +  ((/  -  1)(/  +  "pd  -  in  .-.  a  +  (q  -  1  )d  -  m  -  pd  =  m  -  p  x  — ^ — 

P 
=  m  -  (m  -  n)-—;   but  a  +  (g  -  \)d  ~  7"'  terra   .-.  q^'^  term 

=  m  -  (m  -  M)^ 

28.  ;)'h  term   =    7  -  y   -    -'.^    -   y  +   i    =   la  _  (^  .    1)1 


=  V  +  (P  ~  1)  ^  -  2  ;   but  p">  term  -«  +  (/)-  1)(.',  whcn'^e  a  -  \ 

n 
and  d  -  -  J.     Then  sum  of  n  terms  =  -S  =  {2fir  +  («  -  l)r/}— 

71  n  n         /2  7        ?;  \  n 

=  {H!  M'^  -  1)  X  -  i}y  :^  (13  -  T  -i-  Oy  =  fy  -  -^Jy 

n 
=  -(27-n) 
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29.  Let  x-.?/,  a;  and  a; +?/  =  the  numbers  ;  th(in(x-y)-  +  x(x-i-rj) 

-  x^  -  2x1/  ^- 1/-  +  x^  +  xy  -  Ix-  -  x\j  +  2/^=10,  and  x^  +  (.r  -  i/)(.r  +  y) 

=  x^  +  z'^  -y-  =  2x'^  -  y-  -  14.     Subtracting  the  second  from  tlie 

2/ -2 
first,  2y-  -  xy  =  2,  or  X  = ■.     Substituting  this  for  x  in  the 

2(2y2  _   2)2 
equation    2x^  -  y'^  =    14  ^    we   have    -^ y^  =    14, 

or  7)/*  -  an^-' =  -  8,   19G;/*-  840/ +  900  =  -  224  +  9U0  =  GIG'j 

14!/^-  30  -  +  26  ;  14i/-  =  56  or  4,  y^  =  4  or  ^  :  rejecting  this  hitter 

8-2        6 
value  we  have  y  =  +  2.     Hence  x  =  — — -  =  — r  -  +  3,  and  the  three 

numbers  are  1,  ,3  and  5,  or-  i>,  -  '.'  and  -  1 

30.  Let  X  -  3y,  X  -  y,  x  +  y  and  a,-  +  2y  represent  the  numbers ; 
then  x  -  3y  +  X  -  y  ■>r  x  ^-  y  -^  x  +  3y  =  4a:  =  20   .-.  a-  =  5  ; 

1111  4ar»- 20x1/2 


X  -  3?/  X  -  y  X  -h  y  X  +  3y  "  x'^  -  lOar^  +  Qyi  ~  'i* 
.-.  25(625  -  2502/2  +  Si/*)  =  24(500  -  lOOa/^)  ;  or  9?/*  -  154?/2  =  -  145  ; 
324?/* -55442/2+ 23716  =  -  5220  +  23716  =  18496  .-.  18?/- 154 
=^+136;  18y2=r  290  or  18  .-.  ,r  =  1  or  ii'',  and  ?/=  +  1  or  +  JV145 
■Rejecting  the  latter  value,  we  have  5  +  3,  5+1,  5  +  1  and  0  +  3  ; 
ihat  is  2,  4,  G  and  8  or  8,  0,  4  and  2  for  the  series. 


Exercise  LX. 

1.  6"'  term  -  3  X  3'  -  3  X  243  =  729 ; 
3(3"  -  1)       3x(729-  1) 

0-6  = -'yrr-  =  —-2 =  1092 

2.  g"'  term  =  1  x  2'  =  1  x  256  =  256  ; 

1(2<»    -  1)     512  -  1 
S,  =  -^-^=— -^511 

3.  7'»'term  =  '^  x  2^  =  2-x64  =  i?s  =  18^; 

?(2'   -  1) 
S^  =  -o      ,        =  1  X  (128  -  1)  -  36^ 
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4.  12"'   term   -3x(-2)'i    =   3x-   2048  =   -   6144; 
3{(- 2)12-1}       3(4096-1) 

5.  6'h  term  =  4  x  (  -  •^)5  =  4  x  -  fif  f  ^  _  mjj^  =  _  12^^,3. . 

o      _  ^R         4>>  ■*{    _    ^>.  4l'yi;  '■J  1  U  2  4  *  10  2  4 

^e  ~      -  -"•  - 1       ~     ~  -^1        ~       -  y       ~  -  y- 

•i          *■                                           4                                            4  4 

6.  S""  terra  ..  30  x  (  -  i)^  -  30  x  -  p|^  =  -  -p^,-  =  -  i^  ; 


^--    '  _   LS75  _  iqia 

-u          -^      -  ^ 

7 

.*? ^-,                        «   — -^    -   _    * 

«           1  -  (  -  I)               .    .              « 

3                   2 

R 

S 5 i-    -    6   .-    li- 

oc          1  —  -           1           "^             * 

7                7          7 

9. 

^   "  l-(-i)^  1  +  ^  =    3    =  V  =  4. 

64  64         64 


oc  1 I ~      1000  —  I     -     iia^"     -    y99 

100"  1000    ■        'loi'O" 

-1^  -7.. 

12        S-         =    -       ''^  :=    12    ^    7 

•        OC  1    _     I.  y_         S 

^  10  10 

-7B_  _7.e_ 

n    S     -  -9-  +    '"■'" y   4.  — ^  -  -iu  4.  _rf-.  -  jrt 

^''-    'oc         ID   ^    1 i_   ~    10   ^     an      -    ]o  ~   990   ~   990 

•"•      100  loo 

'■*•     "oc  UiOO   T^   1 1_         1800^^         yy.        ~    lOOO    ■    99000  -  9900 

•'■         1  0  0  10  0 

1(3"-  1)       3"  -   1 

15-  '^''  =    jzrr^  =  — 2"~  --  K3"-  1) 

16.  .„=^^^i>:^^Mi^^=.,ii-(-,).i 

5  ^  6 

-T     c     -  ^I'^V^)"  IlJ!  _  "(3-   -   1)  _       62       _  62V2  +  62 
1'-    '^10-         Y2~'l  -       V2-I       "  V2  -1  -  "l-F" 

:62(1  +  V2) 

ff!'|(fl9)n  _  ]  j       «P(a5"  -  1 )       a9"  +  P  -  flP 
IS-    ^''  =        a?-  1        ^  '    a'i-1       ~       ai-l 
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19.  r=  (^j  =iny=i  .-.  series  =  i  +  3  +  J  +  ^;  +  i'f 

20..  r  =  (^^"')^-'^  =  (G5Giy  =  3  .-.  series  =  2  +  G  -1-  18 
+  54  -t-  1G2  +  48G  +  1458  +  4374  +  13122 

21.  r  =   f^j  =  (-ly  =  I  .-.  series  =  9  +  3  +  1  +  J  +  J 

22.  Let  X,  xy,  xy^  and  a;?/^  represent  the  four  numbers;   then 

X  +  3-}f  =  a-(l  +  y-)  =   148,  and  xy  +  xy^  ^  xy{l  +  y-)  =   888 

,       148  888        148       838 

.-.  1  +  y2=  ,  and  1  +  7/ =  .-. =  .-.  148y  ^  888 

3:  xy         X  xy 

148 
.-.  ?/  =  6 ;    then  1  +  y'^  =  1  +  36  =  37  =  .-.  37a-  -  148  .-.  a-  r:  4, 

and  (he  series  is  4,  24,  144  and  864 

23.  Let  X,  xy,  xy"^  and  xxf  represent  the  numbers  ;  Ihcn  x  ^-xy 
=  15  (i),  and  xy'^  +  xy^=  y\x  +  xy)  =  GO  (11).  Dividins;  (11)  by  (i) 
we  have  y^  =  4  .■.?/  =  +  2,  and  since  a-(l  +  y)  =  15,  we  have 
X  =  '3^,  or  y-f  =  5  or  -  15  ;  hence  the  numbers  are  5,  10,  20  and 
40,  or  -  15,  30,  -  60  and  120 

24.  Let  x?/',  ay  and  x  represent  the  number  of  dollars  they 

severally  had  ;  then  xy'^  =  x  +  135  (i),  and  xy"^  +  x?/  +  x  =  315  (11) 

135 
.-.  xy  -r  2x  =  180  (III).     From  (i)  x  =     ;,  _     ,  and  from  (tii) 

180  135  180  3  4 

X  -  ■ .-.  -5 r  =  .•.  -B r  =  — .-.  4?/2  -  3v  -  10, 

(/-I-2       y  -  I       7/+2       y^-1       y  +  2  ■'         •'  ' 

180  180 

whence  ?/  =  2  or  -  ^  ;  hence  x  = =  i|c  -  45^  qj.  ^  .,        _ 

180  ^  "^ 

=  -^  =  240  ;  hence  the  shares  were  $180,  $90  and  $45. 

Taking  the  negative  value  as  above,  gives  us  x  —  $240,  and  the  shaces 
would  be  $375,  -  S300  and  S24u,  which  implies  that  the  second  receives 
$300  less  than  nothing  for  his  share,  or  in  other  words,  instead  of  receiv- 
ing anything  he  gives  $300  to  be  divided  in  addition  to  the  $315  among 
the  other  two. 
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25.  Let  a;  =  the  first  number,  and  y  =  the  common  nitio  of  the 
1st  three  numbers  ;  then  the  numbers  are  x,  xy,  xy'^,  xn/  +  xy,  and 
xy''  +  2xy 

And  xy  +  xy^  +  (xY  +  xy)  +  (xy^  +  2x2/)  =  3xy^  +  4xy  =  40  (i)  ; 

also  a-?/(x?/^  +  2a;?/)  -  xV  +  2xh/ =  64  (ii).     Multiiilying  (i)  by 

xy  and  (ii)  by  3,  and  subtracting,  we  have  2x^y'^  -  192  -  40xy 

.-.  x'-y-  +  20a-!/  =  90  ;  whence  xy  =  4  or  -  24.     From  (i)  xy(3y  +  4) 

40 
=  40  .-.  3y  +  i  =  —  =  V  =^  10  .-.  3y  =  G,  and  y  =  2  .-.  x^  2; 
xy 

hence  the  numbers  are  2,  4,  8,  12  and  IG 

26.  «  =  a  +  (a  +  b)r  +  (a  +  2byr^  + {«  +  (n  -  ])(!»}/"-  ^ 

Sr     =a?-  +  (rt  +  6)r2+ {ah  (ra- 2)6}r"- 1+ {rt  +  (7i- 1  )?>})■■» 


S  -  ,S-/-  =       rt  +  ^/-  +  br^  +  6?-=*  + 6?-" - 1  -  {a  +  (n  -  l)6|r" 

5(1  -  r)  =  a  +  -^-j-::^: ~  ^'^  +  <^"  ~  ^^^5'"" 

fl  6r(l -r"-!)       {g  +  (n  -  l)b}?-" 

^  =  r^"T-  ■*"        (1^ r)''       ~  1-r        ~ 

o  -  {a  +  (n  -  1  )6};"      6r( I  -  ?•"  " i) 

2'7.  (i)  «'-'  +b--hc~-  (a  -b  +  cf  ^  a^  +  V^  +  c^ -  (a2  +62+  ^Z) 
+  2ab  +  26c  -  2iic  -  2ab  +  26c  -  2ffc  =  2a6  +  26c  -  26^,  (since 
ac  =  l^)  =  26(a  +  c  -  6).  Now  («  +  c)^  -  6^  =  a^  +  2ac  +  c^  -  6^ 
=  a^+  262  +  ^.2  _  52  _  f,2  4-  /,2  4.  (.2  a  positive  quantity  .-.  (a  +  c)2  >  62, 
and  .-.  rt  +  c  >  6,  and  .•.  a  +  c  -  6  is  a  positive  quantity,  and 
.-.  26(a  +  c  -  6)  is  positive,  .-.  a-  +  b~+  c'-  (a  -  6  +  c)2  is  positive, 

.-.  a2  +  ^2  +  c2  >  (a  _  6  +  c)2 

(n)  (rt  +  6  +  c  +  df  =  (rt  +  6)2  +  (c  +  rf)2  +  2(a  +  6)(c  +  d)  ;  but 

a       6        c        cr+6     6+cc+ti       (a  +  6)(c  +  d)       (6  +  c)^ 

6~c~rf''6~c''d'*  bd  ~        c2 

6rf 
.-.  (a  +  6)(c  +  i)  =  -2(6  +  c)2  =  (6  +  c)2  •.•  6rf  =  c2 .-.  (rt  +  6  +  c  +  d) 


2 


=  (a  +  6)2  +  (c  +  </)2  +  2(6  +  c)2 
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28.  (i)  (p  +  <?)"'  tcnn  =  ar^*'^-'^  ^  in 

(/>-(;)"' term  =  flr''-'-i  =  7J  

2y  1        /  "  \  ■■'1 


aiP  +  Q-i                m                /  m  \^i  1       /  n 

(n)  A1.50  — ij^raTi  =  /.i?  =  —  .-.  7— )       and  --  =     — 

arv*i--^      m  1  /  n\ 

.-.  tlic  rt"'  term  =  (//^'i  =  ii —  =  — -  =  7Ji  x  —  =  7;i    — 


■19.   Let  .r,  .7?/  .111(1  .r.v^ represent  the  numbers  ;  tben  .r  +  xy  +  x\/ 

-  :;r>,  and  xy  :  xj/-  -  x  ::  2  :  3  .-.  y  :  i/  -  1  : :  2  :  3, 
or  3y  =  2)/^  -  2  .-.  2y'^  -  3i/  =  2,  whence  y  =  2  or  -  i 
.-.  X  -^  xy  ■{■  xy-  =  X  +  2x  +  Ax  =  1x  =  35  .-.  x  -  5  ;    ov  x  +  xy  +  xy- 

-  X  -  Ix  +  i.r  -  ija:  =  35  .-.  x  =  ^''-^  =  465,  hence  the  numbers  are 
5,  10  and  20  ;  or  405 ,  -  23^  and  11 1 

30.  Lei  a-,  .r</ and  rri'epresent  the  digits;  then  l(iOx+Wxy  +  xy- 

=  the   number,   and  x  ■{■  xy  +  xy'^  =  sum  of  its   digits  ;    then 

100.1-   +    lOx-iy   +   xy-    :    x   +   xy    +  xy'^    ::     124    :    7,    that    is 

100  +  lOi/  +  y^ 
100  +  lOy  +  r  :  1  +  2/  +  r  :•■  124  :  V,  whence       ^  ^^  ^  ^  ^r" 

121  99  +9y  117  11  +  2/  '•'^ 


•••    Art.    lOG,    Y-:—-—i  -  ^  ,  or 


-  ^  .  .  ^...  1V.U,  J  ^  ^  ^  ^-i  -  7  '  "'  I  +  2/  +  7/  ~  7 
.-.  77  +  ly  -  13  +  132/ +  132/')  or  132/^+  Ci/  =  (34;  whence  y  ^  2. 
Also  lOOx  +  10a:.!/  +  xy~+  594  =  100a.-2/'+  \Oxy  +  x  ;  or  99x  -  OOxy- 
=  -  594  ;  or  x  -  ta/  =  -  6  ;  or  x  -  43:  =  -  6  ;  or  -  3x  -  -  6  .-.  x  =  2, 
hence  lOOx  -l-  lOxi/  +  xy'^  =  248,  the  number  required. 


Exercise  LXI. 

1.  (i)  ^.5.  =  7,  5,  3  ;  hence  d  =  -2  .-.  13,  11,  9,  7,  5,  3,  1, 
-1,-3  inverted,  give  H.S.  -,V,  -,',-,  -^,  y,  b",  i,  1,  -  !>  -  J 

(II)  J.S.  =  18,  14,  10  ;  heuce  d^-  4  .-.  30,  2G,  22,  18,  14,  10, 
C,  2,  -  2  inverted,  give  H.S.  -/j,  -}^-,  -i-i,  u;  -h,  Ar.  h  h  -  i 
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(III)  J.S.  =  2,  4,  G ;  hence  d=2  and  -4,-2,  0,  2,  4,  6,  8,  10, 
12  inverted,  give  H.S.  -  i,  -  i,  cc,  i,  i,  i,  i,  -i\,-,  vv 

(IV)  J.S.  =  -,\-,  -j\,  -{-^  ;  hence  cZ  =  -i\  and  -  s  J,  -  } 5,  -  -,\-,  -jV, 
h,  H,  n,  ?5  and  fi  inverted,  give  iJ.S.  -  if,  -  H,  -  2,  14, 
15^    14    Xi.   ii  and  J  A 

^a)    17)    26)    3  3    "■""   4  1 

(V)  J.S.  =  V)  f,  -  I  ;  Iieuce  d  =  -  |  and  ^,S  ^,  ■l6^  V,  h  -  h 
-  JgQ  and  -  y  inverted,  give  H.S.  =  ^j,  ^S  -S^,  i\,  li,  -  I3,  -  i, 

_    5  J5. 

"17!         ■•!  •'. 

(vi)  ./?.5.  =  -  2,  0,  +  2  ;  hence  d=2;  then  -  8,  -  G,  -  4,  -  2,  0, 

2,  4,  C,  8  inverted,  give  H.S.  =  -\,-\,-\,-  5,  cc,  I,  I,  I,  i 

1  _  1 
2.  (i)  Insert  3  J.  means,  between  I  and  \.     Here  d  =  ^  _  ^ 

-  i 
~  ~4 
and  .-.  //.S.  =  2,  ft,  1^  I,  f  =  2,  2^-,  2|,  21,  3 

(II)  Insert  3  J.  means,  between  I  and  |.     Here  cZ  =  ^-~^ 

=  ^  =  -  -/o  ;  hence  J.S.  =  \*,  I',  i?,,  H  and  f2,  and  invert- 

ting  these  we  have  H.S.  =  5,  5-i%,  5|,  C,-»i-  and  7  1  _   i 

(III)  Insert  3  J.  means,  between  -/f  and  h-     Here  (Z  =    g  _  j 

=  ^=h;  hence  ^.5.  =  W^,  ^,  -^3-,  ^,  H)  and  inverting  these 
we  have  H.S.  =  11,  6?,  4?,  3i,  3  ^        ^ 

(IV)  Insert  3  ^.  means,  between  ^  and  ^2.     Here  </  =  -5  _  j 

=  ^'  =  -  -,\%;  hence  ^.S.  =  ?f|,  f |J,   ?SI,   fr^,  ^5I  and 
inverting  these,  we  have  H.S.  =  2^  +  2  /J\,  +  2  "iV^f  +  2  ^7^  +  3f 


~  "  -  5^)  hence  J.  series  =  ^,  ^,  M)  'lii  •/•f  =  2)  U)  T2")  h  h 


1  _  i 

7  6 


5.        ' 


(v)  Insert  3  J.  means,  between  |  and  -  |.     Here  d  =    g  _  ^ 

r-  ^  -  -  §  ;  hence  ^.5.  =  i  -  g,  -  |,  -  Y>  -  Y)  and  inverting 
these,  we  have  H.S.  =  6,  -  2,  -  f,  -  i\-,  -  | 

3.  Corresponding  J.S.  =  §,  1,  |.     Hence  d=  "^■,    5'h  terra  of 
J.S.  =  l  +  (5-l)l^t+  '/  =  V.  hence  S'"  term  of  i/.^f.  =  f^-; 
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ll'i>  term  ofJ.S.  =  I  +  {11  ~  1)1  =  i  +  ^^  =  \^ ;  hence  ll'"  term 

3a  3/1-1 

of  H.S.  =  ^^- ;  Ji'h  term  of  ^.S.  -  §  +  (a  -  1)1  =  g  +  y  -  5'  =  — ^  ' 

5 

hence  n"'  term  of  H.S.  = — 

371  -   1 

4.  Of  corresponding  J.S.  -jAj,  -^g,  -1^^  the  6*^  term  -  -i';j-  +  (6  -  l)-,^^ 

=  1^  +  tV  -  ^;    lO'*"  term  =  -?,  +  (10  -  i)a_  =  ^  +  ^  .  la,  and 

7J  2  +  w 

7i<i'  term  =  -,'j  +  («  -  l)i'j  =  A"  +  J^  "  "iV  =  ~1^  •'•  required  6^\ 

13 

lO'h  and  «">  terms  of  H.S.  =  1|  ;  l-i-  and  — r^ 

5.  Of  the  corresponding  ^.S.  10,  12,  14,  the  4"»  term 
-  10  +  (4  -  1)2  =  16,  and  the  8"i  term  =  10  +  (8  -  1)2  =  24 
.-.  the  4">  and  8«'  term  of  the  H.S.  =  -i-  and  A- 

1  —  4         :f 

6.  Insert  2  ^.  means,  between  i  and  1.     Here  d  -  -  —  -  —  =^  5 

hence  ^^.-S.   =   J  +   ^   +  3  +  J,  and   inverting  these,  we  have 
i/.-S.  =  4  +  2  +  lJ  +  l;  hence  unknown  terms  are  2  and  I3 

'?.  Of    the     corresponding    jl.S.     — ,     -j-,     the     8"^     term 

1  /11\1         7         7         76        7a -66 

^  --  +  (8-l)-7--~H  —  +  T--  —  =  T  -—  =  J —  ; 

a      ^  V  **/        **         "         "         "        ''  at)      ' 

ab  1  /  1       1  \ 

hence  8*  term  of  H.S.  =  .^^  _    ,  ;  jjth  term  -  —  +  (ft-l)f-r--  —  j 

1  /I        1\        1        1        2        1        n       n      2-71     n-  1 

a         \bajbaabba         a  b 

b(2  -n)  +  a(n~  1)  ab 

nth  term  of  H.S.  = 


ab  ••  -^i'"  "i  ^^..j.       i(2 -?0 +a(?t- 1) 


2ab  m^  —  n^  m''  —  n^  1 


+ 


m  +  7J       7/1  — n  •//I''  -  7r 

9.  A.M.  =  i(a  +  6)  =  J(4  +  9)  =  'a^  ^  6|  ;    G.M.  -^ab--  VTx^ 
—  2ab         2x4x9 


.V 
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=  cr  -  2ac  +  c-  + 


10.  J.M.  -  K6  +  -li)  =  J  of  10^  -  5-,V ;    G.M.  =  ^/H  x -i'^  -  V^& 

2  X  6  X  4,V        50 

r.  .    rj  M =  =  3,0 ,a  =  4:..fi 

-  J,  M.M.-      g^^i        -  jQ,   -    51        *bl 

11.  a:c::a-b:b-c  .'.ab  -ac=  ac- be  .-.  2ac  =  ab  +  bc-  b(a  +  c) 
-.6= .-.  26^  =  2    -— )    .•.a^  +  t--2i^  =  «-  +  c''-2(~~; 

^— -— -^L  =  a  positive  quantity  if  a  and  t  iuivo 
like  signs  .-.  a?  +  c-  >  26^ 

12.  6  =  ^(a  +  c),  and  mb  =  V^^c;   substituting  the  value  of  i, 

we  have  —(a  +  c)  =  V«^'  ■"•  ":^("  +  0^  =  «c  .-.  m'''(tt  +  c)^  =  4ac, 

4ac 
and  dividing  each  by  a  4  c  we  get  v^{a  +  c)  =  i;rT~c'  ^"*^  "^  +  c  =  26 

4ac  2ac  ,    .,  .      ,      ^^  „ 

.-.  26m2= ,  or6»i^=  — —  ;  hence  Art.  261,  hm'-  is  the  HM. 

between  a  and  c  .-.  a,  6»i^  and  c  are  in  H.  Prog. 

13.  Let  a,  6  and  c  be  any  three  quantities  in  H.  Prog.,  and 
let  X  be  the  quantity  which,  when  subtracted  from  each,  leaves 
remainders  in  G.F. ;  then  ((/  -  x){c  -  x)  -  (b  -  xy\  that  is 
uc  -  ex  -  ax  +  x'^  -  b^  ~  2bx  +  x'^  .-.  2bx  ~  ex  -  ax  =  b"  -  ac 

.    r   =    —, ;     but  since   a,   b   and   c   are    in    II.P., 

'  '  2b  —  e  -  a  '  ' 

a  :  c  ::  a  -  b  :  b  -  c  .-.  ab  -  ac  =  ac  -  be;   ab  =   2ac  -  be 

■    c  -  r.     Substitute  this  for  c  in  the  above  value  of  x. 

2a  —  0 

2ab^  -b^-  d^b 


2a  -  b 

and  we  have  x  -  ™.»«^^  =  ^.^_.^^^.^^.,._^.^™  ^ 

2ab''-    b^-a'b      h{2al-h^-a^)       b 


X  -  ^ 


iab  -  2b''  -  2u?       2(2.t6  -  6^  -  <£'■)        2 


~  I  of  middle  term. 
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14.  J.M.  -  i(u  +  b),  and  G.M.  =  V'^  •••  K«  +  b)+'j7ib^l6  (i) 
and  |(a  +  b)  -  ^Jab  -  4  (n).  From  (i)  a  4-  2'/ab  +  6  -  32 
.-.  ^Ja-T  -^b  =  ±  4V2.  From  (ii)  a  -  2^Jab  ^  b  =  %  .-.  V<'- V^  =  i  2V^ 
.-.  2V"  =  i  G\/2,  whence  a  =  13  ;   and  2V6  =  i  2V2,  whence  6  =  2 

2ab  4b 

15.  J.M.  =  i(a  +  b),  and  H.M.  =  ~-^  .-.  ^(2  +  ^^  =  ¥  x  ^Tl 

=  TT^77  •••  28  +  146  +  146  +  762=  josi  .-.  76^-  1006  =  -  28,  or 
14  +  76  ' 

2500-196 

=  +  V  .-.  6  =  14  or  ? 

2a6      -  2a6 

16.  a  +  b  =  30,  and  -—-7;  =  13J   .-.  -.^  =  13J   .-.  2a6  =  400 

a-'+  2a6  +  6'-'=  900,  and  4a6  =  800  .-.  a^-  2ab  +  b'^-  100,  ora-6  =  +  10 
rt  +  6  =  30,  and  a  -  6  =  ±  10  .-.  2a  =  40,  or  20  ;  a  =  20  or  10 
26  =  20  or  40  .-.  6  =  10  or  20  .-.  the  numbers  are  20  and  10 

17.  a  -b  =  16|,  and  V«6  =  9,  since  the  G.M.  between  the  A. 
and  H.M.  of  a  and  b  =  G.M.  between  a  and  6,  (see  Art.  261) 
Then  a--  2a6  +  62=  A2|5^  and  ab  -  81  .-.  4a6  =  324;  d^-¥  2ab  +  6^ 
=  m^  +  324=  2|ga  ...  a  +  b  =  "4-.  Hence  a-b  =  «/,  and  a  +  6 
=  ^/  .-.  2a  =  s^'-  .-.  a  =  V  =  20i ;  26  =  3^3  =  8  .-.  6  =  4 


EXEBCISE  LXII. 

1.  Fg  =  l-2-3-4-5-6=  720 

2.  (i)   F4  =  8-7-6-5  =   1680;    (n)   Fg  =  8-7-6-5-4-3  =   20160; 
V,  =  l-2-3-4-5-6-7«8  =  40320 

3.  We  are  to  find  the  permutations  of  13  letters  of  which  5  are 
lis,  4  are  6's,  and  3  are  c's  \ 

\n  l-2-3-4-5-6-7-8-9-10-li'l2'13 

Then  iVr.  ^^-^  =     i.^.g.^..,  ^  ^.o.3■4  ,  1  2.3     =  360360 
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4.  Fi2  =  l'2-3-4"5-6-7-8-9-10'll-12  =  whole  number  of  changes 

1-2-3-4-5G-7-8-9-10-11-13  ,  .  , 
1  --'n-io^ ~  49896   =  number   of   days   required 

=  136  years  222  days. 

5.  Fg  =  n(«  -  l)(n  -  2)(7i  -  3)(m  -  4),  aud  V-j  -  n(n  -  !)(«  -  2) 
Thea  w(?i  -  l)('/i  -  2)('/i  -  3)(n  -  4)  =  6  x  7i(n  -  l)(n  -  2) 
.-,  (/I  -  3)(tt  -  4)  =  6  ;  that  is  n^  -  7«  =  -  c,  whence  n  =  G 

G.  r,  0  =  l-2-3-4-5-6-'7-8-9-10  =  whole  number  of  days 
,•.  l-2"3-4'5-G'8'9-10  -  518400  =  number  of  weeks  he  liad  to 
board  them,  and  since  board  is  worth  $5  per  week  for  one  per- 
son, it  is  worth  $50  per  week  for  10.  Hence  total  value  of 
board  =  $50  x  518400  =  $25920000 ;  and  $25920000  -  $5000 
=  $25915000  =  loss  when  the  $5000  is  not  paid  till  the  expira- 
tion of  the  term  of  the  board.    And  amount  of  $5000  at  6  per  cent, 

3628800 
for  -,        years,   i.e.   for   9935-112   years  =   5000(1   +   rl) 

=  5000(1  +  596-112)  =  5000  x  59M12  =  $2985533-60. 
Hence  his  loss  when  the  $5000  is  paid  at  once,  and  put  -out 
at  interest  until  the  expiration  of  the  term  =  $25920000 
-  $2985533-60  =  $22934466-40 

1.    r„=  15-14-13 (15-?t-1- 2)(15-/i+  1) 

and  Vn.i=  15-1413 {15  -  (;j  -  1)  +  1};  then 

15-14-13 (15 -?i+2)(15-?i+l)=:  15-14-13 (15-Jif  2).x  10 

.•.  cancelling  same  factors  of  both  sides,  we  Lave  15  -  n  -h  1  =  10 
.-.  n  =  Q 

8.  (i)  Permutations  of  14  letters  whereof  2  are  o's,  3  are  «'s, 
l^  1-2-3-4-5-6-7-8-9-10-1M2-13-14 

and  two  are  t'a  =   j^-j^  -  1-2x1-2-3x1-2 ' 

^  3632428800 

(ii)  Permutations  of  1 2  letters  whereof  5  are  fs 

\n        l-2-3-4-5-6-7-8-9-10-ll-i2 

fe  ^  ^  ,  ^„  ■  .,  - — —  =  3991680 

\p  l-2'3-4-5 
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(III)  Permutations  of  8  letters  whereof  4  are  o's 
l«        1-2-3-4-5-6  ^-8 

(iv)  Permutations  of  13  letters  whereof  3  are  o's  and  3  are  m's 

|«  1-2-3-4-5-6-7-8-9-10-1M2-13 

=  — = —  X  ,-7r^ — 7-irz =  172972800 

I;,    \q  1-2-3  X  1-2-3 

9.  (0  Permutations  of  7  letters  of  which  2  are  a's 

I'i        1-2-3-4-5-6-7 

=  If  =  — 1^  =  "'-» 

(ii)  Permutations  of  13  letters  whereof  2  are  o's,  2  are  n's, 
I^          1-2-3  4-5-6-7-8-9-10-1M2-13     ^ 
and  2  are  f  s  =  ^^  =         '     1-2  x  1-2  x  1-2 ^  ^'''^'''' 

(III)  Permutations  of  7  letters  whereof  2  are  t's  and  3  are  o's 
1^  l-2-3-4-r)-6'7 

~     \p    \q    ^    1-2  X  1-2-3    ~  ^^*^ 

5n/5n       \  /Sn       \      2n /27i       \  /2n       \ 

''5)1  -  2\  /571  -  4\         290«  /2rt  -  3\  /27i  -  6 
Ln' 


or  \(5n  -  2)(5n  -  4)  =  "':^j%2n  -  3)(2n  -  6)  ;  or  135(25/1^ -  30n  +  8) 
=  2320(2?i''^  -  9n  +  9)  ;  or  253n2  -  33667i  =  -  3960,  whence  n  =  12 


Exercise  LXIII. 

10-9-8  10-9-8-7-6 

1-  0)     ^3    =     -y:^   =    120  ;     (II)     C,    =    -^^727^:^5   =   253  ; 

10-9 


(III)  c. 

-C,=     J.2   =45 

2.  (I)  C, 

15-14-13-12-11       ^^^^ 
=        1-2-3-4-5         =''''■' 

(II)  C, 

15-1413-12-11-10-9 

—      (* 

1-2-3-4-5-6-7 

(lu)  C, 

^        15-14-13        ^^^ 
^^^3=     1.3.3       =455 

I 
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12-1M0-98  _ 
3-    ^5  =      1  2-3-4-5      ~   '^^^ 

4.  Whole  number  of  combinations  of  2«  things,  1,  2,  3,  4, 

&c.,  ...  2n  together  =  2-"  -  1  ;   similarly  the  whole  number  of 

combinations  of  n  things,  1,  2,  3,  4,  &c.,  . .  'ii  together  =  2'^  -  1. 

227T.  _  I  2'-^  _  I 

Then  2="  -  1  =  (2"  -  1)  x  513  .-.  "^n— y  =  513 ;    or  since  -3^:^]; 

■  =  2"  +  1,  we  have  2"  l-  1  =  513  .-.  2'*  =  512,  and  .-.  by  inspection 

n=  8 

36-35-34-33-32 

5.  d)  C,  =  — rirwir^ —  =  439824  =  No.  of  dififerent  selections 
\  /     o  1-2-3-45 

(11)  Taking  away  one  man  from  the  36  there  remain  .T5,  and 

35-34-32-31 
these  combined  together,  4  and  4  give  — r  ^.v,  j —  ~  52360  com- 
binations to  each  of  which  the  reserved  man  must  be  attached. 

6.  Number   of  combinations   of  21    consonants,   4  together 

21-20-19-18 
=  — ,  ,.  o  .. —  =  5985  ;  also  number  of  combinations  of  5  vowels, 
1'2'3'4  ' 

5-4.3 
3  together  =  yToT^  ~  ^^-     Hence  there  can  be  formed  5985  x  10 

=  59850  different  sets  of  seven  letters,  each  set  containing  four 
consonants  and  three  vowels.  But  each  of  these  59850  sets 
can  be  permutated,  1-2-3-4-5-6-7  =  5040  ways,  each  forming  a 
different  word  .-.  the  required  number  of  words  =  59850  x  5040 
=  301644000. 

1.  The  different  arrangements  of  9  of  the  persons  while  the 
tenth  remains  fixed  =  9-8-7-6-5-4-3-2-1  -  362880  =  whole  number 
of  different  arrangements  of  the  ten  persons,  so  that  no  one  has 
the  same  neighbours  in  any  two  cases.  But  one  half  of  these 
arrangements  will  be  similar  to  the  other  half  if  the  position  of 
neighbours  on  the  right  and  left  hand  sides  be  not  regarded 
as  making  a  difference.  So  that  if  j1  is  said  to  have  the  same 
neighbours  in  the  arrangement  BjIC  that  he  has  in  the  arrange- 
ment CJIB,  then  the  correct  answer  will  be  ^  of  362880=  181440 
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n(n  -  l)(n  -  2)(ra  -  3) 

8.  n(n  -  l)(/i  -  2)  :  -^^ ~T-2~'3-4  '•'■  ^  '■  ^  ■'■  ^^'"^^^' 

71-3 

ling,      ^     =  ],  whence  n  =  7 

9.  n(«-  l)(H-2)  ....(«-;>  + l)=107i(«-l)(»i -2)  ....  (n-p  +  2); 

or  dividing  each  hj  n(n  -  l)(?i  ~  2) (n  -  p  +  2),  wc  get 

n  -  jp  +  1  =  10  .-.  71  -  p  =  9  (i).     Again 

n(n-il)(ra-2) (vj-p+l)  _  n(n-lXn-2) . ,  .(n- p  +  2) 

P  \p- 1 

or  multiplying  each  side  hy  \p  -  I  wc  have 

7i(re-  !•)(«- 2) («-p+l) 

^ -. =  fn(n  -  !)(«  -  2)  ....  (n  -p  +  2), 

and  dividing  each  side  by  n(n  -  l)(w  -  2)  ....  (n  -  p  +  2),  we 

n  -p  +  1 
have  =  '5  ;  or  3n-  3p  +  3  ~  5p  .-.  3>i  ~  8p  -  -  3  (ii). 

Now  multiplying  (i)  by  3,  and  subtracting  from  (ii),  we  have 
5p  =  30  .-.  p  =  6,  and  similarly  ra  =  15 

10.  1-2-3 (n~l)  =  In_;^l,'  dr  i!n_3j.  according  as  BJC 

and  CJB  are  regarded  as  different  or  the  same  arrangement. 

„      ,  10-9-8-7-6    ■ 

11.  Number  of  5  flag  signals  with  10  flags  =  -  =  252  ; 

10-9-8-7 
number  of  signals  with  four  flags  out  of  10  =  — jt^t^t:  =  2l0; 

10'9-8  10-9 

numberwith3flags=    .      -  =  120;  number  with  2  flags  =  -y;^  =  45 

and  number  with  one  flag  =  10.     Therefore  whole  number  of 
signals  =  10  +  45  +  120  +  210  +  252  =  637 

12.  There  are  in  all  nine  coins  and  they  may  be  combined, 
ally  number  together,  to  make  a  sum  ;  then  the  combinations  of 
9  things  1,  2,  3, 9  together  =  2"-  1  =  2''  -  1  =  512  -  1  =  511 
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Exercise  LXIV. 


(1  +  x)'^~  1  -y^  +  3: 


3-4  3-4-5  3-4-5-6 


=  1  -  3x  +  Gx^  -  lOa-3  +  I5x^  -  &c. 

2  2-3  2-3-4  2-3-4-5 

2.  (1  +  a:)-^  =   1  -  ya:  +  ^-a:"^  -  — ^T^x^  +  yT^y^  -   &C. 

-  1  -  2x-  +  3x'  -  42-^  +  5a*  -  &c. 

1  1-2  1-2-3  1-2-3-4 

3.  (1  -  2a0-i  =  1  +  y(2x)  +  — (2x)24-  ^..^.^Gxy^  ^iT^T^C-^y  +  --^C. 

^  1  +  2x  +  4x'^  +  8x3  ^  jg-j.4  ^  ^p_ 

5  5-6        ,     5-6-7         ,     5-6-1-8  ,    ^_^ 

4.  (1  - ix)-«  =  1  +  yC^x)  +  p^C^^y+Y:^^G^f+  Y^^rTA^'"^^ 

+  &C.  =   1  +  'Jx  +  \^X^  +  35a;3  +  3^5x4  +  &c. 

2  2'^  2*3'4  2'3'4"5 

5.  ( 1  +  3x)  -  ^  =  1  -  Y(3x)  +  ^2(2^)'  -  1^3^^-''^'  +  l^S^^^-"'^* 

-  &c.  =  1  -  6x  +  27x2  _  loSx^  +  405X''  -  &c. 

5  5-6  5-C-7        ,  .5-6-7-8       ^^ 

6.  (1  -  2x)  -  ^  =  1  +  ~{2:i)  +  — (2x)2  +  jT^3(2x)'  +  j-y^4(2x)* 

+  &c.  =  1  +  lOx  +  60x2  ^  ogOx^*  +  1 120x4  ^  &c. 

4  4-5  4-5'6  4-5-6-7 

7.  (I  -  X)-*  =   1  +  yx  +  -x^  +  j^^gX'  +  y^:^x4  +    &c. 

=  1  +  4x  +  lOx-^  +  20x=*  +  35x*  +  &c. 

1  1  l-f-l)  l-(-l)(-3) 

8.(1-  4x)^  =  1  -  -^(4x)  +  ~:^:j'(4^-r iT^.-^:^ (4-»0^ 

+  ^-^^^^,-  "?5"^\4x)-^  -  "fe*^-  =  1  -  2x  -  2x2-  4.^.3  _  lox*  -  &c. 
l-2-3'4'16  ^ 

o  2  2-5  2-5-8     ,       2-5-8-11     ^      „ 

9.  (i.+x)-'  =  i-Y'^+vVa^"- r2^3Tf^ r2^3^r  - ^'=- 

=  l-|x  +  Px«-Aflx3  +  ii5x4-&c. 

i  4  4C  -  1)  4(-l)(-6) 

4(^1)(  -  6)(  -  11) 
+  1-2-3-4-625         ^*^        ^^■ 

-   -l  -  jX  -  -jyY.X     —  -JyoO*  160000*  "'^* 
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?-r^3 


1  1  l(-2)  l(-2)(-5) 

11.  (l  +  ^xy  =  l  +  -3(^^^^"r2^^^'^^''^'~1^2^3^27~('^^ 
1(  -  2)(  -  5)(  -8) 

•^  1-2-3-4-81  a^)^  +  ^^- 

-  1   4.  Sr i-r^  4-  -iQ-T^ l!iCL_T4  4-  A-q 

-i+^X—  sjX    +2187'''  I9683'*'     T^  "'^• 

.,  4  4-9  4-9-14     ,       4-9-14-19 

12.  (i---)'^  =  i+y^-  +  i:^5^^  +  i:^I^/  +  H:3^4^5^' 

+  &c.  =  1  +  ^:i:  +  ^?x-  +  f^x^  +  i|?x*  +  &c. 

13.  (<T  -  x2)-3  =  }a(l  -  a-ix2)}-3  =  ^-^(i  _  w-V)"' 

3-4  3-4-5  3-4-5-6 

=  a-3{l  +  3a-ix-2  +  6a--x-*  +  lOa-^x"  +  ISa-^x"  +  &c.{ 
=  a-^+  3a-^x^+  6a-^x'^  +  IQcf'^x'^  +  15a  ""a;*  +  &c. 

14.  (a2  +  a;3)-i  =  fa2(l  +  o-3^3')j-i  ^  ,^-2(|  _  (j-2_^3)-i 

1  1-2  1-2-3  1-2-3-4 

=  a  ^{1  -  -{a  ^-x^)  +  —{a-'x^y-Y^^ici'Vy  +  j^^:3:^(a-2x3)4  +  &c.} 

=  (i-2(l  -a--x3  +  a-4j;6  ~a-^x'->  +  a-^x^^-&;c.) 
=  a-2-a-4j;3  +  a-6a;6  _«-s.r3  +  a-i"a;i- -  &c. 

f  2/    .1    i\         2-3/      1    T\2         2'3-4/    .J    i\3 

2-3-4-5  /    .1    i\i  ) 

:=  a-i{l  +  2a' ^x^  +  3a-ix^  +  4a" '^x  +  Ha'^x^  +  &c. } 

=  a-i  +  2a    "x' +  3a-2x^  4- 4a    ^x  +  oa'^x^  +  &c. 

1(3.   (rt-i-x'')^  =    {a-'(l-a-4x3)  j^  =  a'(l-a   *x^)^ 
a  2  2C  -  1)  2(  -  1)(  -  4) 

+  1-2-3-4-81         *■"     •'''       '^^•J 

=  a^{l  -  |a-*x3  +  la-  ?xG  -  /,-a-i2x9  -  ^7_a  -I6j;i2  _  &c.} 

8  .  i  10.  _28  .-la 

=  a^  -^a'  ''x*  -  Jya     ^  x^  -  -i^-a     ^  x"  -  ^l^a     ^  ^i^  _  &c. 
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17.  (rt^  +•  x-^-*  =  {«'(!  +  a-^x-'')\-'  =  «-i-(l  +  a-'x''^)-^ 

=  a-i2(i  _4a-^x-2+  i0a-ex--*-20«-9a;-s  +  35a-*2x-8  -  &c.) 
=  a-i^  -  4a-i''x-''^  +  lOa-i'a;-*  -  20a-2ix''5  f  SSa'^ix-"  -  &c, 

I  1  I  1-4  .2.  1-4-7  ^  .  ?- 

l-4-7'10  _4      „     , 

=  a'  ^'^"{l  +  Kflx)  "  '^  +  i (ax)  ' '^  +  max)  '  ^  +  ^'AC^^)  '  °  +  &c.} 
=  a"^^^'+ia"^%'^  +  la"^=x'^+l^a^x~'^  +-2\V'i^x'«  +  &c. 

19.   (a2,„   -  J)'^     =      {  a2/«(l    -   a  -  2,ft  -  %0  }  "  ^ 


(l  -   a-^w    1x0' 

In  •  ./i\2  /      k\^ 


i.    .U  2  /  x^  \         "  _2^  / x^^  2-5-8    /^ 

'^^+yVw     "*"    r2^UW     "''    l-2-3-27Wm 


=  a    '7/1 

1   \    i 


2-5-8-11   /  x^* 


4      5         2 /xK     5/    X    \     40/  x^  \     110  /  x2  \ 

4  "  10  S     1  L6.      _a  .22       _  J.J-    3 

=  a'^m'^  +   I   a"  ^ '»    *x^    +  §a     »  »i    ^x  +  |-^a     *  wi     ^  x^ 


_  2.a    -li 


20.  (a  +  x-^y>    =   [a{\   +   a-^x-^)}*    =    a^{\    +   a'^x-^)* 

f  VJLA         2(  -   3)  /  1  Y       2(  -  3)(  -  8)/  1  N^ 

-  a5{l  +  g[^,2_j.ij   +      1.2.25     yax^J    "*"        1-2-3-125       \ax- 

2(-3)(-8)(-13)/  1   \\    .     , 
+  l-2-3-4-^^5—  (,^j    +  ^^-J 
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O 


21.  (a  -   bx)~  ^   =  {(7(1  -  «-i6x)}"  ^   =  «■  ^(1  _  a-i6x)  "  ^ 
-i  ,     l/*^>      13  /^^\^     1-3-5   /bxY     1-3-5-1    /bx\^ 

.1  l/&.r\        3/F-x''\         5  /b'V\         35  /6*x4\ 


Exercise  LXV, 

,     ^       ,  „  ,,        ^    ,      w(n  +  l)(n+2) (n  +  r-1) 

1.  Gen.  term  of  (1  -  x)-^  =  -^ ~ -, i . — :,.r 

r 
3-4-5----(2+r) 
=  j x' 

(ii)  Since  general  term  =  the  (r  +  l)th  term  =  6*  term  .-.  ?•  =  5 

3-4-rv6-7 
Hence  6^^  term  =  iToToTTTk^'  =  21x5 

2.0)Gen.termof(l+x)-^.(-17x"^"^^^^"^[^^-^"-^^-^V 

4-5-6 (3  +  r) 

-(-lyx T-!^ -x"- 

(ii)  Since  general  term  =  6th  term  =  (1  +  ?-)tli  term.  .-.  r=5 

4-5-6-7-8 
Hence  6tli  term  =  (-  1)''  x  x^  =  _  56x' 

3.  (I)  General  term  of  (1-x)"^ 

^  p(p   +   q)(p   +    2q)    {P    +    (r   -    l)g] 

'^      ^  Irxq''  ^ 

2-5-8 (3r-l) 

=  (  -  1)'  X     — -^- -x^ 

^        '  |r  X  3*^ 

(ii)  Since  general  term  =  (r  +  l)tb  term  =  Gtt  term  .-.  r  =  5 

2-5-8-1M4  308 

Hence  6th  term  .  (  -  I)'  x  -— ^-^^,;.  =  .  ^-,. 
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4.  (i)  General  term  of  (1  -  x)^ 

^        ■^  \r  X  q^ 

41-(-2)----(7-3r) 

'-  4-l-(-2)(-5)(-8)   . 

(II)  As  before  r  =  5  .-.  6th  term  =  (  -  1)»  x  — 1.2-3-4-5-243 — ^' 

=   (  —   1)   X  —  Y2TjX      =    7-2  U-*- 

5.  (i)  General  term  of  (1  +  a;)" ^ 

,    ,,,    Kp +  ?)(;>  + 29)- •••{p  +  (r-i)?}  ^ 

=  (  -  l)"^  X    1 z X^ 

7-9-12 (5  4-2r) 

=  (  -  l)*"  X 1 ^^ x' 

^        ■'  r  X  2"^ 

'-  Y-9-ll'13-15 

(11)  As  before  r  =  5  .-.  6th  term  =  (  -  1)"  x   i.2-3-4-5-33^^ 

2  5  6  ■'■ 

_  a 
G.  (i)  General  term  of  (1  +  x)    * 


P(p  +  </)(/>  +  2g) {p  +  (r  ~  1)(?} 

|r  X  g"" 


=  (  _  l)'  X  '-- '-'-^ ^-^ '■ -—x^ 


8-11-14 (5  +  3/-) 

-(-^y- li^ry- — ^'■ 

-  8-ll-14'ir-20 

(11)  As  before  r  =  5  .-.  6th  term  =  (  -  1)«  x    ^.^.g.^.^.^^gX^ 

7.  (rt-x)    1  =  {a(I  -  rt-ia:)}-^  =  a-^l  -a-'^x)-'^ 

7i(/i+l) (»i  +  r-l) 

.-.  (i)  Gen.  term  of  (a  -  x)'^  =  a'^  x  r: (a-ix)' 

1-2-3 r  7 

(11)  .-.  6th  term  =  a"  ^x^ 

fi  c  p     /  *»•  \    fl 

8.  (a  +  ixy  =  {a(l  +  ia-ix)p  =  a^ (l  +  -  ) 

(i)  .-.  Gen.  term  of  (a  +  5x)5 

^      P(P  -  g)(P  -  2g) {?-(>•-  l)g}  /  a^  Y 

-  '^    ^  [r  x  5'-  \2oy 
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d       61(-4)(-9)-'-'(ll-5r)  /  x'-N 

fi       6-1-4 (5r-ll) 

=  (-irxa^x  ^, a-'-x'- 

-  9  6-1-4-9-14         .    „ 

(11)    .-.    6th    term    =    (  -  1)^'  x  a'  x  ^.^.g.^.-.^Q^g"  "^ 

=  -  a"  X  —  ^juouj'*      •*"     -230000"        -^ 

9.  (i)Gen.termof(l-2x)--=^ ^ r: (2x)' 

2-3.4 fr+l)  2-3-4-'"r(r  +  1) 

=  ^ ^,- ■^2'-x'-  :.  ^.3.3..../ ^2'-x'-  =  (r  +  l)2'-x'- 

(11)  Since  general  term  =  (r  +  \ya.  term  =  5'b  term  .•.  r  =^  \ 
Hence  Sth  term  =  (4  +  1)2%*  =  5  x  16x*  =  80x* 

10.  General  term  of  (14;  5^") ''' 

KP  +  g)(P  +  2g)--  ••{;>  +  (>•  -  l)g}       , 
'  (  -  ^^^  ^^^  (^"^  > 

5-7-9 (3  +  2r)     2''x^''  5-7-9- •  •  •(3  +  2r)  „ 

'(-irx  Y^T^^^ x^^  =  (-irx ^3-,: r-^ 

5-7-9-11 
(n)  As  before  r  =   4   .-.   5th  term   =   (  -  1)*  x    ^..^.g.^.gjJ^ 

-i-iXjirt**'     "216**' 


11.   («-2  +  x"0   *=  {a-^(l+a2x"^)}     *  =  aHl+aV') 

_  "3      "6 

.-.  (i)  General  term  of  («"^  + x' ^) 

4  y(y  +  g)(p  +  2?)- •••{/>  +  (r  -  l)g}^       .jy 


i                      2-7-12-"-(5r-3)  ^    -?: 
=  a^x(-l)'.<  r— ^, a^x    » 


|r  X  5' 
jr  X  5*" 


2-7-12----(5r-3)  ,^^^,    -^- 

^(-1)'^^ — pr^-^ — '^  ^^ 

2-7-12-17  4    .8        119  11    .« 

00  •••5^'^term  =  (-l)*x^.3.3.^.g^.«^^--sx    ^  =  ^«  *  ^    •* 

1  1-2  _I  1.1-2  i_l-2 

12.  (a"'  -X    =>)     =  {a    '(l-a^'x    ^){     =  a(l  -  a*x    ^) 

«  - i  -i    '* 

,'.  (i)  General  terra  of  (a    '  -  x    ' ) 
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w(n+ l)(n+ 2)""(n  + r- 1)     .       ir 
=  a  X i^: (a*x-  ») 

ir  +  X     _i. 

=  (r  +  l)a='       X    a 

13.  r^o  =  1024       14.  r' =  128        15.  0"  =  0       16.  r"  =  4096 

17.  r    is   the   least  integer  equal  to  or  next  greater  than 

X  2 

(«  +  ^)^7^i  or  (4  +  l)fj:^.  or  5  X  ?  or  Yi  but  the  first  integer 

>  \f  is  4  .-.  the  greatest  term  of  the  expansion  is  the  4th  term 

=  32 

X  \ 

18.  r  is  the  least  integer  =  or  next  >(n-l)j ;  or(5-l) — - 

or  4x1;  or  4  .•.  r  =  4^h.  term  =  5*  term  =  4f 

19.  r  is   the  least  integer  =   or   next  >  (n  +  1) 


X 


or 


a  +  X  ' 
3 
(20  +  l)2':;r§ ;  o^  21  x  f  ;  or  ^5^  which  is  13  .-.  the  greatest  term 

is  the  13'J' term  =  125970  X  2«  X  312 

X  3 

20.  ris  the  least  integer  =  or  next  >(n- l)r ,  or  (7-1)— — • 

1-x  l-e' 

or  6  X  I ;  or  9  .-.  the  9th  term  =  ^JSlf?^  =  the  lOtt  term. 


EXERCISB   LXVI. 

1.  7x<35.-.  x<5  2.  16a; - 84 >  108,  or  16x>192  .•.x>  l:^ 
3.  4x<12.-.x<3  4.  4x+10>x-20;  3x>-30  .-.  x>- 10 
•  5.  ax  +  56x  -  Zab  >  a^ ;  ax  -  a'  +  56x  -  5a6  >  0  ;  a{x  -  a) 
+  56(x  -  a)  >  0 ;  (x  -  a){a.  +  56)  >  0  .-.  x  -  a  >  0  .-.  x  >  o. 
Also  bx  -  lax  +  lab  <  6'^,  6x  -  6'''  -  7«x  +  7a6  <  0,  6(x  -  6)  - 
7a(x  -  6)  <  0,  (6  -  7a)(x  -  6)  <  0  .-.  x  -  6  <  0  .-.  x  <  6 

6.  a^+  1  >a^+a,  according  a^+l>a(a+ 1);  orasa^-a  + l>a; 
or  as  o^  +  1  >  2a.  Now  if  a  =  1,  a^  +  1  =  2  =  2  x  1 ;  but  if  <t  >  1 
then  Art.  134,  a''^  +  1  >  2a  .-.  c^  +  1  >  a^  +  a.  anenrHinw  as  a  ^  1  ^ 
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7.  As  above  a^  +  1  >  a^  +  a^  if  a^  +  i  >  2« ;  but  Art.  134  for 
all  values  of  a,  except  a  =  1,  a^  +  1  >  2a  .-.  a^  +  1  >  a^  +  a,  when 
a  is  a  neg-ative  improper  fraction. 

8.  y +  — >2,  i{  a^  +  b^  >  2ab  ;  but  a^  +  ^2  >  2a6  by  Art.  134 

9.  Multiplying  each  by  12,  and  reducing,  we  have  7x  +  G  <  G.i- 
+  12,  and  7x-  +  6  >  6x  +  10".-.  x  <  6,  and  x  >  4  .-.  x  =  5 

10.  a^  +  b'^>2ab,Art.l3i;  also  a''  +  c^>  2ac,  SLQdb'^+ c^>  2bc. 
Then  by  addition  d^  +  b^  +  a^  +  c^  +  b'^  +  c^  >  2ab  +  2ac  +  26c ; 
that  is  2a^+  2b'^+ 2c''->2ab  +  2ap  +  2bc  .■.a'^+b'^+ c^>ab +  ac +  bc 

11.  a^>  a^-  (6  -  c)^,  since  (b  -  e)'^  is  necessarily  positive 
.■ .  or  >  {a  -  b  +  c)(a  +  b  -  c)j  these  being  the  factors  of  a^-{b-  c)^ 
similarly  b^  >  (a  +  b  -  c)(b  +  c  -  a),  and  c^y  {a-^c-  b)(b  +  c-a). 
Multiplying  unequals  by  unequals,  aWc^  >  (a  -  b  +  cy(a  +  b  -  c)'^ 
(6  +  c  -  a)- ;  extracting  sq.  root  abc >  (a-b  +  c)(a  +  b-c)(b  + c-a) 

13.  Let  b  =  a  +  m,  and  c  -  a  -{-  71,  a  being  the  least  of  the  three 
quantities ;  then  ab(a  +  6)  x  a(a  +  m)(2a  +  m)  =  2a^+  3a^in.+  airi^ 
ac(a  +  c)  =  a(a  +  n)(2a  +  n)  =  2u^  +  3a"»  +  an^ 
bc(b  +  c)  =   (a  +  m)(a  +  n)(2a  +  m  +  n) 
=  2a?  +  Za\m  +  71)  +  a(rn  +  ny+  mn(m  +  n) 
.-.  by  addition 

(i)  ab(a  +  b)  +  ac(a  +  c)  +  bc(b  +  c)  =  6a*  +  Qd\m  +  n) 
+  2a{m^  +  n^)  +  2ainn  +  mn(m  +  71) 

(II)  Also  Ga6c  =  6a(a  +  ??i)(a  +  7i)  =  Qd*  +  Qa?Qn  ■¥  n)  +  6amn ; 
subtracting  (11)  from  (i)  we  have  (i)  -  (u)  =  2a(7n^  -  2imi  +  n^) 
+  mn{m  +  n)  =  2a(m  -  nY  +  mn{m,  +  n)  ;  but  since  by  supposition 
a  <  b  and  <  c,  it  follows  that  7n.  and  n  are  positive  quantities 
.-.  2f/(»i  -  7i)-  +  7ft7i(m  +  n)  is  positive  .-.  ab(a  +  6)  +  ac(a  +  c) 
+  6c(&  4-  c)  -  6«6c  is  a  positive  quantity  .-.  a6(a  +  6)  +  ac(a  +  c) 
+  6c(6  +  c)  >  6abc 

(III)  Also  2(rt3  +  63  ^  c*)  =  20=5  +  2(a  +  ?/i)*  +  2(^«  +  71)^ 
=  Ga^  +  6a2(m  +  n)  +  6a(m'+  n^)  +  2(?n«+  ti^)  ;  subtracting  (i)  from 


140  KEY  TO  IKx.  Lxvi. 

(in)  we  have  (in) -(i)  -  4a(m''+n^)-2anm+2(7?i^  +  n*)-;nn(m-!-n) 
=  Aa(;ni'-2mn+n^)  +  8a>mi-2am7i+2(m+n)(m'-mn+')i^)-(m-^n)mn 
=  4a(7n.  -  ny  +  Gainn  +  (»i  +  n){2(m^  -  ttiti  +  n^)  -  mn} 
=  4a(Hi  -  ny  +  Gama  +  (m  +  7i){2{m^  -  2mn  +  n^)  +  mn} 
=  4a(?ft  -  ny  +  6a)nrt  +  (??i  +  n)\2Qn  -  n)^  +  mn}  which  as 
before  is  a  positive  quantity  •.•  a,  m,  and  n  are  all  positive 
.-.  2(a'  +  6'  +  c^)  -  ah{a  4-  6)  +  ac{a  +  c)  +  6c(6  +  c)  =  a  positive 
quantity  .-.  ab(a  +  i)  +  ac(a  +  c)  +  6c(6  +  c)  <  2(a'  +  Z-^*  +  c^) 

12.  3(1  +  a^  +  a*)  -  (1  +  a  +  a^^^  =  2  -  2a  -  2a^  +  20* 
=  2(1  -  a)  -  20^(1  -  a)  =  2(1  -  a)(l  -  a?).  Now  1  -  a  and  1  -  o^ 
have  the  same  sign  whether  a  >  or  <  i  .•.  their  product  is 
positive.  Hence  3(1  +  a^  +  a*)  -  (I  +  a  +  d^y  =  a  positive 
quantity  .-.  (1  +  a  +  a^)    <  3(1  +  a^  +  a*)  unless  a  =  1 

14.  xV  -  (ac  +  6(0'  =  (a'  +  6')(c^  +  d')  -  (ac  +  ftcf)'' 
=  aM^-  2abcd  +  b^c^  -  (ai  -  bey  which  is  necessarily  positive; 
unless  ad  =  be;  hnt x^y^ -  (ae  +  bdy  =  {xy+  (ae  +  bd)]{xy -(ac  +  bd)\ 

•■•  {^y  +  (^<^  +  ^'^)H^y  ~  (^'^  +  ^'^)}  ~  (''''^  ~  ^'^y  •'•  ^y  ~  (^'^  +  ^'^) 

=  '-T->  =c  a  positive  quantity  .•.  xy  >  ac  +  bd 

xy  +  ac  +  bd        ^  '■  J  ^ 

15.  Va^  -  6^  +  '\/2ab'^^np  >  a,  if  V2a6  -  t^  >  «  -  V«^^^^ 
or  if  2a&  -  62>a2-  2a'fv^'¥+  a?-  6^ ;  or  if  2a6 > 2a2_  20^/^"=^; 
orif6>a-Va^-&^;  or  ifV<^^^>a-6  ;  or  if  a^- J2>a2-2a!6+i^; 
or  if  2a6>  26^;  or  if  a>  & 

16.  Making  the  same  supposition  as  in  Ex.  13 

(i)  (a  +  6  +  c)^  =  (3a  +   ?7i  +  n)*  =    27a^  +   2'7«'(//i   +    n) 
+  9a(7)i  +  ny  +  (7a  +  n)* 

(ii)  27a6c  =  2ta(a  +  7?i)((i  +  ?i)  =  27a'  +  27a^(7»  +  ?i)  +  27apift 
(III)  9  (a^  +  6^  +  c^)  =  9  {a^  +  (a  +  m  )H  (a  +  r^)3}  =  2  7a«  +  2  7a='(rtt  +  -i) 
+  27a(m2  +  „2)  +  g^^jS  4.  ^s') 
.-.  (i)  -  (n)  =  9a(??i  +  ny  -  2lamn  +  (m  +  ny 

-  9a(m  +  ny  -  36a»m  +  9a?n7i  +  (in  +  ny 

=  da(m  -  ny  +  9ainn  +  (m  +  ny  ~  a,  positive  quantity 
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That  is  (a  -l-  6  +  c)'  -  2lal)C  =  a  positive  quantity 
.  .  (a+  6  +  c)^>  21abc 
Again  (iii)  -  (i)  =  2 1a(m^  +  it')  -  da(m  +  n)'  +  9(m^  +  ti')  -  (in  +  n)^' 
-  9a[3(»i^  -I-  71-)  -  (m  +  m)-}  +  (m  +  7j)[9(»i^  -  »»«  +  rr)  -  (m  +  w)-} 
=  9«(2«i-  -i-  2?r  -  2ni)i)  +  (;/i  -1-  ?i)(8«i^  -  7'ftn  +  8?i^) 
=  18rt(m-  -  mn  +  7i-)  -  I8amn  +  18a7ft?i  +  (m.  +  «){(8;n^  -  IGwi'!  +  8/r) 

+  9m«| 
=  I8a(m  -  «)^  I-  18am?i  +  (m  +  w)[8(ni  -  n)-  +  9m7i] 
=  a  positive  quantity 

That  is  9(r/  +  b^  +  c^)  -  (a  +  b  +  c)^  =  a  positive  quantity 
.•.  (a-hb  +  cy<9(a^+b^+c^) 

17.  (a  +  6)(6  +  c)(c  +  a)  ^  8a6c,  according  as 
a^b  +  ah'  +  a^c  +  ac^  +  6^c  +  bc^  ^  6a6c 

or  as   (at-  -  2a/)c  +  ac")  +  b{c^  -  lac  +  a')  +  c(a-  -  2a6  +  6-)  ^  0 

or  as  a(6  -  cf  +  6(c  -  a)^  +  c(a  -  ft)^  >  0 

But  a(6  -  cy  +  i(c  -  a)-  +  c(a  -  &)'-  >  0  unless  a  -  b  =  c 

.-.  (n  +  bXb  +  c)(c  +  a)>  8abc 

18.  Let     ;  ,  .-■ ^=wi;  thenx2  +  34a-- 71  =  7«a;2  +  2ma:  -  7/ft  : 

a.-  +  2a;  -  7  '  ' 

that    is    (ot    -    l)x^  +    2(.'?i    -    l7).r    =    7//i    -    71,    whence 

1 

X  =. r[l7  -  m  ±  i/8(7/i  -  6)(7?i  -  9)},  where  if  x  is  to  be  real, 

m  ~  5  and  m  -  9  must  both  have  the  same  sign  :  i.  e.  7ii  must 
be  >  9  or  <  5  .•.  the  given  expression  can  have  no  value  between 
9  and  5 

19.  First   -ir-, — ,   >  —,  if  3/r  -  3/i  +  3  >  71^  +  ,j  +  1 . 

Ti''   +    71    +    1  3  '  ' 

or  if  2/1^  -  4;i  +  2  >  0  ;  or  if  n^  -  2ii  +  I  >0  ;  or  if  i)'  +  I  >  2n  : 
but  n-  +  1  is  >  2/1  .-.  &c. 

71^-71+1 

Secohdiy   -17-, 7-7  <  3,   if  ti^  _  71  +   1  <  Srt'  +  3«  -f  3 ; 

•'     71     +   71   +    1  '  ' 

or  if  0  <  2/r  +  4;j  +  2  ;  or  if  0  <  11^  +  27i  +  t;   or  if  0  <  (n  +  l)^; 
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but  (;i  +  1)-  is  necessarily  positive  .-.  0  is  <.  (n  +  1)^  .".  &c. 
«2  _  n  +  1 
n^  +  71  +  1 


Hence  -5-; :-:;  lies  between  3  and  3 


NoTK.— If  n  =  1,  tbe  expression  =  J. 


Exercise  LXVII. 

1  -a;" 

1. =  1  +  a;  +  x^  +  x^+  &c.  •  •  •  •  to  n  terms  =1  +  1  +  1  +  1 

1  -a; 

+  &c.  •  •  •  •  to  «  terms  =  n 

(x  -  a)  (x^  +  ax  +  a^)     x'^  +  ax  +  a'     a'  +  a^  +  a^  _  3a^  _  3a 


(x  -  a)(x  +  a) 

X  +  a 

a  +  a 

11         1 

x^            «^ 

1 

1         11         1     ~ 
(x=  +  a=)(x'  -  a"") 

x^  +  a=        20!^ 

2 

(X  +  7)(x  -  5)       X  +  7 
(X  +  3)(x  -  5)  ^  X  +  3 

12 

(x-i)(x-3)       x+3 

..  ^^  ._,, 

'^^  (X-  0(J-'-2)       X-  2        -l\  ^ 

x(x^  +  6)  -  a(x2  +  6)       (X  -  «)(x2  +  6)  _  x2  +  6       a^  +  J 
^-  x(x  -  tt)  +  ¥(x  -  a)  ^  (X  -  a)(x  +  6^)  ~  x  +  6^  ""  a  +  ft: 

a(x  —  c)(x  -  c)        a 
6(x  -  c)(x  -  c_)  ~    6 


,2 


x(ct  -  x)  ct  a 

(a  ^  x)(a3  -  a^x  -  ax'^  +  x^)  ~  a=*  -  a**  -  a^  +  a*  ~  T 


x(x2-a2)4.2a(x2-a,2)     (x  +  2a)(x-a)(x  +  a)     (x  +  2a)(x  +  a) 
^"  (X-a)(x2+ax-  12a''')  ~  (x=-tf)(x^+ax-12aO  ~  a;'*  +  a^  -  12a* 

3a  X  2a  6a^  3 

a^+  a'-  Ua*  ~  ^  lOa'^  "  ~  T 
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Exercise  LXVIII. 

1.  Dividing  by  3,  we  have  x  +  y^~  =  Z-^l  .-.  -^  is  integral 

=  t  Siiy.  Then  x  =  3^  +  2  ;  substituting  this  for  x  in  the  given 
equation  we  have  3y  =  11  -  4(3^  +  2)  .-.  y  =  I  -  4< ;  letting  t  -  Q 

we  have  x  =  2  and  y  =  1. 

„    T..   .-,     .  ,  3!/  1  +  3y 

2.  Divide  oy  5,  and  we  have  x  -  2?/  -  — -  -  2  +  ^  .-.  — -—    is 

O  0 

2  +6y  2+2/ 

integral  .-.  so  also  — ,-    integral  .•.    -r—  =  ^,  whence  y  =  5t  -  2. 

Siibstitutiug  this  for  ij  in  the  given  equation,  we  have  5x  =  11 
+  l3{ot  -  2)  .-.  X  =  13/  -  3.  Hence  taking  in  succession  /  =  1,  2, 
3,  &c.,  we  have  x  =  10,  23,  36,  49,  &c.,   and  y  =  3,  8,  13,  18,  &c. 

y  y  ~  ^ 

3.  Divide  by  2,  and  we  have  x  +  3(/  +  —  =  29  +  ^  .-.  ~t-  -  t ; 

whence  y  =  2t  +  1.  Substituting  this  for  y  in  the  given  equation, 
■we  have  2x  =  59  -  7(2t  +  I)  .-.  x  =  26  -  7t,  and  taking  in  suc^ 
cession  /  =  0,  1,  2,  &c.,  we  have  x  -  26,  19,  12  or  5,  and  y  ~  1, 
3,  5,  or  7 

y  y  ~  1 

4.  Dividing  by  5,  and  we  have  r  +  2?/  +  -V  =  5  +  i^  .-.  -y—  =  t ; 

whence  y  =  5t  +  1.  Substituting  this  in  the  given  equation 
for  y,  we  have  5x  i=  26  -  ll(5f  +  1)  ;  whence  x  =  3  -  lit,  and 
hence  when  /  =  0,  we  have  x  -  3  and  y  =  1 

.    r^.   ■■,    ,  ,  8y       2        2  +  8)/ 

5.  Divide  by  9,  and  we  get  x  -  ?/  -  y  =  —, .-.  — - —  is  integral, 

,       .      1  +  4y                                              7   +  28)/ 
so   also   is   — ^—  integral,    .-.  so  also  is „ integral, 

1/  +  7  y  +  7 

.-.  so  also  is  — r—  integral.     Let    -;—  =  t,   then  y  =  9t  -  1 ; 

substituting  this  for  y  in  the  given  equation,  we  have  9x 
=  2  +  Il(9t  -  1)  .•.  X  =  nt  -  13.  Now  writing  in  succession 
f  =  1,  2,  3,  &c.,  we  have  x  =  4,  21,  38,  55,  &c.,  and  y  =  2,  11,  20, 
29,  &c. 
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8y  11       81J-U 

0.  Divide  by  13,  aud  we  get  x  +  y  +  —  =  6  +  —  .•.  — ^ —  is 

40y  -  55  y  -  3 

integral,  .-.  — is  integral,  .-.  3y  -  4  +     ^„  ■  i3  integral, 

y  -^ 

.'.   ^~r-i^  ~  ''  '"^^"^nce  y  -  I3t  +  3  ;  substituting  this  for  y  in  the 

given    equation,    we   have    13x   =   89   -  21(13/  +  3),    whence 
X  =  2  -  2lt.     Now  writing  /  =  0,  we  have  x  =  2  and  y  =  3 

5«/  5 

7.  Divide   by   12,   and   we   get  x-Sy-j-^-l-  — 

5y-5  y  -  I  y-1 

.'.   is  integral,  .•.  so  also  is integral.     Let =  /, 

12  '  12  12 

then  y  =  12i  +  1  ;  substituting  this  in  the  given  equation  for  y, 

we  have  x  =  41(12f  +  1)  -  17,  whence  x  =  Alt  +  2.     Now  writing 

in  succession,  0,  1,  2,  &c.,  for  t,  we  have  x  =  2,  43,  84,  125,  &c., 

and  y  =  I,  13,  25,  31,  &c. 

67/  24       6J/-24 

8.  Divide  by  37,  and  we  get  x  -h  y  +  -;l  -  9  +  —  .-.  — ^ —  is 

2/  -  4 
integral,  .-.  so  also  is  ■       ■    which  say  =  t  ]    then  y  -  311  +   4 

Then  37x  =  357  -  43(37/ +  4),  whence  x  =  5-43/;  wherefore 

taking  /  =  0,  we  have  x  =  5  and  ?/  =  4 

21y        6        21y+6 

9.  Divide  by  22,  and  we  get  x  -  y  -  -^  =  —  .-.  — ^ —  is 

2l!/+6                                 22y-2\y-Q 
integral,  .-.  so  also  is  y  -  '~~oo —  integral ;  that  is :^ , 

y  -  Q 
or  — ;--  is  integral  =  /,  say  then  y  =  22/  +  6.     Hence  22x 

=  6  +  43(22/  +  6)  .-.  X  =  43/  +  12.     Now  writing  in  succession, 
Oj  1,  2,  &c.,  for  /  we  get  x  =  12,  55,  98,  &c.,  and  y  =  6,  28,  50,  &c. 

4]/  2        4y  -  2 

10.  Divide  by  7,  and  we  have  x  +  3y  +  -;r  -  25  +  -=■  .-.  ■ — = — 

8y  -  4  y  -  4 

is  integral,  .-.  so  also  is  — z —  integral,  .*.  — ^ —  =  /j  whence 

2/  =  7/  +  4.     Then  7x  =  177  -  25(7/  +  4),  whence  x  =  U  -  25/. 
Hence  taking  /  =  0,  we  hare  a;  =  11  and  y  =  4 
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eiy  38       61?/  + 38 

11.  Divide  by  99,  and  we  get  x  -  y  -  -^^  =  3  +  —  .-.  ■ — ^ — 

305?/  +  190 
is   integral,  .'.  so  also  is   ^^ integral,    .•.   so  also  is 

8y+  91                                             104?/+  1183 
3ij  +  I  +  ■ — ^ —  integral,  .•.  so  also  is  ^ integral, 

5?/  +  94                                         100?/  +  1880 
.-.  so  also  is  y  +  11  +      qq —  integral,  .-.  so  also  is r^ 

?/  +  98 
integral,  .•.  so  also  is  ?/  +  18  +  '— ^^ —  integral,  /.  y  =  9di  -98; 

substituting  this   in  the  given  equation  for  y,  we  have  99a; 

=  335  +  160(99if  -  98),  whence  x  =  IGOt  -  155.     Now  substituting 

in  succession  1,  2,  3,  &c.,  for  t,  we  have  x  =  5,  165,  325,  485, 

&c.,  and  r/-l,  100,  199,  298,  &c. 

X  2        x-2 

12.  Divide  by  4,  and  we  have  ix  -  y  -h  —  =  5  +  —  .•.  ——  =  t, 

whence  a;  =  4f  +  2 ;  then  4?/  ■=  \\U  +  2)  -  22  .'.?/=  iTf  +  3. 
Taking  ^  =  0,  1,  2,  3,  &c.,  we  have  x  =  2,  6,  10,  14,  &c.,  and 
2/  =  3,  20,  3?,  54,  &c. 

13.  Multiplying  the  first  equation  by  3,  and  the  lower  by  4, 

and  adding  the  results,  we  have  18a;  +  29?/  =  123.     Divide  by 

11?/              15       \\y-  15  , 
18,  and  we  have  x  +  y  +  -r^  =  6  +  —  .•. r^ —  is  integral, 

55?/  -  T5  7/  -  3 

.-.  so  also  is      '  g       integral,  .-.  so  also  is  3?/  -  4  +  -yr-  intcg., 

.-.  y  =  ISf  +  3.  Hence  18x  =  123  -  29(18i  +  3)  .♦.  x  =  2  -  29^ 
Xow  taking  f  =  0,  we  have  x  =  2,  and  y  =  3,  and  consequently 

;=-  4 

14.  Multiplying  the  upper  equation  by  11,  the  lower  by  6, 

and  adding  the  results,  we  get  56x  -  49?/  =  469,  or  8x  -  7?/  =  67.    . 

X  4        x-4 

Dividing  this  by  7,  we  have  x-i/  +  -^  =  9  +  -^.'.  — ^  =  <. 

wlience  x  =  7i  +  4 ;    then  7i/  =  8(7f  +  4)  -  67,  whence  y  =  8f  -  5. 

Now  taking  f  =  1,  2,  3,  &c.,  we  have  x  =  11,  18,  25,  &c.,  and 

(/ ^  3,  11,  19,  &c.;  but  since  2  must  also- beipositive  and  integral, 

K 
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we  find  upon  trial  that  the  only  admissible  values  are  i  =  11, 
and  y  -  3,  and  consequently  c  =  2 

15.  Let  X  -  the  number  of  $3  notes,  and  y  =  the  number  of 

2v  1        2y-l 

$5  notes ;  then  Sx  +  5]/  =  697,  or  a;  +  ?/  +  —  =  232  +  -r-  .-.  — — 

.        ,  4y-2  y-2 

is  integral,  .-.  — - —  is  integral,  and  .-.  also       —  =  /,  that  is 

3/  =  3i  +  2  ;  then  3x  =  697  -  5(3i  +  2),  whence  x  =  229  -  5Z. 
Hence  U  <  229,  or  ^<  ^-ja  j  ;.  e_  <  454  _._  x,h&  given  sum  can 
be  made  up  of  $3  and  $5  notes  only  in  45  different  ways. 

16.  Let  X  =  the  number  of  25  cent  pieces,  and  y  =  the  number 
of  10  cent  pieces ;  then  25a;  +  10^  =  2730,  or  5a;  +  2y  =  546, 

X 

.-.  2a;  +  2/  +  —  =  273  .-.  a;  =  It.     Also  2j/  =  546  -  10^ .-.  2/  =  273  -  5f. 

Hence  U  <  273,  or  ^  <  54^  .*.  the  given  sum  may  be  made  up 
as  directed  in  54  different  ways. 

17.  Let  X  -  the  number  of  guineas  paid,  and  y  =  the  number 

5y 
of  half-crowns  received  in  change;   then  21x  -  — -  =  loOj,  or 

2x  1        2x  —  1 

42x  -  5y  =  301,  .-.  8a:  ~  2/  +  y  =  60  +  y  .-.  — g —  is  integral, 

16x  -  8         X  -  3 
.'.   so   also  is    — ^—  .•.  — p —  =  /,    or  X  =  5f  +  3.     Also 

5y  =  42(5^  +  3)  -  301  =  210?  -  175  .-.  y  =  42/  -  35 ;  and  taking 
<  =  1,  we  have  x  =  8,  and  y  =  1 

18.  Let  x^  and  y'^  be  the  two  square  numbers  required,  and 

assume  x^  +  y^  =  (rax  -  y^  =  ri^x"^  —  2nxy  +  y^ ;  then  x^  =  n'^x^  —  2nxy ; 

2ny 

or  X  =  n^x  —  2ny  .•.  (n^  -  l)x  =  2ny,  or  x  =  -;; ,  where  n  and  y 

n^—  1 

may  be  assumed  at  pleasure,  and  it  will  be  found  that  x-  +  //  is 

a  complete  square. 

But  if  only  integral  values  are  required  assume  in  the  expres- 

2ny 
sion  X  :=  -^ — -,  that  y  =  ri'  -  1,  then  x  =  2n,  where  n  may  be 


Krjf^  :!".. 
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takea  -  any  integral  unuiber,  and  it  vfill  be  foniid  that  x^  +  1/ 
is  a  complete  square. 

19.  Let  x^  and  y'^  be  tlie  two  sqnares  required,  and  assume 

X"  -  y"  =  (■<-■  -  >iyy  =  -i'^  -  2>ixy  +  li-if.     Then  y'^  =  2nxij  -  ?ri/- ; 

n-  4-   1 
or  y  =  2nx  -  ?ri/ ;    or  2nx  -  («-  +  l)y  .•.  a;  =  — ■  x  ?/,  where 

n  and  7  may  be  assumed  at  pleasure,  and  it  will  be  found  that 
X-  -  !/2  is  a  complete  square. 

But  if  only  integral  values  are  required,  assume  in  the  above 
expression  y  =  2n;  then  a;  =  /r  +  1,  where  it  will  be  found  that 
when  71  is  taken  =  anj-  integral  number,  a;'-  -  y"  will  h^  a  com- 
plete square. 

20.  Assume  that  the  basket  contains  x  parcels  of  4  with  2 
over,  or  y  parcels  of  6  with  2  over.     Then  4x'  +  2  =  Gy  +  2  ;  or 

y  y 

4a;  -  6«  =  0  :  or  2a:  -  3i/  =  0  ;  oxx-y-  —  -0  .-.  —  =  t;  ov  y  =  2t. 

Also  2x  =  3y  .-.  x  -  ot.  Hence  ta-kinj,  i  -  1,  2,  3,  &c.,  we  have 
x  =  3,  6,  9,  12,  &c.,  and  2/  =  2,  4,  G,  8,  &c. 

But  X  and  y  must  be  taken  such  that  both  6^+2  and  Ax  +  2 
are  >  90  and  <  100  .-.  y  -  16,  and  a;  =  24,  and  the  number  of 
apples  =  161/  t-  2  =  98 

21.  Let  the  number  =  6x  +  1  =  81/  +  5  =  10:  +  9 

.V         2 
Then  6a;  -  By  =  4  ;    or  3x  -  4y  =  2  ;    or  x  -  j/  -  ~  =  — ■ 

.-.  y  =  3t-2,  and  x  =  4f  -  2 

Also  6x  +  1  =  10=  +  9  ;    or  6x  -  10=  =  8 ;    or  3x  -  5=  =  4,  but 

2t 
X  =  it  -2  .-.  3(4f-  2)  -  5==  4;   or  12<-5==  10  .-.  2l-z+-^2, 

0 

whence  f  -  5/'  and  =  =  12<'  -  2.  Then  x  =  4/  -  2  :^  20r  -  2  ; 
y  =  Zi  -  2  =  lot'  ~  2,  and  2  =  12/'  -  2,  whence  taking  /'  =  1,  we 
have  X  =  18,  y  =  13,  and  z  =  10,  and  .-.  tlio  least  nuinlior  divisible 
as  required  =  G.c  +  1  =  (18  x  6)  +  1  ^  108  +  1  =  109 
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X  y  X         y        38 

22.  Let  rr  and  77  be  the  two  fractions,  then  ttt  +  T7  =  ^  i 

10  15  10        15       60 ' 

a;  1 

or  clearing  of  fractions  3t  +  2y  =  19  .-.  x  +  y  +  --  =  0  +  —,  and 

consequently  x  =  2<  +  1,  whence  y  -  8  -  31.     Now  taking  ^  =  0, 

1  and  2,  we  have  a;  =  1,  3  or  5,  and  y  -  8,  5  and  2 

.-.  the  required  fractions  are  -fo-  and  -,*5- ;  -j'o  and  -]\  ;  and  vj,-  and  Yj- 

NoTE.— "We  cauuot  take  t  =  3,  since  then  y=:8-3<  =  8-9-—  -1  —  a 
negative  quantity 

23.  Let  X,  y  and  z  -  ban-els  respectively  ;  then  x  +  y  -r  z 
-  50  (i),  and  2x  +  oy  +  4z  -  250  (11).  Multiplying  (i)  by  2,  aiul 
subtracting  the  result  from  (11),  we  have  3>j  +  2z  -  150,  whence 
y  =  2t  and  :  =  75  -  3^ 

Also  X  =  50  -  y  -  z  =  50  -  2t  -  05  -  3t)  ^  t  -  25 
Then  in  order  that  2  may  be  positive  75  -  3t  must  be  posiiive, 
and  .-.  3^  <  75,  or  f  <  25,  and  in  order  that  x  may  be  positive, 
t  -  25  must  be  positive,  that  is  f  >  25  ;  therefore  t  is  both  less 
than  and  greater  than  25,  which  is  impossible. 

24.  Let  X,  y  and  z  =  the  number  of  pieces  respectively  ; 
then  X  +  2/  +  s  =  100  (i),  and  lOOx  +  20y  +  5z  ^  2000  (11). 
Dividing  (n)  by  5,  and  from  the  result  subtracting  (1),  we 
have  IDx  +  3y  =  300,  whence  x  =  3t  and  y  =  100  -  19f 
.-.  c  =  100  -  X  -  )/  =  100  -  3f  -  (100  -  190  =  16/.  Now  taking 
t=l,2,  3,  &c.,  we  have  x  =  1,  6,  9,  12  or  15 ;  2/  -  81,  62,  43,  24 
or  5  ;  and  z  =  16,  32,  48,  64  or  80 

25.  2x  +  3y  =  25,  whence  x  =  11  -  3/,  and  y  =  2t  +  I.  Now 
taking  i  =  0,  1,  2  or  3,  we  have  x  =  11,  8,  5  or  2,  and  y  =  I,  3,  5 
or  7,  and  hence  the  parts  are  2x  and  3y  =  22  and  3 ;  16  and  9  ; 
10  and  15,  or  4  and  21. 

26.  Let  X,  y  and  z  be  the  three  parts  ;  then  x  +  y  +  z  =  2i  (i), 
and  36x  +  24y  +  8z  =  516  (11).  Dividing  (ii)  by  4,  and 
multiplying  (i)  by  2,  and  taking  the  difference  of  the  results^ 
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-(re  have  1x  ■(-  iy  =  81,  whence  x  =  4t  -  I,  and  y  =  22  -  It 
.-.  c  =  24  -  (4i  -  1)  -  (22  -  70  =  3  +  3f.  Now  taking  i  =  1,  2 
or  3,  v.-e  have  x  =  3,  7  or  11 ;  y  =  15,  18  or  1 ;  and  2  -  6,  9  or  12 

27.  Assume  y^x  to  be  a  perfect  number;  then  its  divisors  are 
1,  V,  1/-,  ....  ?/",  X,  xy,  xf,  ....  a,-y"-i  .-.  ^"i.-  =  I  +  y  +  f 
+ i/"  +  a-  +  ory  +  xy^  + x-(/" "  1.     Now  I  +  y  -h  y^  A- 1/" 

yn  +  i   _    1  ?/"   -    1 

=  -yiy-,   and  a;  +  a-y  +  a-!/2  +    ....    ay«-i  =   '-^-rj"  ^  ^ 

2/1  +  1   _    1    +   (,/«_    l)x 
.•.   i/^x — :    or   clearing   of  Iractions 

•'  y  -  1 

y"  +  ix  -?/'»x  =  ?/"  +  !-  1  +?/"i  -x;  or  i/'  +  ^x-  2(/"x  +  x  =  ?/"  +  i-  1 

,yi  +  i_  1 

•■•  ^  =  ~n  +  i — ;r« T-     Now  in  order  that  x  may  be  a  whole 

y       —  iy    ~  L 

number,  let  2/"  +  i  -  2y"  =  0,  or  y  =  2  ;  then  x  =  2"*^  -  1.     Also 

let  n  be  so  assumed  that  2"  *^  -  1  may  be  a  prime  number ;  then 

it  will  be  found  that  i/"x  =  2"  x  (2"  +  ^-  1)  will  be  a  perfect 

number.     Thus  if  n  =  2,  we  have  2'^  x  (2^-  1)  =  4  x  (8  -  1) 

=  4x7  =  28  =14 +7  +  4  +  2  +  1=  sum  of  all  the  divisors  of  28. 

28.  Let  the  number  =  lOx  +  7  =  12y  +  9  =  14s  +  11  ;  then 
lOx  -  12y  =  2,  or  bx  -  Gy  =  1,  whence  x  =  6f  -  1,  and  y  -  U  -  I. 
AlsolOx-142  =  4,  or30f-  7^  =  7,  whence  t=  7r,  and  2=  30/'- 1. 
Then  x  =  6/  -  1  ^  421!'  -  1  ;  y  =  ^t  -  \  ^  35/'  -  1,  and  =  =  30/'-  1. 
Now  assuming  t'  -  1,  we  have  x  =  41 ;  y  =  34  ;  and  s  =  29. 
Hence  the  least  odd  integer  =  lOx  +  7  =  410  +  7  =  417. 

29.  Let  X,  y  and  z  represent  the  numbers  respectively  ;  then 
X  +  y  +  2  =  100  (i),  and  50x  +  30)/  +  22  =  500  (n).  Dividing  (11) 
by  2,  and  from  the  result  subtracting  (i),  we  have  24x  +  14y  =  i50, 
Tiliencex  =  7/ +  1,  and  y  =  9 -12/ .-.2=  100 -(7/ +  1)  -  (9  -  12/) 
-  90  +  12/.  Now  /  must  be  <  1  •.•  1/  =  9  -  12/  must  be  positive  ; 
also  /  must  be  >  -  1  because  x  =  7/  +  1  must  be  positive,  and 
since  x,  y  and  z  must  be  integral,  t  can  only  =  0.  Hence,  Avhen 
/  =  0,  we  have  x  =  1, 3/  =  9,  and  z  =  90. 


IGO  KEY  TO  [MIS.  Ex.  1-7. 


Miscellaneous  ExBRcrcES. 

I       a       a       2      IT-  21a 

1.  -i(l-a)-,|3«-2}=----y  +  y  =  — ^g— 

2.  {(:r2-.T-=^)+lf -{(x--x--)-lf 

=  (a-  -  x-^~f  +  2(x2  _  X--)  +  1  -  |(a--  -  .x-'-f  -  2(0:2  _  j.  -2)  ^  jj 
=  4(x--  X'-) 

3.  The  G.C.M.  of  tlie  first  three  quantities  is  evidently  (i  +  b, 

and  as  it  is  also  a  measure  of  the  remaining  quantity,  it  is 

their  G.C.M. 

b'^  b^  b^-b^  +  ab         ab 

4.  Since  .r  =  ^—^,  x  -  b  =  ^^^^  -  b  =        ft_„        =  fZl,^ 

P  62  _  ah  +  fl2 

and  X  —  a  =  -, —  a  =  — r ~~ 

0  —  a  0  —  a 

X  -  b     X  -  a         b         b'-  ah  +  a^     b^-b^+  ab  -  o^     ab  -  a"- 


a      ~     b         b-a~     (^b  ~  a)b  (6  -  a)6        ~  o(b-a) 

a(b  -  n)        a 

~  h{b  -  «)   ~  T 

5.  a;  +  2/  +  2  =  15  (i),  x-y  +  z-  5  (ii),  -  x  -  y  +  z  =  3  (in) 
Adding  (i)  to  (in),  we  have  2z  =  18  .-.  =  =  9 

Adding  (i)  to  (ii),  we  have  2a;  +  23  =  20  .-.  2x  =  2,  and  a:  =  1 
Hence  x  +  y  +  z  =  l+y  +  9=  15.-.  ?/=5 

6.  b^rUTE  -  3^x5  +  2^125  x  5  -  4^Giir5  =  15^/5  -  6^/5 

+  10^5  -  16^5  =  (15  -  6  +  10  -  16)^5  =  3^5 

1 

7:  a*  4-  1  =  0.     Divide  each  side  by  a';    then  x'^  +  — 2  =  0 

1  1 

.-.  a;2  +  2  +  -5  =  2  .-.  X  +  —  =  i  V^  I    clearing   of  fractions 

+ 1+V-i 

Hence  a;  =  —r^ 
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rt         b         c  a  +  b       b  +  c         a  +  b        b 


8.  -r  = 


-=.T''  *^'° 


b         c      .d'  6       ~       c       '  '  b  -^^  c  ~    c 

b  +  c       c  +d        b  +c        c  b         c         a+6       b  +  c 

A.lS0  =   --r-   .-.    — — ,   =   -r.      But  —  =   "T   •'•    i.", —   =   — T^ 

c  d  c  +d        d  c         d         b  +  c       c  +d 

Hence  a  +  b  :  b  +  c  ::  b  +  c  :  c  +  d 

9.  a  :  c  ::  2a  -  b  :   2b  -  c   .-.   a  :   2a  -  b  ::  c  :   2b  -  c 
a  c  2a  2c  la         2c 

•'•  ^T^  =  W^c  °^  2^—6  =  W^c  •••  T  =  zF^:^b<^^'^'  i«^> 

a  c 

~b  ~  3c-  oh  •'•  ^^  -  ^"'^  ~  2«^  ;    or  Sac  =  be  +  2ab  =  6(c  +  2a) 

2b 
;   that  is  -z-  is  the  H. 


b            ac           <^ 

X 

+ 
c 

y 

"2        26       2a  X  - 

'  ■    3    ~  c  +  2a 

a 

mean  between  a  and 

c   ■  ■   3                   c 

2                  «   +  -2 

26           c 
.-.  a,  y  and  y  ar 

10.  Sum  to  n  terms  when  r  is  a  proper  fraction 

c(i  -  r")   "V  "  V  ~  ^yj 


1-^      ~  /       1\^ 

~  p 


'{^  -  (■  -  7)"} 


a  a  '  pa 

Sum  to  oc 


1  -  r 

1 


=  P  times  the  sum  to  7i  terms. 

II.  xT   _  x~~i)xT  -   x'TVx"  +    1  +  x"" 


3>i 

xT 

n 

-  xT 

n 

xT 

.» 

X  "   » 

n 

— 

>« 
x"T 

X  '  T 

^ 

X  "a" 

n 

X  "  T 

— 

8« 

X  "    * 
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+ 

a'x- 

+ 

§     5 

- 

arx 

+ 

— 

c*x 

— 

a^x^ 

— 

ax^ 

a'^a;-' 

+ 

ax^ 

+ 

J 

+ 

«x* 

+ 

1'2.  l^t  fmi  diV.    =  147x4 

P'  comp.  div.  =  147x*-  G3xhj  +  Sx'^y^ 
2°«  trial  div.  =  147.r*  -  12Gx^y  +  27xV 
2"*  comp.  div.  =  147x*  -  126xV  +  lllx^  -  3Gxy^  +  16y* 

J2     2;2™  -  n  +  2n  -  p  -y  2p  -  in  _   ^.jji  +  n  +  p  .    . .  ^   t-P -2  +  2- ''+''-? 

'     flic 
=  flic  X  x"  =  abc  X  I  -  abc 

14.  {(2x2+ix-y)  +  2/}[(2x2+  ix-y)  -?/}  =  (2x2+  ix-y-f-if 
=  4x*  +  2y2  +  ix- V  -  2/^  =  4x4  +  ^3  ^  ix- V 

{(x2+  62)  +  ax}{(x2+  6-')  -  ax}  =:  (xH  i'-')''^-  aV^  =  x*  +  6i  +  26^x2-  d'x^ 
(X™  +  yP)(x"  +  ?/«)  =  x"'  +  "  +  x"Y  +  ^'"i/^  +  2/''  ■^  '^ 

(3V5   -    2V3)2       (2V5    -   3V3)(3V5    +    2V3) 

15.  ^^  +  2^ 

=  -313(45  -  12VT5  +  12  +  30  -  gylS  +  4Vl5  -  18)  =  313(69  -  17VI5) 

J 1  1  12x2+1 

4x        ~    24x^+  6x    ~    24x^  +  6x 


16. 


2^  +  ,02,  1        2x  + 


12x2+1       ^     ^12x2+1  12x2+1 

4x 

2x  +   1   -  (2x  -   1)  2x  +  1 

17.  77r-r~-. + 


4(4x2-  ly  T  2(2x  -   l)(4x2  +   1)       2(4x2  _  j) 

2x    +    1  (4x2    +    1)    +    (2x    +    l)(2x    +    1) 


2(2x   -    l)(4x2   +    1)    ~  2(4x2  _   i)(4a.:s  ^   ly 

4x2  +  1  +  4x2  +  4x  +  1  _  4x2  +  2x  +  1 
2(4x2  _  i)(-4^z  ^  ly      =        16x4  -  1 
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x(a  -  c)  a-  c  X  1 

a 
•.  x'^  +  ax  -  ex  =  x-  +  ax  +  ex  +  ac  ;  2cx  =  -  ac  .-.  x  =  -  — 


(II)  V(->--  -   l)(-2;   -   2)   -   2   =  V(^'  -  3)(x   -   4);    squaring 

(X   -    l)(x   -    2)  +  4  -   4V(ar^)(x  -~2")    =   (x  -  3)(x  -  4); 

.-.  2V^-^-3x  +  2  =  2x  -  3  .-.  4x2-  i^x  +  8  =  4x^-  12x  +  9  .-.  8  =  9 

which  is  absurd  .-.  the  equation  lias  no  possible  roots. 

1  1 1 0 

("^)  (X  +  3)(x  -  5)  "^  (X  -  5)(x  +  7)       (X  +  3)(x  -  16) 

.-.  (X  -  7)(x  -  16)  +  (X  4-'  3)(x  -  16)  -  {x  -  5)(x  +  7)  -  0 

X'  -  9x  -  112  f  x'  -  13x  -  48  -  x^  -  2x  +  35  =  0  ;  x"  -  24x  -  125, 

whence  x  --  12  +  V269 

f>  +  c     I         ^     b  -c 

19.  Since  n  =  , ,  —  will  =  i— — ;    then  H.  mean  between 

1  2  2  b^  -  c'^ 

7i  and —  =  ,  =  „,.)      ,  ■>  =  r-T 5.     But  a'.bwb'.C 

"  '*""   '/t        r+c       Zr^       26''  +  2c^       fc''  +  C' 

a*       62         a2-62       6^  -  c^  a^  -  6^  .     ,      ^^ 

•••  6^  =  ^  •••  ^m:6^  =  pV^  •■•  '^^^^  ^^m:F  '^  '^'  "■  "^'^"^ 

1 

between  n  and  — 
n 

20.  Let  w  =  work  and  x,  y,  z  =  times  in  which  ./i,  B  and  C 
can  separately  perform  it ; 

w 
Then  —7-  =  .i's  dailj'  work  +  B's  daily  work  (i) 

(") 

(in) 

(IV) 

Then  adding  (iii)  and  (iv),  we  have  -^  -  -r =  25's  daily 


6 

=   ./^'S 

(( 

+    C'3 

<( 

c 

=  .e's 

<( 

+    C'3 

(( 

a 

w 

"    b 

=  £'s  " 

-   C'3 

I( 

w 

w 

w 
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to  2  1  1  1  be  -  ac  +  ab 

work  =  2 — .    Hence  —  =   —  --r  +  —  = u 

y  y  a  b  c  abc 

'labc  2abc  2abc 

and  i/  =  r ; — i ;  similarly  x  =  — -—. r,  and  z  =  -r- -r- 

oc~ac  +  ub^  •'         ac  +  bc-ab'  ab  +  ac-bc 

a?  h~  & 

21-  -(^b)(a-:r^)  +  (736)(7tT6)  -  (a-c)(c-6)'  V  changing 

signs.     Hence  I.  c.  m.  -  («  -  b){a  -  c)(c  -  b) 
a"(c  -  b)  +  b^(a  -  c)  -  c~{a  -b)     a^c-  d'b  +  ab'^  -  cb'^  -  ac'^  +  bc^ 
(a  -  fc)(a  -  c)(^c  -  bj  ~  a^c  -  d^b  +  ab'^  -  cb*  -  ac'^  +  bc^  ~ 

2-  '^^- (—16—/=  («•'-  — r-j [--—lb-) 

d^  +  Aab  +  46^  -  9c-       Qc'^  -  a^  +  /^ab  -  46>' 


X 


4&  46 


<: 


(a  +  25)=  -  (3r.)^       (3c)=^  -  (a  -  2Z>y 
=  4F~       ■  ^  46 

(a  +  26  +.3c)(»  +  26  -  3c)       (3c  +  a  -  26)(3r  -  a  +  26) 

(a  +  26  +  3r)(a  +  26  -  3c)(a  -  26  +  3c)(26  -  a  +  3c) 
=  __ 

23.  a*  +  2a262  -i-  ^'i  -  la^b'^  =  (a'^  +  b'^f  -  (ab'^2y 
=  (a^  +  a6V2  +  b^X"'^  "  «^V2  +  l>^) 

Similarly  a*  +  2a'''62  +  6*  -  3rt-6'''  =  (a^  +  h^f~  (ab^jZf 
-  (a-  +  62  +  ab'JSXd-  +  b'^  -  ab'j3) 


xy  \  y^  \  x^ 

y 

xy  +  ?/  +  F 

a; 
"  7 

a; 

25.  G.C.3/.  of  (X  +  7y)(x  -  4y),  and  (x  +  2y)(x  -  Ay),  and 
(x  -  ?/)(x  -  Ay)  \sx-Ay  .-.  I.  c.  m.  =  (x-  y)(x  +  2y)(x  -  Ay)(x  +  ly) 
=  a;*  +  4x»y  -  27x^1/2  _  ^^^.yZ  ^  55^4 

a(r'*-])  a(l"-l) 

26.  When  r  =  +  1,  the  formula  S  =  .    becomes  S  =    ..  _  . 

=  a(l"-i+  l"-2+  l"-^  +  &c.  to  71  terms)  =  «(1  -!- 1  +  1  +  &c.  to  » 
terms)  =  na 
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a(;"'     1)  c{(-l)"-]} 

When   9-  -   1,    ^'  = ; —   becomes    S — 

'  r  -  I  -  1  -  1 

=  a\{-  ■[)"■  ^  +  (-  1)"'-'  +  (-  iy'-^  +  &c.)| 

=  (((1  -  1  +  1  -  1  +  1  -  1  -t-  &c.  to  11  terms)  =  a  if  n  is  odd,  and 
=  a(  -  1  +  1  -  1  +  1  -  1  +  &c.)  =  0  if  ?j  is  even. 

27.  ())  «,  =  «  +  (/-  \)d]  then  by  same  notation  a„,  =  a+(m-l)i^, 
a„  =  a  +  {n  -  l)d,  tt^,  -  a  i-  (p  -  l)d,  and  a^  =  a  +  (q  -  l)d.  Then 
(p-q)Qn-n)d=  (in-n)(p-q)d  .•.(p-q){a  +  (in.-l)d-a-Qi-  \)d\ 
=  (7/1  -  7i)[a  +  (/>  -  l)d  -  a  -  (q  -  l)d];  since  we  have  merely 
added  a  -  d  -  a  +  d  -  0  to  each  of  the  2°''  factors. 

•••  (P  -  9)(«,»  -  «»)  =  ("I  -  nX%  -  a,) 

(ii)  Since  a,  =  a?-'"^;   therefore  by  same  notation  a„,  =  <Tr""^, 
f/^  =  (n-"-\  a^  =  arP   ^,  and  a^  =  a?-^  ■^.  .  Then  since  (p  -  q)(;m  -  n) 
=  (.'/)  -n)(p-q)-  j-i'i'-^A'"'-™/'  =^rm-u:rp-  q;  _._  /,.m-?i^p-g-- /,.p-«)m-« 
,-ra  j.p  J.        ^  -  1 

Uut  ?"'-"  =  — ,  and?-^''^::-^.  Also  since  —  = -—i  =  0,  multiplying 

(j.TO  -  1\  2)  -  g        /j.p  -  l\  m  -  n  far™    1\  P  -  9 

(I,-P-l\m-7i  /a   \V-1         /rt  X™"" 


,-g  - 1 


;  that  is 


28.  On  1^'  morning  the  watch  is  behind  the  clock  by  lis., 
and  45  hours  afteiTvards  it  is  only  2s.  behind  .-.  the  watch 
gains  upon  the  clock  to  the  amount  of  9s.  in  45  hours,  or  \  sec, 
in  1  hour. 

Let  X  =  gaining  rate  of  watch  per  hour  ;  then  since  the  gain- 
ing rate  of  the  clock  is -,^s.  in  24  h.,  or  Is.  in  240  h.,  it  is  j-^^s. 
in  1  h.  .-.  X  -  jIo  is  the  gain  of  the  watch  on  the  clock  per  hour 
.-.  X  -  ^lo  =  \,  whence  x  =  J  +  ?io  + -//o  J  hence  watch  gains 
per  day  -.Vo  x  24  -  |2  =  4-9  s. 

29.  (I)  S  to  12  terms  =    '^r_  ^     ^  =  1&{QT  -  1}  =  2059|i-^ 

(ii)  S^a  term  =  a  +  2i  =  4,  and  &^  term  =  a  +  5(i  =  ff- 
•.  3d  =  i&  -  4  =  -  If ;  hence  ci  =  -  |f  .-.  a  :=  4  -  2(/  =  4  +  Vi'  =  5  J  j 
•.  A  series  =  bl\  +  4|f  +  4  +  3^,  +  &c. 


15G 


KEY  TO 


[Mis.  Ex.  20-31. 


(ill)  3^5  term  =  or^  =  4,  and  G""  term  =  ar 


-/lyS  -  ?1 


f  .•.  ar' 


■  ar 


2  _  ^l 

i  1' 


'■*  =  -h ;  whence  r  =  ?.    And  a-  = 


=  4  V  J  =  9  .-.  G.  series 
=  9  +  6  +  4  +  2?  +  &c. 

30.  Let  X  =  length,  then  x  -  60  =  breadth  in  yards,  and 
x{x  -  60)  --  5500  ;  that  is  x^  -  60x  =  5500,  whence  x  -  110,  and 
a-  -  60  =  50  .         .    2 

31.  (I)  (x^-  ff  ^  (X  -  yy  =  (^^)  =  (x'  +  ^y  +  ff 
=  x*  +  2x^2/  +  3xY  +  2x2/3  +  2/4 

(II)  1 
+  0 
-  2 
+  1 


7  +  0+     0  +  0+     5-     4 

+     0  + 

3+9 

+  0+     0  +  0+     0+     0 

+     0 

-14+0+28-14 

-  66  + 

64 

+  7  +     0-14 

+     7  + 

33  -  32 

7  +  0-14+7  +  33-32 

-  59  + 

100  ~  23 

7x5  _  14^3  ^  •jT^.z  ^  33^  _  32  - 


59x2-  100X  +  23 
"x^  +  2x  -  1 


(III) 


=  x"*-i  +  x™-«  +  x™-*  +  X™-''  +  x™-9  +  &c. 


X  -  X  "  ^ 

We  observe  here  that  each  term  is  derived  from  that  preceding 
it  by  dividing  by  x^.  Let  us  now  assume  that  this  is  true  to  ?"  -  1 
terms,  and  we  have  then  left  as  remainder  x" 


:r  -i; 


—    X 


Dividing  this  by  x  -  x"^,  and  we  get  as  first  term  of  the  quotient 
x'^--l'"-*-i)  which  will  be  the  rti»  term  of  the  quotient  of  x'"  -  x™ 
4  x-x-K     But  a;™-2'-+i  =  x'«"2:-'-i;!-i4a;2^(,._  ly.h  term  ^  x^ 

.•.  if  the  law  is  true  for  r  -  1  terms,  it  is  true  for  r  terms, 
Kow  it  evidently  holds  for  5  terms  .•.  for  6  and  .•.  for  7  terms 
and  so  on,  and  .*.  it  is  generally  true,  and  since  the  first  term  is 
x"'"^,  and  each  term  is  derived  from  the  preceding  by  v  by  x'^ 
.•.  the  rf'term  is  x™"^"^'"''"^''  =  x"^'  ''■^^.  If  ?/i  be  an  even  number 
the  quotient  will  contain  an  even  number  of  terms,  and  will  be 
a;'n-i+  x'"-3+  x'"-^  +  &c.  +  x™-p-i)  +  x'«-('"  +  i)  +  x™-("'  +  -') 
+  &0.  +  x"»+i-2™  =  x™(x-i  +  x-3  +  x-s  +  &c.  to  x-i  '«) 
+  x-^+  x-^*  +  x-5  +  &c.  to  x^-"*  .•.  first  part  of  quotient 
=  second  part  x  x™ 
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32.  (i)  Let  V37  +  20V3  =  V-^  +  Vi/ ;  then  V37  -  20V3  =  ^Jx-'Jy 
.-.  V1369  -  1200  =  Vl<39  =  13  =  x  -  y.  Also  37  +  20V3 
=  X  +  y  +  "i^xy  .•.  X  +  y  =  37;  hence  x  =  25,  and  y  =  12. 
Tlicn  V-«^  +  Vz/  =  V25  +  V^  =  5  +  2V3 

(ii)  Let  V4x  +  2V4a:2  -  1  =  V-c'  +  V^ )  then  V4a;  -  2^Jix^'^ 
=  V-^' -  Vy  •■•  Vl6i;2-16a:2+4  =  V4  =  2  =x' -y.  Also  4.c  +  2Vlx2-'l 
=  x'  +  2/  +  2v'Py  .•.  x'  +  y=  4x  .-.  2x'  =  Ax  +  2,  or  x'  =  2x  +  1,  and 
2y  ~  4x~2  .-.  y=  2x-  1.     Then  'Jx'  +  V.V  =  V2a;"+1  +  '/Jx'^ 

33.  (a^  -  i-*)"^  =  {a*(l  -  a-^x-*)]'^  =  «-i-(l  -  a'^J;-*)^^ 

3  3-4  3-4-5  3-4-5-6 

3-4-5-6 
+  &C.)   Hence5t'»term  =  a"^2xr7r— — a-^''x-i''-a-i2xl5a-i"x"i'' 

=  15-28X-16 

28  X  27  X  26  x^25  x  24  x  23  x  22 

34.  C,  =  r.2.3-4-5-6-7 '  =  ''''''' 

35.  (.r*  -  4x-2  +   10   -    12X-2  +   Ox" 4)^    =    {(x*  -    ix'  +   4) 

+  6x  -  \x-  -  2)  +  9x  -  *}^  =  {(x2  -  2)2  +  2  X  3x  -  ^(x^  -  2)  +  (3x  "  -fl^ 
=--x2-2  +  3x-2 

36.  Letx  =  ^l;  then  x3=  1  and  x^- 1  =  0  .-.  (x- l)(x24-x  + 1)  =  0 
.-.  X  -  1  =  0  orx=  1.  Alsox^  +  x  =  -  1,  whence  x-l(-l  ±*J  -3) 
.-.  ^1  =  1,  or  K  -  1  ±  V"^)-     Also  1^  -  1,  and  {K  -  1  +  V"^)r 

-  K  - 1  +  '{^)  •••  1'  +  {K  -  1  i  V^^)F  =  1  +  K  -  1  +  V"^) 

=  l  +  J(-li  V-3),  i.  e.  sum  of  the  cube  roots  of  unit^-  =  sum 
of  their  squares. 

37.  (i)  bx-\-ay  =  ab  =  ax-a?-\-hy-b'";  ax  -  br  —  ay+by  =  u'+ b^, 

a^  +  b^       b(a?-\-h'^) 
orx(rt-6)-7/(a-6)  =  a2+62;  x  =  2/+-^^-3y  .-.      ^_^      +by  +  ay=ab 

ha^  +  b^  ba^+b^  b-(a  +  b) 

.■.~^^:^  +  y(a+b)  =  ab;   y(^a  +  b)  =  ab  - -^-^^  =  -       ^_^ 

-  b\a  +  b)  P  62  „2  +  j2 

=         a-6         •••  y  =  -  ^TTft  =  r^a'  and  x  =  y  +  -^^r^T 


+ 


6-a        0-6    ~         a-  b         ~  a  -  it 
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(ii)  If  in  these  equations  wc  write  x  for  y,  we  shall  obtain 

values  of  z  and  y,  which  will  simultaneously  satisfy  the  given 

equations.     Thus  x^  =  Ga;  +  4x  ;  or  x-  -  lOx  =  0  .-.  .x'"'  -  10a.-  is  a 

factor  of  the  reduced  equation  in  x.     Now  from  first  equation, 

x^  -   6x 
y  -    7 ;    substitute  this  for  y  in   the  second  equation. 


T! 


fx^-QxY               3(a;2-6a;) 
hen     — . ;z  4x  +  -^ — r .-.  x^  -  \1x^  +  12x-  +  SO.c  =  0. 

V    4    ;  2 

But  we  have  shown  that  x-  -  \Qx  is  a  factor  of  the  left  hand 
member  of  this  .-.  (x--  \Ox)(x'^-  2x-8)  =  0.  Hence  x^-  10a;  =  0; 
whence  x  =  0  or  10.  And  x'^  -  2x  =  8 ;  whence  a:  =  4  or  -  2. 
Then  x  =  y  =  Q^  ov  10,  or  -  2,  or  4 

38.  Let  X  =  yds  J5  sold  for  $1 ;  then  a;  +  J  =  yds  ^  sold  for  $1 ; 

1  -   \ 

—  =  what  B  received  for  1  yard,  and  r  =  what  A  received. 

X  •'       '  x  +  \ 

90         40 
Then  —  +  -  -  -  =  42:    whence  2\x'^  -  5Sx  =  15  ,-.  x  =  3,  and 

X  X  +  3  '  ' 

X  +  1-3J 

I- a     1-2      5 

39.  Insert  5  ^.  means  between  2  and  1 :  d  = =  ^ — -  =  — -. 

'         n-1      7-1      6 

Hence  J.  series  is  2  +  2§  +  3j  +  4i  +  5J  +  6g  +  7;  that  is 
2  +  V-  +  V  +   2  +  h^  +  y  +  7.     Therefore  the  H.  series  is 

40.  The  I.  c.  m.  of  denominators  -  (a  —  6)(x  -  a)(x  -  h)  ;  then 
clearing  of  fractions  (a  +  c)(x  -  6)  -  (6  +  c)(x  -  a)  =  (x  +  c)(a  -  b)  ; 
or  ax  +  ex  —  ab  —  be  —  bx  —  ex  +  ab  +  ac  =  ax  +  ac  -  bx  -  be ; 
ax  -  be  —  bx  +  ae  =  ax  —  be  -  bx  +  ac.  Therefore  the  given 
expression  is  an  identity. 


41.  ^x^  +  1  =  1  -'Jx  .-.  x''+  I  =  1  -  A'Jx  +  6x  -  4xVx  +  x^. 

.-.  -  4Va;  +  6x  -  4xVx  =  0  .-.  2v'x(2x  -  S^x  +  2)  =  0  .-.  2Vx  =  0, 

whence  x  =  0  , 

/3iV-7\^  

Also  2x-3v'x  =  -2,  whence  x  =  I  j — ^  1    =  1(1  +  3-/-?) 

42,  ab  -  {lb  +  be  -  Sac  -  ab  +  2ac  -  26c)  =  ab  +  be  +  ac 
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43.  'Ix^  -  ^xy  -  y^^y-  -  mx  +  ny  +  Ix^  +  xy  -  i^r  +  P^  -  1H 
=  \\x'  +  \xy  -  J-37/2  +(p-  m)x  +  (n  -  q)y 

And  Ix'  -  ixy  -  -^^if  -  mx  +  ny  -  fx-  -  xy  +  -^y  -  px  +  qy 

(X  -  8)(x  +  6)(x  +  1)(x  -  4)  _  x+_7 
^*'  (X -4)(x  +  6)(x  -  8)(.r  +  5)  ~  x  +  5 

X  «  ^ J 

■*^-  (X  -  a)(x  -  6)  ~  (rt-6)(x-a)  ■*"  (a  -  6)(x  -  6)  ~  a  -  6 

.-.  /.  c.  7/1.  of  denominators  =  (x  -  a)(x  -  6)(a  -  6).     Hence 

x(a  -  6)  -  «(x  -  6)  +  6(x  -  «)  =  (X  -  a)(x  -  b)  ;    that  is 

flx  -  Z*x   +  a6   -  ax  +  ix  -  a6  =  x^  -  fix  -  bx  +  a6  ;    tliat  is 

fa  +  by      /a  +  by        ^ 
x2  -  (a  +  b)x  =  -  ab  .-.  x^  -  (a  +  i)x  +  ( —^  )    =  i  ~2~  )    ~ 

a2  _  2a6  +  6^              a^  -r-2«6  +  6=  a+  b        a-  b 

= ab  = .-.  X  -  —7-  =  i  -;;— ,  whence 

4  'i  u  it 

X  =  a  ov  b 

(III)  Multiplying  by  168 

168  +  63x  -  48x  +  8  =  186  .*.  15x  =  10  .-.  x  =  § 
46.  Multiplying  by  (x  -  y),  (y  -  z)  and  (z  -  x)  respectirely, 

we  have 

x^  -  y^  =  3Y(x  -  y)  \ 

,f  -  c*  =  28(1/   -  =)  ?    •••by   addition   18x  -  9y  -  9s  =   0 

~3  -  x^  =   19(s  -  x)  ) 

_._   2x  -   1/   =   2;    substituting   this   in   third   given   equation, 

(2x -y)^  +  x(2x-^) +x2=  19  .•.  1x^  -  5xy  +  y- =  19;    subtract 

from  this  the  first  equation,  and  we  have  ex^  -  6xj/  =  -  18 

...  y  = ;  substitute  this  in  the  first  given  equation,  and  we 

"^/xHsN       fx'+sy     ,     ,  /x^+ay 

have  x'^+i-^>  +  (~T~)    =  ^'+  ^'+  3  +  ("^J    =  37 

clearing  of  fractions  ;  2x*  +  9  +  9x2  ^^.t-  s^^^  .-.  Sx*  -  28x2  ^  _  9^ 

x2+  3       9  +  3 
whence  x^  =  9  or  J  .-.  x  =  i  3  or  ±  J V3 1  y  =  —^  =  -J3-  =  i  4, 
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1+3  10  \^         4  10V3 

3 

or  -  i  iV3  +  ^f  V3  =  T  W3 

47.  The  question  amounts  to  finding  the  least  real  value  of  x, 
which  will  satisfy  the  given  equation 

bV  ~  2abx  =  m  -  a^b^  -  2a-b  -  2a-,  where  ?/i  represents  the  least 

2a        m~  a^b^  -  2a-b  -  2n^ 
value  which  makes  x  rational ;   x^  — -rx  =  p 

2a       a'^       a'  +  m  -  a'^b^  -  2a^b  -  2a^      m  -  a"b^  -  2a?h  -  a^ 

''■'-T-^b^=  ~P        ■  "  '        b^  ■ 

a        ±  'Jm~-cr(U^+  26  +  1)  a  ±  V"i  -  ""(6  +  l)- 

,•.   X  • — 7-  =    r .'.  X  =  7 

b  b  0 

Therefore  the  least  value  of  7ft  that  will  render  x  rational,  is 

m  =  a\b  +  1)^,  and  .*.  the  least  possible  value  of  the  given 

a 
■  expression  is  found  when  x  =  -r-,  and  is  therefore  a^{b  +1)^ 

48.  l(x«P  +  6  +  9.C  -  ^P)  -  AxP(x^P  +  3x  -  ^i')  +  4x2^}^ 
=  {(x'^P  +  3x-^Py  -  2  X  2xP(x^P  +  3x-^P)  +  (2xP)-}^ 
=    x^P   +    3x-^P   -    2xP 

49.  (I)  S={2a  +  Qi  -  l)d}j  =  {6^  +  (8  -  iy^^]l  =  (6f  +  20)4 
=  4x  26?^=  107f 


_  a(l  -  r")  _  81xi-{l  -i-%x-hjy} 
(u)  ^=       l_r       -  i-(_5x-''y) 

r  /256X-  i62^8\"1 


25Qx  "  '  *'?/*' 
nx^^U    -    f '-^^^TTT^  )  !.  243x^Ml    -      243  x  27 


l"  +  §x-^  ~  Sx-^'  +  2y 

256x-^* 
243x^4-        ^1^  6561x1*-  256x-2j/» 

3x^  +  2y  ~  81x2  4.  542^ 

243xii{l  -  (  -  ex-2y)=^}     243(1  -  (  -  D^ 
(III)  S^  =  as  above 3^2  +  2y "^^ T+1 

243  X  1       243 

— —-  =  -^  =  60J 
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a(T^-  n  ar^(r^  -  1) 

50.  — -. —  =  sum  of  first  three  terms,  and , —  -  sum 

r  -  1  '  r  -  1 

M  r«('-*-l)1       «/^(r6-i) 

of  next  six.    Then  72^ \ — J.  = z — ,  or  dividing  each 

]r-l|  r-1'  ° 

a(r^-\)  *-  ^ 

bv  -y~r-,  we  get  T2  =  r\r^  +  1),  whence  r^  =  8  or  -  9  .-.  r  =  2 

.•.  any  series  having  r  =  2  will  answer. 

(x^  4-  23:'^  +    1)   +  x(x^  +1)         (x2  +    1)'  +   a:(j:^  +    1) 

(x'2+ l)(a:"'«  +  x+ 1)       x2  +  x+l 
(x^  -r  l)(x2  -  X  +  1)  ""  x^  -  X  +  1 

53.  x^-2(a  +  6)x  =  3a^  -  10a6  +  36^;  complete  the  square 
x^  -  2(a  +  b)x  4-  (a  +  6)^  =  Sa^  -  I0a6  +  36^  +  a^  +  2a&  +  6^ 
=  4a2  -  8a5  +  46^  =  4(a  -  6)^  .-,  x  -  (a  +  t)  =  +  2(a  -  6)  ;  or 
X  =  a  +  i  +  2(<i  -  6)  =  3a  -  6  or  36  -  a 

54.  Because  ^y-x  :  '^20  -  x  ::  2:2  .'.  '/iT-"  ^  =  ^20  -  x 
.•.y  -  X  =  20  ^  x;  hence  y  =  20.  Then  from  first  given  equation, 
Vy  -  V2^  -  X  =  V^O  -  X  .•.  'f/y  =  2V20  -  x,  and  hence  i/  =  80  -  4x, 
but  y  =  20  .-.  20  =  80  -  4x,  or  4x  =  GO,  and  x  =  15,  and  y  =  20 

55.  {(x2  +  1)  -  2x}{(x2  +  1)  .f-  2x\  +  2(x2  +  2x  +  1) 
=  (x2+l)2-4x2+2(x^+2x+  1)  =  x^+  2x2+  ;  _  4a;2 ^.  2^2  +  4x  +  2 
-  X*  +  4x  +  3  ; 

(X*  +   2x^1/^  +  fXx*  -   2x^i/'i    ^  f)   -   2y%x*  -  2x2?/«   +  y^} 

=  (x2+i/^)  (x^-yh    +  2y\x*  "  2x'J  +  y^) 

=  (x*  -  ff  +  2xY  -  4xy^  +  2^6 

i  x*  -  2xV  +  2/*^  +  Sx*"/^  -  4x?/*  +  2t/6  =  x"  -  4x3/*  +  S?/" 

56.  Multiply  2""*  given  equation  by  3,  then  3x^y  +  3xy'^  -  36^, 
Add  thiS  to  I^'  given  equation,  and  we  get 

x'  +    "ixhj  +   3x^2  +  yj  =   flS  ^   3^3    ...   X  +  7/   =   '^JFT'sP. 

6* 

But  xi/(x  +  7/)  -  i'  .-.  xy^ya?  +  Si^)  =  6^  .-.  x?/ 

^u"  +  3t* 

I* 
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Then   x-  +  2xy  ■\-  i/  -    (a^  +  36^)',   and  4xy  =    -. 

.-.  x^  -  2xtj  +  2/2  =  {11^  +  36^)* 7 

(d^+3&-*)* 


Tben  X  -  ?/  =  ±  Y  (a3  +  36^)^  f  1  -  -^f:^r^A 
2/.KaH3i3)'(^li:V«rir^3) 


35 

57.  Let  .r  =  number  at  first,  then  —  =  what  each  had  to  pay, 

but  two  left,  therefore  the  number  remainining  =  a:  -  2,  and  con- 

35  35         35 

'consequently =  what  each  paid.     Hence =  —  +  2 

.-.  X-  -  2x  =  35 ;  or  x^  -  2x  +  1  =  36  .-.  x  -  1  =  +  6,  and  x  =  7 

58.  {aS  +  h^^y  =  d'{l  +  a'h^^y 

„(  4    .11        4-3/    _i    i\2       4-3-2/    1   i\3 

4"3'2/         11  \  3  33  13 

■Hence  4'"  term  =  a^  x  — — -ya    "^b"^ )    =  a"^  x  4a    -b^  =  4a^b'^ 


5i9.  (  -  iaH'^f  =  4a*x'     -  ic^x^  x  -  3ax^  x  2  =  12tt3x" 

-  ^ffx^  X  ^ax'' X  2  =  -  Ja^x*     -  x^   x    Jax**   x   2  =  -  ax'^ 

ax   X  ~  3ffx"  X  2  =  -  Ga^x^  (l^a^  -  a)x" 

=  -  Va^-c"         .-.  coef.  ofx"  =  (12a3-a) 

(4a*  -  \?a^)x^  .-.  coef.  of  x''  =  (4rt'>  -  y«'-') 
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60.  Let  X  and  y  be  the  numbers,  x  being  the  greater ;  then 
X  :  y  ::  X  +  y  :  a,  and  x  :  y  ::  x  -  y  :  b  .-.  y(x  +  y)  -  ax, 
and  y(x  -y)  =  bx 

x)j  +  y'^  =  ax 
xy  ~  y^  =  bx 
2xy       =  ax  +  bx ;  or  dividing  by  2x,  we  have  y=l(a  +  b) 

2y^  =  (IX  -bx  =  (a  -  b)x  .-.  x  = r  =  — ^^ tx-  = - 

^         ^  a-b       4(a-b)        2(a-b) 

1  4x  -  3         30x  -  23 

61.  (0  2  +  —^^  =  2  ^  — -3^  =  ^^;^-^ 

^    /x^  +    1\  /x2  +  2   4-  x-2\         /x2  +   l\  /Cx   +   X   1)^ 
(ii)    ' *' ^    -    '  ^  / '- 


x' -  ijy    xo  +  x-^    y     V^'-  vV  ^■'  +  ^"'' 

'x^  +   1\  /       x  +  x-i       \  a;3  +  x+x  +  x-i 


x^  -    lj\x-^  -   I    +  x-y       X*  -  x^  4-  1  -  X''  +   1   -  x-^ 

x^  +  2x  +  X  -  ^       ^        x5  +  2x^  +  X  x(x''^  +  ly-i 

X*  -  2x^  +  2  -  X  -  =*  ~  x6  -  2x*  r  2x^  -  5  ~  x^  -  2x*  +2x^-1 

go ^  +  6  x-4  X  +  2 

■'•   (X  +   7)(x  -  5)       (X  +  7)(x  +  3)  ~  (X  -  5)(x  +  3) 

.-.  /.  c.  m.  of  denom.  =  (x  +  7)(x  -  5)(x  +  3)  ;    then  reducing  to 

(X  +  6)(x  +  3)  +  (X  -  4)(x  -  5)  -  (x  +  2)rx  +  7) 

common  denom.  =  ^^ ^^ — ^^ — . — ~ ~ — 5^ di -__r 

(x  +  7)(x  -  5)(x  +  3) 

_  x^ +9x4-  18  4-x^-9x  +  20-x'^-9x-14  X^  -  9x  4- 24 

a;^  4-  5x^-29x-  105  ""  x«  4- 5x^  -  29x  :^T05 

(II)  {(x*  -  2x^  4-  x^)  4-  a  (x'^  -  X)  4-  -,i,.}^ 
-  {(.X-  -  x)^  4-  2  X  i(x2  _  X)  4-  (0-j'  =  x2  -  X  4-  i 

C4.  (X™  -   2j/")(x'"  -  J/")    =    x'--^  -   2x'"^'»  -  x'"!/™  4-    2!/-» 
^  X™  -  Sx^y"  4-  2!/-"  ; 

{x™'  4-  (ax™  -  6)j{x*'  -  (ax'^  -  b)]  =  (x™')^  -  (ax'"  -  6)^ 
_  j,'.im3  _  ^2^2771  ^  2a6x™  -  b'^ 
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65.  (0  12(x*   -   2*)    -^    3(x   -.  2)    =    4(x^  +   2.r'«  +   4x   4-    8) 
ix^  +  8x^  +  16x  +  32 

(ii)  4  -  2  +  1)20  -22  +  11-3(5-3  .-.  quotient  =  bd'b^  -  Sat* 
20  -  10  +    5 

-  12+    6-3 

-12+    6-3 


G6.  Let    a 
a       a 


b   ::   b  :   c 
c  a 


then   a  :  d   ::   a^ 


6       c  a       b       c 

For  -7  =  -r>'^  —  X  -r,  and  -r-  =  —  =^  -p 
d       b       c       d'  bed 

d  ::  w'  :  b^ 


a 
1 


b  ^  b  "^  b 


07.  x^  <  lOa:  -  IG,  or  x^  -  lO.r  <  -  IC,  or  x'^  -  lOr  +  25  <  9^ 
or  X  -  5  <  +  3,  or  a;  <  8  or  >  2  .-.  values  are  i,  4,  5,  C  and  7 ;  or 
thus(-x2+10a--lG)>0;  -(x2-10a;  +  16)>0;  -(j:-»2)(a:-8)>0, 
r.  X  -  3  must  be  negative,  .'.  x  <8  and  x  -  2  must  be  positive, 

.-.  X  >  2 

„       .  26  26  1  1 

G8.  By    Art.    106,    (vii) 


4Vx-  5 
.•.  5  =  ijx  -  5  ;  or  X  -  5  =  25  .-.  X  -  30 


20 


"Jx  — 


a       b 
C9.  y  +  —  >  2  ;   if  a'''  +  6^  >  2ab,  but  a^  +  b"  is  greater  than 

«       b 
2ab  by  Art.  134,  Note  2,  .-.  -r-  +  —  >  2 

70.  Let  71  -  1,  71  and  7i  +  1  be  the  three  numbers  ;. 
then  (71  -  1)'*  +  71^  +  (?f  +  1)^  =  the  sum  of  their  cubes 
=  n^  -  3;i-  +  3«  -  1  +  ?t^  +  71=*  +  Sn^  +  3«  +  1  =  37!^  +  Gn  =  3?j(7i''  +  2) 
which  is  evidently  divisible  by  3?i,  i.  e.  by  three  times  the 
middle  number. 


71.        1 
-  5 

+  4 


1  +  0-4+       7+       0 

-  5  +  25  -  125  +  G90 

+     4  -     20+100 


1  -  5  +  25  -  138  +  790 


- 

5 

+ 

6 

1 

3950 

552 

+ 

31C0 

1  ~ 

4507 

+ 

31GL5 

i 


4t)0la  -  31Cd 
c|uotient  =  a*  -  5a^  +  25a'^  -  138a  +  750  -  ~^r:^^Zli'' 


Mis.  Ex.  71-73.]  ALGERRA.  165 

(11)  ix'  -  X  -  3)-  ~    (X  -  :r  - 1)'   -    (x2  +    1   +  X  -  2)' 

=  a:*  +  2x2  +  3  +  2X-2  +  X-* 

72.  It    is    evident    that    the    («    -    1)"^    factor    of 

(x'  +  «^)(x*  +  a'*)  &c.,  that  is  the  Jit^  factor  of  the  giren 
series  is  x^^^^  +  a^^^  ,  and  that  the  term  before  this  is 
^.(0     '  j^  0.(2)     "^  and  so  on.     Hence  the  series  is  the  eame  as 

(x-^  +  a^J.     Now   the   product   of  the   first   tvo   terms 

-  x-^^^       -  a^''       ;  and  the  product  of  this  by  the  third  factor 

( l\n -  3    '      ( i\n - i 

=  x^^'        -  ii}-^^       ,  and  so  on.     Hence  the  product  of  the 

first  n-l  factors  will  be  (.c=  -  a'),  and  the  product  of  this 

by  the  «">  factor  \x^  +  a^J  will  be  x  -  a  which  .*.  =  the  pro- 
duct of  the  given  factors. 

^oTE.— All  this  will  bo  perhaps  more  ovidcut  to  the  student,  if  lie 
takes  a  numerical  example,  and  examines  how  the  indices  arc  affected  by 
ii;'illiplying  them  as  in  the  above  question.    Thus  suppose  n  =  5. 

.   (x(^)'  -  «(^)')(x(^)'  +  .(^)')  =  (x-^^  -  a^^){x^^  +  « '0 

13(2x  + 3)- 7(2x-3)         x-4  12x  +  60  x-4 

73.  — 


12(4x--9)  "4x^  +  9       12(4x--9)       4x''' +  9 

x  +  5  x-4        4xH  20x2+ 9x  4- 45  -  4x^4- 16x^4- 9x- 16 


4x''-9       4x2  4-9  ~  ;6/^-8l 

30X-4-  18x  +  9 
~  lGx«'^81 


1G6  KEY  TO  [Mis.  Ex.  74-78. 

74.  (0  lax'  +  lf)  +  lxy}{ax'+ly')  -  hxy]  =  (ixH  Iff-lx'f 

=  -.i^x*  +  ixY  +  -sW  -  l^V  =  -iV*  +  «V2/* 

I  (4.r'^  +91/0  -  6.f^i/M 

=  (4.1-^   -  9i/0(l6-c  +  I2xh/  +  811/  -  3Qxh/) 

;=  (4x^  -  0y^){l6x  +  36x^2/'  +  81?/) 

=  C4x^  +  144a-y^  +  324x^y  -  144xy^  -  32ix^y  -  l29y^ 

?:  64X''  -  I29y'^ 

15.  Multiplying  first  equation  by  ^2,  and  second  by  V3,  we 
have  2xV6  -  61/  -  6V2  (i) ;    3x^Q  -  6y   =    SVTS   =    15V2  (ii)- 

9V2       9^/n 
Subtracting  (i)  from  (11)  x^/6  =  9^2  .-.  x  -  -v^   =  — ^  -  3v3  ; 

then    2xV3   -   3y^j2   =    6V3   x   V3   -   3y^2    =    18   -   3yV2  ^  6 

.-.  32/V2  =  12  and  .-.  y  =  ^~^  -  V3 

76.  S„  of  1  +  3  +  5,  Ac,  -  {2  +  (/t  -  1)2{y  -  (2  +  2/i  -  2)y  =  n^ 

S   to   In  terms  =  {2  +  (J/i  -  1)2)^  -  (2  +  n  -  2)-^  =  W; 
then  sum  of  last  half  of  the  series  =  n^  -  —  =  fw^  _  3  ^jm^g  |„2 

«2  +  2ab  +  b'       (a  +  t)'^ 

77.  The  J.  mean  is -r =  — -7 — ,  and  the  H.  mean 

a-  -  2a&  +  b'^       (a-  b)'^  ,      ^  ,--- 

is , =  ^^ — r —  ;    then  Art.  262,  the  G.  mean  =  JjIH 

ab  ab      '  ' 


-V 


(a  +  by\a  -  by       (a  +  b)(a  -  b)       a~  -  h^  _    a         b 


a 

2ac  2ac 

78.    By   Art.   260,   it  appears  that    H  =  — —  .-.   b  =  ^^, 

substitute  Ibis  for  6 


a  +  c  1  I  a  +  c  a  +  c 


ac  2ac  2ac  «(<;   -   a)       c(a  -   r) 


M.I8.  Ex.  78-81.1  ALGEBRA.  l^'J 


(u:  -  or  +  ac 


'  '  ac      a(c  -  a)       c(a  -  c)       ac(c  -  ay{a  -  r) 

2ac  -  a?  -  c^ 

.-.    1  =  -, X-, r  .'.   2ac  -  c^  -  c^  -  lac  -  a?  -  i?.    Now 

{c-a)(a-c) 

reversing  the  steps  of  this  operation,  we  shall  have  proved 

the  point  required. 

X  ,  mx 

79.  V  =  r  ^  s  \  t^  and  s  ~  m — ,  and  t  -  nxy'^  ,-.  v-r+  —  +  nxy^ 

0  -  r  -h  m  +  n 
8  -  r  +  7)1  +  21/1  ^  From  these  equations  r  =  1,  m  =  -  jj,  and  n  -  ^, 

1  =  r  +  0  +  0 

7nx  X 

.-.  j;  -  r  +  y  +  Tixy'  ^  1  -  IJy  +  i\xy^ 

80.  {(a  +  b)x  +  (rt  -  h)\{{a  +  6)x  -  («  -  6)}  =  (a  +  bfx^  -  (a  -  b)'' 
-  iab  .-.  (a  +  b)V  =  iab  H-  (a  -  6)''  =r  («  +  b)'^  .-.  x^-  I  .-.  x  =  ±1 

ax      b  h 

(n)  -p  -  —  =  x  +  —  .•.  a^x^  -  b'x  =  abx"^  +  b'^ :  (t^x^  -  ahx^  -  b^x 
^   '    b        a  ax  ' 

=   b' ;    (tt^  -  a6)x2  -  i^i;    r.   6- ;    x^  -  ^,^„  _  f^<^x  = 

6^x 
•^■''  ~    a(a  -  b)    ^    4a\a  -  b)^ 

6*  4a62(a  -  6)       t*  4-  4a262  -  406^ 


a(a 

62 

6)' 

a(a 

62 

'') 

4a2(rt-6)2  ^  4a2(-a_  t)2  4a-(a  -  6)^        •  •  -^       2«(a-6) 

+  /)V^'^  +  4a2  -  4a6  6(6  4  ^6^  +  4a2  -  4a6 

"^  2a(a-6)       '    •'•  ^  ~  '  2a(a  -  6) 

81.  Product  of  first  two  factors  =  d^  -  l'^\  hence  product  of 
first  three  factors  =  a*  -  6*,  aud  product  of  first  four  factors 
=  a'  -  6*.  Hence  it  is  evident  that  the  exponent  of  a  or  of  6  in 
first  term  is  2",  in  product  of  first  two  terms  2^,  in  product  of 
first  three  terms  2^,  of  four  factors  2',  of  five  2*,  and  so  on  ;  hence 
the  exponent  in  the  product  of  first  n  factors  will  be  2"'i,  and 
of  the  series  to  7i  4-  1  factors,  the  exponent  will  be  2".  Hence 
the  required  continued  product  is  a^"  -  6-™ 


168  KEY  TO 


[Mis.  Ex.  82-S7 


83.       l.l  -  (a  +  b  +  p)  +  (ap  +  bp-  c  +  q)  -  (aq  +  bq  -  cp)  ~  qi. 
+  p\    +         p  -  (ap  +  bp)  ~  cp 

-  q\ -         q +  (aq  +  bq)  4-  qc 

I  -  (a  +  b)        -        c  "+         0  +~0 

Ilence  quotient  =  x^  -  (a  +  b)x  -  c 

83.  \(a-x'^   +    2abx^  +    bV)    +    (2acx^   +    26c)    +    c^x '  ^\^ 
=  {(ax^  +  bxy  +2XCX-  \ax^  +  bx)  +  {ex  "  ^fl^  =  ax^  +  bx  +  cx-^ 
(X  -  a)(x  +  b)+(x  +  a)(x  -  b)     (x  -  a)(x  ~b')  +  (x  +  g)(j  +  b) 
(X-' -  d'Xx^  -  f')  ^  {x-^  -  a?){x^  -  U') 

x^-ax  +  bx-ab4-x'+ax-bx-ab    ■  (x^  -  a^(x^  -  6^) 

(x^  -  a=')(x^  -  b^)  ^  x^-ax-bx  +  ab+x'+ax+bx+ab 

2x^  -  2ab     x2  -  ab 


~  2x2  ^  2ab  "  x^+  ab 

85.  G.C.M.  of  (x2  +  px  +  ;j2)(x2  -  px  +  p^),  and 
(X*  +  px  +  p')(x'^  +  px  -  p-)  is  evidently  x^  +  px  +  p\ 
Otherwise  by  ordinary  rule,  thus: 

X*  +  jJ^x" +;)4)x*  +  2px^  ^pH'^'p\l  x2  +px  +  p'^)x^-p\x  -p 

x^+p^x^+p*^  x^+px^  +  fx 

2px'>  -p*  =  2p{x^  -  f)  -  px^  -^^~^3 

x^-p^x*+pV  +  p\x  -px^-p^x-p^ 

X*  —p^x 

^•«Tpx  +  p*  =  i)2(x2+j3x+p2) ...  G.C.M  =  x2  +  px+p'^ 

86.  |(x  +  5)(x  -  4);  J-^Cx  -  6)(x  +  5);  and  V(x  -  6)(x  -  4). 
Hence  Levi.  =  ^6"-(x  +  5)(x  -  4)(x  -  6)  =  "i(x^  -  5x^  -  26x  +  120) 

.^       2(ab  +  1)  1  -  b^        ^       2(ab+l)      /'ab  +  l\'^ 


ab  +  ly       1  -  62       a'h'  +  2a6  +  1  +  n^  -  a^^^  _  i  +  52 


or 


d'+2ab+  b'^  ab  +  I         a  +  b  ab  +  1  ±  (a  +  b) 

(a2  -  1)2      •■•  ^  -  a2_i   =  i  ^ITJ,  aud  x  =  ^j— ^^ 

((i6  +  6)4-(a+l)  b(a+l)  +  (a+l)      (6  +  l)(ffl  +  l)      6  +  1 

a^-I  ~  (a+l'Xa-l)     ""  (^-l)(a+l)  "^  ^^1 5 

a6-6-a+l  (6  _!)(«_  i)       i_i 

a2":n^  =  (a  +  l)(a  -  i)  ~  a  +  1 


Mi3.  Ex.  88-90.]  ALGEBRA.  169 

88.  Multiply  both  numerator  and  denominator  of  the  first 
fiiLlor  by  X  ;  then 
t4  +  x-='+ 2(12+1)     /x^-lV''     x-2(x6  +  l)  +  2(aj2+l)     (x^^\ 


;4_x---2(x2-l)     VI--+1/    -  X  \x6-\)-2{x'-\)    \x'^\ 
X  ■  ■■'(.T*  -  a;2  +  1)  +  2\  A'-  1\  _  /a:'-  l+x-^  +  2\  /x^- 1 
,1-  -  ^(x'tT^2-^l)^2  j  1^x2+ ly  "  \^x^  +  1  -  x-^  -  2j  l^x^+  1 
'/x'  +  1  +  X  -  ^\  /J^lJA       /x^  +  x^+  1\  /x^  -    1\  _  x*^  -  I 

'  (x^-  l+x-^j  \^x»  +    1  y  "^  [x^  -  x2  +  1 J  (^x2  +    ly  ~  xs  +  1 

n-1 
89.  Let  n  represent  any  square  number ;   then  —r-  will  be 

7i+  1 

half  the  next  lower  number,  and  —r-  will  be  half  the  next  higher. 

■n_l\3  n^- 271+1      4n  +  ?i2-2?i+l      7i2-i-2?i  +  l 

Then  n  +  [  — —      =  n  + 


2     ;    -""  4         -  4 

^«+l~^  '^" 

T 

90.  Let  X,  y  and  ^  represent  the  number  of  hours  taken  by  A, 
B  and  C  respectively  to  fill  or  empty  the  cistern ;  consequently, 

in  1  hour  J  will  fill  — th  of  it,  B,  — th  of  it,  and  C  will  empty 
X  y 

1 

— th  of  it. 

5( —  I  +  —  =  iVi.e.  once  the  contents  of  the  cistern 

5        1 

J'x^2^ 

7        3  27      5  5        1 

Hence  2---=l;  ^- -  =  1,  and  3^  +  2^  =  1. 

Multiplying  the  first  of  these  by  ^,  and  the  third  by  | 

35     ^_  ^\ 

6^~T"   3     [  ^      £      _7_      1.-  — 

35       7        n_T    ''' '.y'^~z~~2~~2  ~~Q 

Cx'^4y"   2    J 

Also  1;  -  f  =1 

•••  i^  =  ij  =  V  ;  whence  .},-  =  {,  or  y  =  3 


170  KEY   TO  [Mis,  Ex.  90-93. 

27      5      27      5  5  _  27  15         11 

7       3        7        3  7        7  11 

91.  2x5  +  2a;4  _  5j.'^  4-  ix'^  -  9 
3 

3,;c*  +  3x-^  -  10.r^  -  z  +  3\  6x»  +  6a;*  -  15.r^  +  12a;''*  -  27(2a! 
J  6x5  4.  gj;4  _  20x^  -    2x2  4.    Qj. 

5xMn^4a;^^6x  -  27 
8x*  +  3x3  _  lox-  -  X  +  3(3x  -  27 

6 

5x3  J.  i4^^z  „  ex  _  27\  15x4  ^  15^.3  _  50x^V5a;  +  15 

y  15x*4-42x3-  18x2 -81x 

^'7x^'^"32x2  +  76x  +  15 

5 

-  135x3  _  iQQx^  +  380x  +  75 

-  135x''  -  378X'-'  +  162x  +  729 
~'_  218x2+  218x  -  654 

=  218(x2  +  x-3) 
x^  T  X  -  3\  5x3  ^  14J.2  _  g J  _  2  7(^-5;^  4.  9 

/5x3+  5x^-  15x 

9^2 +9x-  27 
9x2+9x-27 

92.  I.   c.   m.   of  (ax  +  b)(px  +  5),   and   (fix  +  6)(gx   -  p) 
=  (ax  +  6)(^x  f  q){qx  -  p) 

=  ff;jgx3  +  (aq^  +  bpq  -  ap'^)x'^  -  (apq  +  bp'^  -  bq^)x  -  bpq 

I.  c.  m.  of  x(x  -  ?/);    (x^  +  y^){x''  -  y^)\    and  y(x  +  ?/), 
tbat  is  ofx(x^  -  i/^)(x^  +  x''f  +  y^J  \   \x^  +  2/')(x^  -  y"), 

(1  1  \   /     2         (     I     '  IN 

x^    +   y^'){-t:^   -   x^y     +   y' )    =    x(x    -    y)(x    +    y)y 

=  x^(x2  -  y-)  =  x^i/  -  xy^ 

93.  (i)  Multiplying  by  273,  we  have 

91x  -  182a  =  78x  +  234a  -  21x  -  42a;   or  34x  =  374«,  whence 
X  =  11a 


Mis.  Ex.  93-97.]  ALGEBRA.  171 

(ii)  Reducing  first  member,  and   also  the  second  member, 

X- 5       x-o  ,1  1 

— T-  =  -3 — r  ;    or  dividing  by  x  -   5,  we  nave  —  =  ^2  _  ,, 

whence  x'^  -  1  -  6,  or  x'^  =  7,  or  x  -  +  V? 


(ni)  Squaring  each  side,  a;  +  4  +  2'JZx^  +  14a;  +  3-4  +  2x  +  6 
=  3x  +  34  .-.  2V2-':^  +  140;  +  24  =  24 ;  or  ^JU^TlixTsi  =  12 
■.-.  2x-  +-14r  +  24  =  144,  or  a;^  +  1x  =  GO  ;  x'  +  1x  +  Qf  -  60  +  \^- 
=  3?_'i  .-.  X  +  5  =  ±  iji  .-.  X  =  5  or  -  12 

(IV)  x-i/    -    x'^  +    2xhj    -    Zy    =    '<Jx^   +    oij,    but    x'l/    =    5 

.-.  5  -  x^+  15  -  3y  =  '^x^+  '6y,  or  20  -  (x^  +  3ij)  =^  ^/x^'~3y 

.-.  (X-  +  3y)  +  V-i'"  +  3y  -  20   .-.  (x^  +  3y)  +  (x-  +  3^)^   +  J  =  ^4- 

.-.  (x^+  3)/)^  -  +  2  -  ^  =  4  or  -  5  ;  squaring:  these,  x^+  Sy  =  16  or  25. 

5  5 

But  since  x'^y  =  5,  x'^  =  —  .-.—  +  By  =  16  or  25.     Hence  3y--l<iU 

J      J        y       y 


=  -  5  ;  or  3y"  -  25i/  =  -  5.     From  first  of  these  equat.  y  -  5  or  5. 
Hence  x  =  1  or  +  Vl5 

94.  (X   -   2)(x   -   3)(x    +    2    -   V^^)(-«^   +    2    +    V"^^3) 
^  (x3  -  5x  +  6)(x2  +  4r  I-  1)  =  x*  -  x^  -  1x'  -  9x  +  42  -  0 

95.  a  -  a  +  m  -{■  a  -  m  +  m  -  a  -  m 

96.  a'  +  63  -  a"-  +  2«*6i  +  6*  -  2rt*6^  -  (a*  +  6*)^  -  (a'by2y 
-  (a*  +  lA  +  a^6V2)(a*  +  fc*  -  a^^VS) 

97.  Since  Art.  260,  Jl  ^  hi"' +  ^);   H^  ^^,  and  G  -  V«^  ^2 

have  by  substituting  these  values  for  J,  H  and  G 

2ab  f  lah  \  /  lab 

a  \-  h     _  \a  +  /;  /  V«  +  ^;' 

ah 

(2ab  -a'-  ab){2ab  -  b^  -  ab) 

ab{a  +  by 

nb(a  +  bf  +  (ab  -  a^)(ab  -  b-) 

(oT^by  ^  ab(a  +  by 

ab(a  +  by  +  ajb  -  aXa  -  b)b       ab(a  +  by  +  ab(b  -a){a-  b) 
iab=  ^         ■  =  ^4 
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.-,  iab  =  (a  A-by  +  (b -.  fl)(a  -  b)  ^  a- +  lab  +  b^  +  ab  -  b^  -  a-+ ab 
or  Aab  -  iab 

08.  Let  X  -  minute  divisions  the  hour  hand  passes  over ;  then 
\'2x  =  divisions  passed  over  by  minute  hand.  Also  60  +  x 
=■  minute  divisions  passed  over  by  minute  hand  between  two 
successive  transits  .-.  12x  =  60  +  a;;  or  llx  =  60  .-.  x  =  5^'^. 
-  minute  divisions  passed  over  by  hour  hand,  hence  time  in 
minutes  -  5-j^i-  x  12  =  1  h.  5^^,  m. 

90.  Let  X  and  y  -   sides  of  rectangle  ;    then  x^  -  fire.=v 
(x  +  a)(y  -  b)  =  xy  +  ay  -  bx  -  ba  =  xy 
(x  +  c)(!/  -  d)  =  xy  +  cy  -  dx  -  cd  =  xy  -  c 
ay  -  bx  -  ab       "^        ady  -  bdx  =  abd 
cy  -  dx  -  cd  —  ej       bey  —  bdx  =  bed  -  be 

.•.  (be  -  ad)y  =  bed  -■  be  -  abd 
h(ed  -  e  —  ad) 
^^^°^^  y  =  ■      be -ad 
Also  acy  —  bcx  -  abe 

acy  -  adx  =  acd  —  ae 


whence  x  ~ 


(be  —  ad)x  =  acd  -  ac  —  abc 
a(cd  -  e  -  be) 


be  —  ad 

If  ad  =  be,  and  be  +  e  =  cd 

akd  -  (be  +  e)}       axO        0 
Then  x  =  — — .    _     . =  —^  ~  ~q'  ~  ^^^  ^alae  wnatever 

b(cd  -  e  -  ad)       b(cd  ~  e   -  be) 
Also   y  =  ^^-^^ = ^^^^ ;    since  ad  =  be 

b{cd  -  (c  +  be)}       6x00 

be  -  ad         ~      0  0  a  -  b 

(       a -by  3(a-^b)  ^x-b  a-b 

100.     1 r      =  I  -  - — oaj_^  =  1  -  '""?r™T ')  for 1  write  y 

\        x-b  I  a;-2o+a  a  —  b'       x  -b  '' 

^  ^  1+ r 

x  —  b 

3y  3y 

Then  (1  -  yy=  1  -  ^Ty'^    or  1  -  3y  +  3r' -  ?/'=!-  j— 


Mis.  Ex.  100-102.J 
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-  3  +  3y  -  /  =  - 


1+  y 


•.  -  3  +  3)/  -  2/2  -  3)/  +  3r'  -  J/^*  =  -  3  ; 


a-b 
or2i/-y^=0  .-.  1f  =  y^;  or  2  =  y  .-.  j^^ 

or  2x  =  a  +  6,  wheuce  x  -  \{a  \  li) 


2x-2b-a-b: 


101. 


+  2 
-  3 


5 

+ 

0 

+    0- 

-    3 

+    0  + 

1 

+ 

10 

+  20  +  10 

-46 

-  15- 

-30 

-15  +  69 

+  0  +  0  +  0  +  0 
-  122-  104+  158  +  628 
+  183  +  156-237-942 


5  +  10  +    5-23-61  +  70 

•    -61-52    +    79  +  314  +  391 

Gl.r  -  70 
5x^  +  IOj-2  +  5x  -  23  - 


x^  -  2x  +  3 

or  5x^+  10x2+  5j.  _  23x0-  61a;-i-  52x-^  +  79x   ^  +  SUx"* 
+  39U--'  +&C. 

102.   G.C.M.   of   (y  -  3)x^  +   (f  -  9)x  -  y(2y'^  -  3y  -  9) 
and  (y  +  l)x^  +  2(i/  +  l)"x  -  7/(3^^  a.  5^  +  2) 
=   G.C.M.  of  (y  -  3)x2+  (y  -  3)(y  +  3)x  -  y(y  -  3)(2.v  +  3) 

and  (y  +  l)^^  +  2(y  +  l)^^  -  y(y  +  l)(3y  +  2) 
=  G.C.M.  of  x2  +  (y  +  3)x  -  y(2y  +  3)  and  x^  +  2(y  +  1  )x  - y(3y  +  2) 
=   G.C.3I.  of  (X  -  y)(x  +  2y  +  3)  and  (r  -  y)(x  +  3y  +  2) 
=  X  -  y.     See  Algebra  Art.  73 

If  the  student  does  not  clearly  understand  this  method  of 
factoring,  he  may  obtain  the  G.C.M.  by  rule. 
Thus  x'^  +  (y  +  3)x  -  y(2y  +  3))x'''+  2(y  +  l)x  -  7/(3y  +  2)(l 

x^  +     (y  +  3)x  -  y(2y  +  3) 
(y  -  l)x  -  y(  y  -  1) 

=  (y  _  l)(.r  _  y) 

Then  x  -  y)x^  +  (y  +  3)x  -  y(2y  +  3)(x  +  (2y  +  3) 

x^  -  xy  <r~, 

(2y  +  3)x  -  y(2y  +  3) 
(2y  +  3)x  -  y(2y  +  3)  ' 

Hence  G.C.M.  =  x-y 


174  KEY  TO  [Mi8.  Ex.  102-108. 

When  2/=  1)  ^^^  given  qiLintities  become  -  2a,- -  8x  +  10,  and 
2x2  -I-  8x  -  10,  of  wliich  the  G.C.M.  is  evidently  x^  +  4x  -  5 

103.  a  =  mb^,  and  c~  =  nb'^  .-.  c  =  n''b'^  .-.  ac  =  mn^'b'^  .-.  ac  oc  6^ 

1 04,  (a*/  +  {m^f  =  (a^  +  m*)(rt8  -  ahn'^  +  m')  =  (a^  +  fl»i V2  +  m^ 
{(P-  «/«V2  +  wi2)(a*  +  a2;,i2^3  +  «i4)(ai  -  a^wVS  +  wi'')-  See 
problem  23  in  Miscellaneous  Exercises. 

m^  -    (p    -    q)'^  _    {m    +    (p    -    q)]\m    -    (p    -    q)\ 

^^'''  (m    +    q)^  -   P'  ~    i(ni    +    g)    -    i'HC'"    +    9)    +    F{ 

(?n  +  p  -  5)(m  -  p  +  9)  7«  +  p  -  g 

(m  -  p  +  q)(^in  +  p  +  qj  ~  m  +  p  +  q 

P^~(l  ~  "0^  (P  -  9   +  "*)(?  +  5   -   m) 

(»i  +  p)^-5''   ~  {m  +   p  -  q){m  +  p  +  q) 

q-  -   (m  -  pY  (q  -  m  +  p)(q  +  m  -  p) 

(p   +   qY  -  m^  ~    {p  +  q  +  m){p  +  q  -  m) 

vi+p  -  q      p  ■\-  q-m 

.-.  sum  of  three  fractions  =  — — — -  +  _  ,  „  ,  „   .   ^  .  „  ,  „„ 

m  +  p  +  q       m  +  p  +  q       p  f  q  +  '/n 

m  +  p  -  q  +  p  +  q  -  m  +  q  -h  m  -  p       Jn  +  p  +  q 

a7i  +  p  +  q  ~  7n+  p  +  q  ~ 

106.  2  X  2'+  2^  =  80  .-.  2^'  +  2(2')  +  1  =  81  .-.  2'+  1  -  9 
2"  =  8  =  2'  .-.  X  =  3 

107.  Let  x'^  -  8x  +  22  =  m,  then  x"  -  8x  +  16  =  m  -  6  ; 
or  X  -  4  =  +  '[/in  -^  6,  and  x  =  4  +  V™  -  6,  in  which  m  -  G  cannot 
be  negative  if  x  be  real,  that  is  m  must  not  be  less  than  6 

108.  If  fl,  b,  c  had  each  oc  d]  then  a  =  md,  b  =  nd  and  c  =  pd 
.-.  abc  =  mnpd^,  that  is  abc  oc  d^ 

Now  by  hypothesis  ace  d^ .-.  a  =  md'  .-.  a*  =  7H^(i° 
Also  b^  ex:  ^d*  .-.  6^  =  nd* 

1  . 

And  c^  oc  -y  .-.  c^  =  pd'^ 


p 

+    q   -   m 

m 

+  p   +    q 

9 

+  m  —  p 

P 

+   q   +   171 

q  +  j)i  -p 

a'bV  =  m^npd^ 


Then    taking    cube   root  of   each   side,   abc  =  ^m^np  x  d^ 
.  abc  oc  rf^oc  as  if  each  of  the  three,  a,  b,  c,  varied  directly  as  d 
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109.   Sn  of  1  +  :J  +  5  +  &c.  -  »r.     (Sec  Ex.  LIX,  Example  13). 

n 
S^  of  (2m  +  1)  +  (2/;)  +  3)  +  (2m+  5)  +  &c.  =  {2(2»i-l- 1)  +  («-  l)2|y 


11  n 


(4>ii  +  2  -f  2/1  -  2)—  =  (4«i  +  2n)  -r-  =   (2m  +  «)«  =  2m?i  +  ?r, 


ami  it  is  m.anifi'St  that  the  latter  sum  exceeds  the  former  by 
2m)i,  i.  e.  by  twice  the  product  of  m  and  7i' 

H        m 

1 10.  T/pt  B  and  y  be  the  roots,  then  B  :  y  ::  tii  :  n  .■.  — •  =^  — 
'  )  ^      I  y         n 

b  Q 

And  Art.  208  Cor.,  /3  +  7  =  -  — ,  and  /3v  =  — 


Th.Mi  Art.  100, 


b 

/3  +  7     ?«  4-  ?J  a      m  +  n 


7  71    '  '  ■      7  M 

b         n  »i  ?n,         6         n  b        m 

m  +  n 

^         7?!.    \     b-        mn 


y  -  -  —  X  — — - ,  and  B= —  xy-  —  x-  —  x  ■ x 

'  rt      m  +  iv  n      '      n  a     m  +  n         a 


Hy-  [ X x X =  —  X  - — — r-^.    But  187  -  — 

c      b^        mn  a^c         mn  b^      (in  +  nY 

" '  a  ~  a-    (m  +  n)'^ '        ^  ~  (m  -  ?i)-  '  '  ac~      mn 


HI.  The  denominator  =  d^(b  -  c)  +  b'^c  -  bc^  -  b^a  +  ac^ 
=  a\b  -  c)  +  bc(b  ~  c)  -  a(b^  -  c'O 
=  (6  -  c){«2  _  a(b  +  c)  +  bc\ 
=  (b  -  c)(a-b){a-c) 
Similarly  the  numerator  =  <r*(6-  -  c'O  -1-  b'^c'^  -  bh'^  -  d^b*  +  «-.■■* 

-  a\U'  -  c-'O  +  6V(i2  -  C-)  -  a2(/,4  _  c*) 
=  (62  -  c2){a4  -  a\b^  +  c-)  +  i-c-} 
=  (i2  _  c2)(a-  -  6-^)(a2  _  c2) 
(//-c2)(a2-i2)(a2_c-) 


The 


n  —77 TT TT? ^ —  =  («  +  b)0>  +  f^X"  +  ^) 

(6  -  c)(^a  -  b){a  -  c)         ^         -^^         ^^ 


176 


KEY  TO 


IJJtiS.  Ex.  312-llS 


112.  (ii)  Every  number  is  of  the  form  of  Sn  or  3«  +  1  .-.  every 
square  number  is  of  the  form  of  9/i^  or  9«^  +  6«  +  ) ,  the  former 
is  evidently  divisible  by  3,  and  the  latter  becomes  so  when 
increased  by  2. 

(i)  Of  any  three  consecutive  integers,  one  must  be  divisible 
by  3,  and  since  every  even  integer  is  divisible  by  2,  and  two  of 
the  given  integers  are  even,  it  is  manifest  the  latter  of  the  two 
oven  integers  is  divisible  by  4,  and  hence  that  the  product  of 
the  three  given  integers  must  be  divisible  by  3  x  2  x  4  =  24 


113.   [n{n   +    l)f  -  \n(n  -   l)f  =   n^{(n  +   l)^-   (n   -   l)^} 
s  n-(n  +  1  -  n  +  l)(?i  +  I  +  n  -  I)  =  n^  x  2  x  2ii  =  An^ 
1  +  a 


114.  X 
1  +  6 


2  ^      ^  2(1-1-  c2) 

X  +  1  = ,  and  x^  +  1  :--    -f- 

1  -  a  (1 


1  -  a 

2  (l+a)(H-6) 


2(1  +  ab) 


Then 


(rt6  +  l)(x2+l)     X 

(I^TTx^ 


(ao    +    n-i  —-. ro>        

+  1      ^  I  (1    -    «)/        1-a 


a^+1)      w+1       r     2(1  +a/))     1  2 

2(a6  4-   1)(1  +   g^) 

(1  -g)"  1-6       (1   -  a)(l   -  6)       1-6 


2(1   +  ab){d^  +    1)       1-a 

(I   -  g)(l    -   6) 
1-6       1-6 


(1  -  ay 


I   -  a 


l~a       1-a 


=  0 


115.    1 
-1 

1 
-  1 
-1 


7  +  21+39  +  354-21  +  7 
-    7-14-21  -  14-  T 


7ii* 


7  +  14+  21  +  14  +  7  =  7x*+  Ux^y+  2lx'^y^+Uxf+  ly 
7+14  +  21  +  14+7 

-7-7-7 
-7-7-7 


7  +    7  +    7  =  7x^  +  7xy  +  7y^ 


BUS.  Ex.  116-120  ]  ALdEBIlA.  1T7 

116.  8  +  4 -6- 1  +  l)'i2  +  36- 68  -  16  +  16(9 

72  +  36-54-    9  +    9 
-  14  -    7  +     7 
-  7)   2+    1  -    1 
2  +  1-1)8+4-6-1  +  1(4  +  0-1 

a  +  4-4 

+0-2-1+1 

-  2  -  1  +  1  .-.  G.C.M.  =  2x2  J,  x~\ 

117.  (-Ix^  +  x  -  l)(9x2-  4)  =  (2x-  l)(a;+  l)(3.r  +  2)(3x  -  2) 
(2x2  +  3.  _  i)(4_j.2  _  1)  ^  ^2x  -  l)(x  +  l)(2x  +  l)(2.c  -  1) 

118.  /.cm.   of  denominators   =   8(1   +  x-)(l   +  x)(l   -  x)^ 
.-.  the  given  expression  = 

6(l+x)(l+x-)  +  3(l-xXl+x)(l  +  x-)  +  (l-x)^(l+x'0-2(l-x)3(l+x) 
8(1  +  xXl  +  x^Xl  -  xf 
8  +  8x  +  8x2  1  +  a;  +  x2  1  4.  a:  +  x^ 


^  8(1 -x-)(l +x^)(l -x)        (i_a;4)(l_x)        1  -  x  -  x*  +  x' 

/  r)rt\  /         3<A 

119.    f  X  +  -- j  /  X  -  —  j   +    ax   =   (X  +  5a)(x  -  3a)  +   l\\ 

15«       ,  15rt 

.-.  x''+  2ffx  -  -^  =  x2+  2(/x -  15a  +  1 1  ;l ;  2ax -  2tfx  =  15(«  -  —r^  -  1  U 

45a  -  45  45rt  -  45  45a   -   '15 

.  .    .i(2a    -    2a)    -    ;, .-.    x  = r  = 

^  ^  4  •  •  4(2a  -   2a)  0  . 

.  .   it  is   an   indeterminate  eqnation.     If  a  =   1  it  becomes  an 

ivltntity. 

1      1  1 

1:20.  (i)  li  a   h   c  are  in  II.  Pro?.,  — ,  -r  and  —  aro  in  A.  Pros- 

1  1  1  1  1         1        /  1        1  \        /  1        1 

/'         a         c  b  '  b         a        \o        c   I        Ka        c 

h  +  c       a  +  c 


'ic  ac 

(t  +   h 
Jb' 

M 


'•     ~     ^     "    \c  aj~yb      '   TJ   ~  ~ac  ali 


178  KEY   TO  lMi8.  Ex.  120-124, 

a  +c     a+  b     b  +  c     a+  c       a+  b   a+  c         b  +c 

.-.  ■ r-  =  — , —  < .-.  — T") and  "T —  ^^^  ^^  ^^-  P' 

ac         ab         be         ac  ab  '    ac  be 

ab       ac  be 

And  — —7,  — ; —  and  r- —  are  in  IF.  Prog. 

a+  b'  a+  c         6  +  c  ° 

1111 

(n)  Since  -v = X'  ^^  ^^^®  multiplying  by  a  -f  6  -i-  c 

a+  b  +  c       a  +  b  +  c       a  +  b  +  c      a  +  b  +  c 


b 

a 

c 

b 

a+  c 

+  1 

b 

+  c 

1  = 

a+  b 
c 

+  1 

- 

a  +  e 

1 

••     b 

a 

b     " 

a  + 

c 

b  + 

c       a  +  b       a 

+  c 

•■      b 

a 

c 

b 

b  + 

c    a 

+  c 
b 

and 

a  + 
c 

b 

-  are 

in 

A 

■  Prog. 

a 

c 

121.  ^  oo  b  and  c  oc  <Z  .-.  a  =  nib,  and  c  =  nc/,  .•.  d  =  — 

'  '  a 

m 

Then  ad  =  — be  .•.  ad  cc  be 
n 

122.  Area  of  circle  varies  as  (radius)^  .*.  area  =  m(radius)^ 
.'.  area  of  circles  =  m9  +  m9  +  mlG  +  to25  +  jn36  +  7«49 
=  by  addition  to  ml44  =  ?/il2^  .-.  radius  of  resulting  circle  =  12 

n  3 

123.  S^{2a  +  (7i-\)d}—  =  {22  +  (3-l)rfj— =  sum  of  P' 3  terms 

9 
=  {22  +  (9-l)c/}—  =  sum  of  1^' 9  terms 

.-.  (11  +d)3  =  (11  +  4</)9;    11  +  <f  =  33  +  I2d  .-.  11(/  =  -  22 
or  d  =  -  2  .-.  series  is  11,  9,  T,  5,  &c. 

124.  Let  m  -  the  ??i"',  and  n  -  the  n'l"  terms  of  a  G.  series  ; 
also  let  a  =  l^'  term,  and  r  =  common  ratio,  then  m  =  ar^-^  and 

_.J 


?;i       ar'"  - 1       )■'"  - 1 
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111  m  1:l1  !!LlJ  -''''•"    Izl 


m 

- 1 

71" 

-  »i 

n 

- 1 

m" 

-  n 

(1^111  - 1\  7(1  -  71  /  j^m  •  1\  m  -  n 

— — ^)  .-.  first  term  =  (     „    ,  1         ,  fiud  commou  ratio 

=  I  —  1  1  where  7)i  -  the  m^^  and  n  the  n*''  terms  of  the  series. 
U  one  of  the  terms  be  taken  as  ihe  first,  the  above  becomes 
71  ^  " -1 


r  = 

a 


•s  -  a 
135.  (1=3;  «;•*  =  .^^'  .-.  r*  =  Ij  .-.r  =  +  h     Art.  254,  r  ::^  — - 

2iV-3         -1^  2  .  .._.,.    4        8       16 


the  series  is  3-  2  +  — ■  + 


22V-  2V  i?  3    ••  3        9       27 


27 


126.  -S,i   =   {2a  +   (u   -    1)./}-;^;,  -^^n   =^    {2a   +    ('An  -    \):!\n 

3« 
and  'S'g,!  =  {2a  +  (37i  -  l)(l\^.     Then  latter  half  of 

S,n   =    -*^2n   -    ^'n   =    12«   +    (2«   -    iy\n   ~    {2a   +    (n   -    1),/| 'J- 

3  7id  iid  n 

-  an  +  —iM  -  —  =  an  ^  (3n  -  1)^  =  {2a  +  (Zn  -  l)f/}-;,- 

1  3?i 

=   -{-la  -V  (3«  -  l)r/}y 

127.  Since  iS',  and  S.^  are  each  to  n  terms,  we  have 
Si  +  -S^  =  1  +  5  +  9  +  &c.  to  71  terms  +  3  +  7  +  11  +  &c.  to  ?7  terms 
=  1  +  3  +  5+7  +  9+11  +  &c.  to  271  terms  =  (27i)2  =  Aa\ 
Also  S,  -  S,  ^  {(1  -  3)  +  (5  -  7)  +  (9  -  11)  +  &c.  to  n  termsj 
.-.  {S  -  S.i'f  =  {(1  -  3)  +  (5  -  7)  +  &c.  to  n  terms}''  =(  -  2  -  2  -  2 

-  kc.  to  n  terms)2  =  (  -  27i)2  -  in^  .-.  S^  +  .S',  =^  (S ,   -  S.,y 
When  S.^  =  sum  to  71  -  1  terms 

iS'j  +  ,<?._,  --  1  +  3  +  5  +  7  +  &c.   to  (2.'7  -   I)  tcrm.^  ---  (27i  -  1)^ 
(Si  -  S,)--^  {1  +  (5  -  3)  +  (9  _  7)  +  &c.  to   (71  -  1)  terms}- 

-  {1  +  2(71  -  \)f  =  (2^  -  1)-^ .-.  ^1  +  S2  -  (.s-,  -  s^y 


180  KEY  TO  [JIis.  Ex.  128-133. 

128.  General  term  of  (1  +  .r'^)  "  ' 

"<■"'''    '^  \rxq'-  * 

2-58 }2  +  (r-l)3} 

-  (  -  D'  X j^^, (x-2) 

3-5-8 (3r-  1) 

=  (  -  1)  ■  X  . -x-'^' 

Wlicn  (r  +  !)">  term  =  7"'  term,  r  =  6 

2-5-8-IM4-1T  2618 

••■     '""    '^""    ^    (    -    1)^    X    iT2T^^r^---=   =    -^^--^ 

When  ()■  -  ])"'  term  =  lO'"  term,  r  =  9 


2-5-8-1M4-17-20-23-2G  559130 


-IS 


.-.  ]0'i'term^(-l)'-'x    .„.,.,  ^  >,„  „ ^^x-i^*-- 

"■       ^         1-2-3-4-5-6-7-8-9  X  3''  1594323 

no.  (x-l){x  +  l)(x  -  2)(x  +  2)(x  -  3  -  V^^)(.^;  -  3  +  V^^) 

=  (x3  -  l)(x-  -  4)(x2  -  6x  +  11)  =  xS  -  3a;5  +  Qx*  +  SOx^  -  Slx^ 

-  24x  +  44  =  0 

130.  (X  +  l)(x  -  l)(.i-  -  1)  -  x3  -  .r2  -  X  +  1  =  0  ;  then 
X  ■  +  2x'*  -  3x->  -  3x'  +  2x  +  1  V  x^*  -  x^  -  X  +  1  ^  x^  +  3x  +  1 
.-.  x^  +  3x  +  1  =  0  ;  or  x^  +  3x  =  -  I  .-.  x^  +  3x  +  (^)2  =  a  _  i  =  A 
•••  •T  + 2  =  ±  IV5,  and  X  =  i(-3  i  V5)       ' 

a  +  x     Ac 

131.  Let  X  -  the  quantity,  then  j—r—,  ~  -r  .'.  wl-^dx  ~  ibci  icx; 

4bc  —  ad 
or  i/x  -  4fx  =  Abe  —  ad  .•.  x  = 


d-Ac 


2  +  V3       4  +  2V3        I  V3  +   1 


2-V3y      /V3-1V      (V3-1)^(V3+1)^     (3-\)^         V2 


■■\^2  +  V3y        \^V3  +  l/  V3  +  1  V3  +  1      V3  +  1 

133.  .Mulliplying  the  lower  equation  b}'  2  and  subtracting, 

we  have  7//  -  2cr  =  13  (iii)  .-.  3i/  -  c  +  —  =  G  +  —  .-.  '^^  is  int. 

^  it  it 

2/-1 
Let  -~  =  ^J   then  y  -  1  =  2f>  and  y  =  2/  +  1.     Substitute  this 
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in  (ill  .  :mi.!     z  ^1i/-  IZ  -  lAt  -hi  -  13  -  lit  -  G  .-.  c  =  l!  -  3, 
and  ;/  =  2/  +  1.     Then,  i    t  =  I,  we  bare  y  =  3,  and  =  =  4,  and 

X  =  2 

j.n  +  i_yrn-i     3;"  +  a;"-i)/  +  a;""V  +  ^""V  +  '^c.  ton+I  lenns 

^.n   ^   3-71   4.  ^n  ^  ^n  +   &c.    tO    (/t  +    1)    temiS 

=  when    >/  -  X   to    "vn  ~        " 

1  +  1  +  14-  &c.  to  71  +  1  terms      n  +  1 

=^  '^'-  =     x" 

135.  Let  7ft   be   their   G.C.M.,    and  ?  and  5'  the  qnoticn1.=? 
arising  from  dividing  them  by  this  G.C.M.    Then  mq  +  mq  =  45 

mq  +  mq'       q   -^    q'        45         1.5 

and    mnq'  =    168.      Tlicrefore    -, —  =  — —; —  =  t-,";o  ~-  T7- 

^^  viqq  qq  1G8        00 

Whence  b}r solving  the  quadratic,  or  by  inspection,  q  =  *l  and  q 

45         45 
8,  and  m  = =  —  =  3  .-.  the  numbers  are   7  x  3  =   21, 


5+5'        15 

and  8  X  3  =  24 

1     x''  -  2x  -  3       1 

x2-2x-15       2     x'''-2x-35      92 

•  - 

^■^^-    5  ■x^'-2.c-S'^   9  ' 

x'-^  -  2x  -  24      13    x^  -  2x  -  48  ~  585 

1    y 

-4    .    1     2/-1G        2     2/-3G        92 

Lot  (.1-  -  1;--  y;  then  ^ 

-9  "^    9     7/ -25        13    y-49       5.-'5 

1          1          2          92 

Now  ir  +  -r —  r:;  =  7o-   •' 
5         9        IJ       oi^^ 

'.  subtracting  corresponding  terms' 

1              1               2 

1111 

2/-a       1/-25       2/-  49  '   "  ' 

^^  y-9  ~  2/-49  ~  y-49       y -To 

2/-49-7/  +  9            y  - 

25  -  7/  +  49                 -  40              24 

(!/  -  9)(y  -  49)       0/  -  25)(7/  -  49)  '  y  -  9        1/  -  25 

or  5i/  -  125  +  3y  -  27  ^  0  ;    or  8,y  =    152    .-.   y  =    19.     Then 
(X  +  1)'^  =  19,  X  =  1  =  ±  v'^^  and  X  =  1  ±  V^^ 


i.   yjl^-}  Ji-h   y  -  ^^    1     ^    y-  36  ,   2  _  92 
5"7/-9     5'"9'y-25     9     13*2/-49" 


♦Thus  —  ■  ^^ 1 1-      — 1 

-  1     5^9     y-25     9     13    2/ -49  ^13      585     5      9^13 

1.  y  -  4  -  7/  +  9         j^      7/  -  IC  -  ?/  +  25        2  y  -  3G  -  y  +  49  _ 
°'"    5  y-9  "^    9    ■  y-25  ~  13  y  -  49  ~ 

1^         5       j_   1_     _9 2^      13     ^  „    . 

'^''  ji    ■  y   -  9    '     9    ■  y  -  25      13  y  -  49  ' 


182  KEY   TO  fMis.  Ex.  137-139. 

137.  Let  X  -  V  +  z,  and  y  =  v  -  t  :  then  2xij  -  4i/  +  x^ 
=  2(v^~z-)-4(v'^-2vz  +  z^)  +  v^ +2vz  ■]--'=  4  .-.  \Ovz- v'^- 5z''^=  4. 
Also  x'^  --if  =  v''  +  2vz  +  z^  -  v^  +  2vz  -  =-  =  4yc  =  30  .-.  i'=  =  9 
.-.  lOrz  -  v"  -  5^2  =  90  -  1-2  -  5s2  =  4  .-.  r'  4-  5;-  -  86 
.-.  r^  +  2vz'<jb  +  5c^  =80+  18V5.  Extracting  square  root  (right 
liaiul  member  bj  inspection,  and  left  band  member  by  Art.  189) 
we  have  v  +  Z'^o  =  9  +  V^  .••  Art.  186,  v  =  9,  and  +  fj5  -  +  V5 
.-.  z  =  I  .-.  X  =  10,  ?/  =  8 

1  1 

138.  — •  =  -^  =  9-2  =  (10  -  I)"'.     Expanding:    by  binomial 

theorem,  we  have  (10  -  1)'-=  IO-24-  2  x  10"^  +  S-IO-*  +  &c. 
+  7-10   1  +  8-10-9  +  9-10-1'  +  10-10-11  +  &C. 
+  17-10-1^  +  18-10-13  +  19-10-2"  +  2010-21-}-  &c.  to  infinity. 
Now  810-y  +  9-10-1"  4.  10-10-11  +  11-10-1^  +  12-10-13+  ^^ 
=  8-10-9   4.  9. 10-1"  +  1-10-1"  +(i.io-ii  +  1-10-12)  +  (1-10-1'' 

+  2-10-1^)  +  (l-10-"+  &c.) 
=  8-10-9  +  10-10-in  +  10-u  4.  2-10-iM-  3-10-"+  &c. 
=  8-10-9  +  1-10-9  +  10-11  +  2-10-12+  3- 10-1'  + &C. 
=  9-10-9  +  0-10-1"  ^  MO-ii  +  2-10-12  +  3-10-13+  &c. 
Similarly  for  18-10-i'^  +  1910-2"  ^  2O-IO -21  +  &c.  and  generally 
for  (10?i-  2)10-1""  +  !,  &c. 

.-.  (10  -  l)-2:.  10-2  +  2-10-3  +  3-10-*  +  &c.  ^  7.10 -s  +  9-10-9 
+  10-11  +  2-10-12  +  &c.  +  7-10'i'  +  9-10-1*  +  10-2"  +  2-10-21 
+  &c.  to  infinity  =  -012345679012345679,  &c.  to  infinity. 

KoTE. — The  point  in  this  opei-atiou  is  the  sign  of  multiplication,  and 
not  the  decimal  point. 

139.  fia.-2  —  bx  =  a^x  -  ab    .-.    ax^  —  a^x  ~  bx  +  ab  -  0  ;    or 

(ax  -  b)(x  -  a)  =  0.    Now  if  we  assume  ax  -  b  =  0  ;  or  x  -  a  =  0; 

h 
the  equation  will  be  satisfied  .-.  ax  ~  b  =  O;  or  ax  =  b  .-.  x  =  — 

b 

Also  .T  -  a  =  0  .-.  X  =  a.     Therefore  the  roots  are  — ,  and  a, 

which  are  rational  if  a  and  b  are  rational. 
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140.  x'-h  (a  +  b)x  =  (n  -  l)ab  ; 
4a-2  +  4(a  +  h)x  +  (a  +  by  =  4(n  -  l)ab  +  (a  +  6)^ 


2z  +  a  +  6  -  i  'Jinab  -  4a6  +  a^  +  2u6  +  6^  =  i  V4"a''  +  d^-2ub  +  tr 
2x  =  -a-bi  -^inab  +  (a  -  6)" .-.  x  =  J  {  ±  V^""*  +  (a  -  6)^  -  (a  +  />)} 

141.  6x  -  V-r  =  1 ;  x  -  J  V^  =61  ^ -  eV^'  +  T4T  =  744  +  rh  =  iW 
.-.  V^  -  -h  =  ±  Ti  •'■  V-^  ^  2  or  -  J  .-.  X  =  i  or  ^ 

142.  V-r  =  V^-Ti  -  V^"^   .-.  X  =  X  +  1  -  2Vx^^~l  +  x  -  1 
.-.  -  X  =  -  2V^?^"1  ••■  x^  =  4x2  _  4^  or  Sx^  =  4 ;  a^  =  ^  .-.  x  =  ys 

143.  x^  +  xy  +  xz  =  a'  \ 

xy  +  y'^  +  yz  =  b^  >  .•.  by  addition 

xz  +  yz  +  z^  =  c'  J 
x2  +  2xy  +  2x=  +  j/2  +  2i/2  +  ^^  -  a^  +  i^  +  c\  and  extracting  the 
square  root  x  ■{■  y  +  z  =  ±  V"^  +  6^  +  c^ 


+  V"'^  +   6^  +   c'' 


62  -, 

—   =   +   V«^   +   b^  + 

y      -  ^ 


c^ 


—  =  +  V«^  +  ^'■^  +  <^^ 


X 

= 

4 
± 

Va'' 

+  6^ 

+ 

c^ 

2/ 

Va^ 

+  b" 

+ 

T^ 

+ 

e 

144.  Let  «,  10"  + 0.^10"-!  + 03-10"-^ +  &C.,  +a„.ilO  +  a„  be 
any  number  =  (lO**  -  \)a^  +(10"-i-  l)a2  +  (10"-^  -  l)^,  +  &c., 

+  (10  -  l)(/„     ^   (-  «i  +  flg  +  fl:j-  ••  +  Cfn-l  +  <^n 

Now  9  =  iO  -  1,  and  each  of  the  coef.  (10"  -  1),  (10"   1  -  1), 
(10"-2  -   1)---(I0  -   1)  is  divisible   by  (10  -  1),    i.e.   by  9 

.•.  the  number  =  9;/i  +  cii  +  ff^  +  a^  +   o^n-x  +  «n)  where 

VI  \i  the  quotient  by  dividing  (10"  -  l)a,   +  (10"-i  -  1)0^ 
+  (10"  -  ■''  -  1)U3  +  •  •  •  •  (10  -  IK  - 1  by  9 

Similarly  the   number   reversed  =  9m^  +  ''n  +  «n  - 1  +  <^n  -  2 
+  ••  ••  Cj  +  Og  +  a,. 
Number  x  4  =  36/n  +  4a,  +  4a.^  +  403  +  •  •  •  •  4a„  .j  +  4a„ 
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KEY  TO 
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Number  reversed  x  5  =  45m^  +  5a„  +  5fit„  .  ^  -l-  5'/,j  .^  + +  5u3 

+  5a.,  +  Gfli 

.-.  sum  =  .36«i  +  45m^  +  9ai  +  Oa.,  +  Saj  +   4-  da,i    j  +  9ir„ 

=  9[im  +  5;n^  +  a^  +  a.^  +  aj+ +  "n  -i  +  "n] 

T!.;3  statement  may  be  generalized  as  follows  :  — 

General  Theorem. — Let  r  he  the  radix  of  any  system  of 
i.u.-ihers,  then  if  any  number  in  that  system  be  multiplied  by  any 
T:U!:tber  n  and  the  same  number  reversed,  as  to  its  orders,  be 
yr.u.'Hiilied  by  t  -  (n  +  I) ;  then  the  sum.  of  the  two  products  thtis 
obL:lned  is  divisible  by  (r  -  1). 

115.  ((/,  +  b)(b  +  c)  ^  («  +  l)(c  +  1)  _  (a  +  c)(b  -  I) 
=  lib  +  ac  +  be  i-  b'^  -  ac  -  a  -  c  -  I  -  ab  +  a  -  be  -i-  c  =  b"  -  I 


\W>. 


^(j 


(147) 


+  3      = 


xy 


xY 


+  3^=-f^j-2l 


a"x%2abxy+Uh/^-\-c'^x%2cdxy+dY+aY-^abxy+b^x'^+chf~2cdxy+d'^x^ 

x'^  +  y^ 

_  q^(x-^  +  7/)    +   b^jx?'  +    y^-)   +    c\x''  +    f)   +    d'-(x''  +    y") 


x-  +  y^ 
=  a"  +  b^  +  c'^  +  d^ 


a;^  +  y'^ 

148.  V{"-(■^•-  +  4a;  +  4)  -  2a{x  +  2)  -!-  1}  =  +  {a(r  +  2)  -  1| 

149.  G.C.M.  of  a''^  +  2ab  +  t-^  -  c^,  aud  c'^  -  b"'  +  2Z)r  -  r'^; 
that  is  of  (a  +  by  -  c\  and  a^  -  (i  _  cf ;  that  is  of  (a  +  6—  c) 
(a  +  6  +  c),  and  (a  -  6  +  o)(a  +  6  -  c)  is  evidently  a-irh  -  c 


150.  1 
+  0 
-2 
+  1 


4  +  0 

+5+0+1 

0 

+  0 

-8+0 

+  4  +  0 

4  +  Oj  -  3  +  4  +  1  =  4x  - 


3x2  _  4a;  _  1 
x^  +  2.1-  -  1 
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1:4  +  0  +  5  +  0  +  1 


+  0 
-  2 
+  1 


+0+0+0+0+0 

-8  +  0  +  G-S-14. 
+4+0-3+4+7 


4  +  0-3  +  4+7-11-10 


4.r  -  3x  - 1  +  4a:  -  2  +  Yj 


•-  llr 


lOa- 


&c. 


151.  1 
+  1 
-  1 


1+0+0+0+0+0+0+0 

+1+1+0-1-1+0+1 

-1-1+0+1+1+0 


1  +  1  +  0-1-1  +  0  +  1  +  1 +  &C. 

=  I  +  X  -  x'  -  x^  +  a;6  +  x''  -  x^  -  x'^" 


&c. 


a'  +  Z/2 


^/  a  b   \       /   a         b   \  a^  +  6^ 

^^'^"  (^«  +  i "*"  «^J  ^  [a^b  ~  cT+I-  j ""  (a  +  b){a-~b)  ^  (a^>j(uTi7) 

(n^  +  f^f  _  gt  +  2a^i-  +  b^ 
la^  +  l^f  "  a*  -  2a'b'Tl'^ 

c{a  -  b)  c(a  -  b) 


153 


c(a-b)        (a  +  c)(b  +  r) 


154. 


(a  +  c)(6  +  c)  ■  (a  +  c)(6  +  c)  ~  («+c)(/)  +  c)        c(a  -  b)  \~  ^ 

3(.r  -  2)  a-  -  3  a-  -  1  1 

(.1-  -  l)(x  -  3)  ~  (x~-  1  )(a:  -  3)  ~  (x~iy(x^^)  ~  x  -2 
3(3-  -  2)  -  z  +  3  -  a-  +  1           1       _           x-2  1 

(jT-  1)(x  -  3)  ~  x-2  ~  (.1--  l)(.r  -3)  ~  x^^ 

(x-  -   2)2  -   (r  -   l)(a;  -  3)       a-  -  4a:  +  4  -  x'^  +  4x-  -   3 


(X  -  l)(x  -  3)(x  -  2) 
1 


(X  -  l)(x  -  2)(x  -  3) 


(a-  -  l)(x  -  2)(x  -  3) 

i«r    {(^-y  +  1)  +  2a-i{(a.-j/  +  1)  +  2y]  +  (x  -  ?/)2 
^^•^-  X^(/2  +  1  -  x'^  -  7/ 

x^/  +  2xy  +   1   +  2x(xy  +    1)    +   2ij(xy   +    1)    +    (x    +   y)^ 

xh/  +  1  -  X'*  -  2/^ 
{xy  +  1)2  +  2(xi/  +  l)(x  + j/)  +  (x  +  y)'-'  _      (xy  +  1  +  x  +  i!/)^ 
~         (x^j/^  +  2x1/  +  1)  -  (x^  +  2.ry  +  y^)        ~  (xy  +  1)^-  (x  +  ?/)=* 
(xi/+x  +  y  +  l)2  x!/  +  x  +  2/+l       (x  +  l)(2/  +  l) 

(x2/  +  x  +  ?/+l)(xi/-x-2/  +  l)  ■"  xi/-x-!/+l  ~  (a;-l)(2/-l) 


186  Key  to  [Mis,  Ex.  156-159. 

'Divide  by  coefficients  of  x^;  then 


156.  (i)  ux^  +  6a;  +  c  =  0] 


h         c 

a         a  I  Let  r  and  r,,  be  roots  of  first,  and 

x'^^—   +1l  =  o\'^  ^^^  ^^'  ^^®  ^°°^^  °^  ^°^  equat.  j 

Tlien  x-^  +  —X  +  —  =  (a;  -  r)Ca;  -  r,)  =  0 

61         c, 
And  a-2  +  — a;  +  —  =  (x  ~  r)(x  -  r„)  =  0 
a,         a      ^         ^  ■^'^ 

Hence  in  order  that  the  equations  may  have  a  commoa  root, 

they  must  have  a  common  measure. 

(11)  Having  divided  as  before  by  coef.  of  x^,   let  r  and  r^ 

-  roots  of  one,  and  -  ?•  and  -  r,  the  roots  of  tlie  other  equation. 

b         c 
Then  a'-*+  — x  +  —  =  (a:  -  r)(a:  -  r,)  -  a;^  -  (;•  +  r^)x  +  rr^  =  0 

6,        c, 
Aad  a;2  +  —    +—  =  (.r  +  r) (a;  +  r , )  =  a;^  +  (r  +  rja:  +  rr,   =  0 

b  b^  c  c^ 

•'•  ~  ~-  ('■  +  '■])  =  -  — ,  and  — •  =  rri  =  — .     Hence  in  order 

that  the  roots  may  be  equal  in  magnitude  but  opposite  in  signs, 
the  coefficients  of  x  must  be  equal  in  magnitude  but  opposite  in 
sign,  and  the  coefficients  of  x-  and  also  of  x"  must  be  equal. 

2(x  +  l)-(3x  +  4)       (2x  -  1)  ^  (5x  -  6) 
157. ~ ^  — ...  _  3x  -  6 

=  -  12x  +  20  .-.  X  =  2% 


158.  (X-  l)2(x  +  4)  =  (X  +  3)2(x  -  2)  .-.  x^  +  2x2-  7^,  +  4 
^  x3+  4x3-  33,  _  ig  ._  ^2^  2x  =  11  ;  V^'2x+1  =  i  VT2  =  +  2V3 
.-.  X  =  1  +  2v'3 


1  +  2x       2  +  2x  +  2Vl  +  2x 
^^^-  l^TYx  -~  2  -  2x  +  2Vnr^  '    extracting  the  square 

,     . ,     Vl  +  2x         Vl  +2x  +  1 

root  of  each  side,   ,  =  +    ,  :  clearing  of  fractions, 

Vl  -  2x         Vl  -  2x  -  1  ' 
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.-.  (I)  VT^"*!?   -   VT~+~2l-   =    ^/T^'~4lr   +   'jT~^~27c  ;    or 
-  VrT2l-  =  ^/T^2x  .-.  1+2x^1-  2.r  .-.  2x  =  -  2x ;  or  x  =  0 

And    (ii)    Vl  -  4x-^   -   Vl    +    ^^   =    -   Vl  -  4X''   "   V^~^~^' 
.-.    2Vr~^~4p   -=    V^^"^   -   VI   -  2-c 
Squaring,  4(1- 4x-)  =  2  -  2Vl  -  4i- .'.  2(1  -  4^0  + (1 -4x2)'  ,  i 

.:  (1  -  4.1-2)  +  1(1  _  4^2)^  ,  1  _._  (1  _  43,2)  ^  1(1  _  4a;2)^  +  .1^.  =  ;'^- 

.-.  (i  -  4xY  +  I  =  +  3  .-.  (1  -  4x2)'  ,  I  or  -  1  .-.  1  -  4x2=  i  or  1 
.-.  4x2  _  s  or  0 ;   2x  =  +  JV3  or  0  .-.  x  =  +  i\/3  or  0 

(71  -  1)2x2  -  2(n  -  l)2x+  (n-  1)^  +  4?t  _ 
^^^-   (7r^;^x2+2(«-  l)2x  +  (n  -  1)2  +  4/t   " 

.   ^IJI^^'  -  ^("  -li>^  ^  ^"  '  Z  -  T  ■••  Art.  10.  vvn) 

•    •    (ft    -     1)'-X     +     2(«    -     1)-X     +     (71    +    1)2  1 

2(71-1)2x2+2(71+1)2  _  P+J.  (n^-^y^jH^±}y  ^  -Pjll 

_  4(7(.  -   1)2X  "    P  -  1  '     ^"^  -  2(71  -  ly^X  P  -  1 

.-.  (n  -  1)2(P-  l)x2+  (71  +  1)2(P  -  1)  =  -  2(7t  -  1)2(P  +  l)x; 
or  (n  -  1)2(1  -  P)x2  -  2(7i  -  1)-(1  +  P)x  =  -  (7i  +  1)2(1  -  P) ; 

4(71  -   1)^(1   -  P)2X2-    SQl    -    1)*(12    -    P2)X    +    4(71    -     1)*(1    +    Py- 

=  4(71  -  I)*(l  +  P)2  -  4(71  -  1)2(71  +  1)2(1  -  P)2.     Dividing  by 

4(rt  -   1)2,    (n  -   1)2(1   -  P2)X2  -  2(71  -  1)2(1  -  P2)X  +  («  -  1)2(1  +  P)' 

=  (« -l)-(l+P)2-(n  + 1)2(1 -P)2 

.•.C«-l)(l-P)x-(n-l)(l+P)  =  iV(71-l)2(l+P)2-(7l+l)2(l-P)2 

,..  („  -])(!-  P)x  =  (n  -  1)(1  +  P)  i  V4P7t2  -  4P2n  -  471  +  4P 
.-.  (n  -  1)(1   -  P)x  =  («  -   1)(1   +  P)  ±  2V(P'i  -   1)(«  -P) 

1  +  P  2  

•••  ^  =  Y^Tp  ±  (n-lXl-P)^^^"'  '  ■^'*'^"  "  ^^ '   ^^^^°  ^"^  ° 
that  X  may  be  real  V(P«  -  1)("  -  ^)  must  be  real,  that  i3 
(Pti  -  l)(ft  -  P)  must  be  positive,  and  if  ?t  is  positive,  in  order 
that  (Pii  -  l)(7t  -  P)  may  be  positive,  P  must  neither  be  >  ?j 

1 

nor  <  — 

7( 


188  KEY  TO  [Mis.  Ex.  161-lCC. 

161.  ^-K«  +  *)-Ki  +  J)  =  ^  >^?5  =  H-iA 

2ab       2x  ^  X  \        2 
a+b         3  +  5  li       '^ 

G  =  'Ja5  =  '/lx~i  ==  VI  =  1 

2ab 

\C2.   H= r  •••  H'  +  W5  =  2ah   .-.  Ha  -  ah  =  ab  -  Hb 

a   +   b 

a  b  H-H+a     H-H+o 

0-:  (//-  !,)a  =  (a  -  H)b  .-.  -- =  -— -  .-.  -^^^-  =  -j^y- 

H-  H-  a  _  H-  H  +  b         (H  -  a)  -  H      H  -  (H  -  b) 

•'•    '"// -  a       ^        H-b        •'■        H{H-a)      ""       H{H -  b) 

H  -  a  H _  H  (H-b) 

•■•   77(7f   -    a)    "   .Hpf  -   a)    ""    H^fT^^nT)    ~    H{H  -   b')  ' 

'^'''''H-W--a''H^b-H-'-Hll^H^''^H=-b^'''''^-'^'''^- 
And  .'.  H -  a,  Hand  //-  Z*  nre  in  H.  progression  ;  th.at  i.s,  II is 
the  i7  mean  between  H  -  a  and  /i  -  6 

1G3.  The  w"»  term  =  a  +  («  -  l)d  .-.  37*  term  of  the  series 
¥  +  ¥  +  V  +  &c.  =  3/  +  (37  -  1)(  -  -i)  =  3,*i  -  3JI  .  0 
^, ,  =  {2  X  G  +  (31  -  1)(-  J  )}^i  =  (12  +  30  X  -  ■;)3i  =  7  X  ^L  .  108^ 
5,,  =  {2x6  +  (42  -  1)(  -  l)]\"  =  (12  +  41  x-021  =  (12-0^)21 
=  5L  X  21  =  108J  .-.  ^31  +  ^42  =  108^  +  108J  =  217 
fl(l-r")      3Ul -(?)"{     ^3° 

1C4.  -s„  .  -^^^  =  — riV-  =  ^{1  -  (iD'l  =  V{i  -  (D"| 

25      3"-i 

a  1  1  S 

105.   S..  = 


1-r      1(--A0      1+f      T 

^    a(i-r")  _  1  -  ( -  -4^  _  1  -  ( -  -4^  ^  ^  r     /_  n  '^^ 

''""      l-»-     "  l-(--4)  1+1  H    "  V     ^/    J 

■^^c  -  -^n  -  ^  -  'HI  -  (  -  f)"l  =  f  -  ?  +  f  (  -  D"  =  f  (  -  D" 

166.  OfP'series,  S„={2  +  (/i-l)l|— =  (n+l)Y,andSp=(/>+l)- 
Of  2'"i  series  S„  =  {4  +  («  -  1)3]-^  =  (3n  + 1)—,  and  S^  =  {3p  +  1)^ 


Mis.  Ex.  166-170.]  ALGEBRA.  189 


Of  3ri  series  5„  =  {6  +  (n  -  l)5}y  =  (5/i  +  1)-^,  and  Sp  =  (5/  +  1)|- 
Of  4"-  scries  S^  .  {8  +(«-  1)V}~  =  (7«  +  l)y,  and  5'^,  =  (Ip  +  l)^ 

.-.  of  the  series  (n  +  1)—  +  (3/i  +  1)—  +  (5;i  +  I)—  +  &c., 

n 
where  the  first  term  is  (n  +  1)^  and  the  common  difiereuce  is 

n  71  p  p 

271 X --  =  n;  the  S^,  =  {2(?i+  l)y  +  (;j- l)?!'^}y  :=  («2  +  n+;.H-'- «^)  .- 


2.P  ,,     .  .P» 


(«+7)n^)y  =  (i+pre)_ 


P      ,^       ,^r        .         ,P 


Also  of  the  series  (p  +  1)-^  +  (3/»  +  1)—  +  (a/)  +  1)—  +  &c. 

.J  4j  ^ 

p  p 

where  the  l^t  term  is  (p+ 1)  -  and  the  common diflference  is  2j9  x  -  =  j)'^ 

pn. 
=  (1  +  P>0'^  ■'■  ^p  of  the  former  series  -  Sn  of  the  latter  series. 

167.  {(X  +  y)  -  ^/^]{(x  +  y)  +  >Ji7j\  -  (.r^  +  2xy  +  3/^)  -  xy 
-~  X-  +  xy  +  j/'-^ 

{(x'''  +  y')  +  a.-)/!{(z^  +  7/2)  _  xy\  =  (.t^  +  y-'-f  -  xh/  =  ^^  +  x',/  +  ij* 

168.  8(5'-'  -  3  X  8)^  H-  0(5^+  3x8)==  8(25  -  24)^  +  5(25  +  24)^ 
=  8Vl  +  5V49  =  8 +  35  =  43 


169.  Vl6a*-  96a«6  +  216a-62-  216a63  +  8l6*=  4a^-  Uab  +  Ob^, 
and  V-la^-  12(xO  +  96^  =  2a  -  36 

170.  —  +  7-,  =  — 7    -r  +  '0-     Also  -  — -—  = --_  - --  ; 

a       4d      ady4         J  lb      3c  Qbc      Gbc  ' 

a         c 
bnt  since  -r-  =  -r,  it   follows   tha 

.3c         26  c  b 

~  6f:d  ~  6ad  2ad  ~  3ad 

i-      _L     i.      i.        ^  f^   JL    \ 

■'■     a    ~   2b  ~  3c  '^  Ad   ~   ad\Y   '^   "'/ 
1  /a       b        c        \ 

=  Yd[i:-Y-Y^y 


c    = 

3c          26 

:    ad    .-.    -  -rr-  -  —.r- 
Gbc        66c 

'  c 
2 

1\         fb          1\ 
""  ad)   ~   \3    ""  ad) 

/ 

c         1         6         1 
~Y^ad''Y^ad 

190  KEi'   TO  [Mis.Ex.lTl-ltS. 

171.  3Ialtiply  by  4(x  +  1),  and  8x  +  12  =  4.r  +  5  +  — ^ipj— 

Reducing  and  then  clearing  of  fractions,  we  have  12x'''+  2Sx  +  T 

=  12x'-'+  24j;+  12  .-.  x  =  5 

2x  +  b       2a  +  b  ' 

1'2-  ^^m  =  ^^T^  •••  ^^'^'^^'"S  °f  fractions,  ; 

.-.  2a-x  +  2abx  +  a%  +  ab^  =  2ax'^  +  2abx  +  hx"^  +  V^x  \ 

.-.  2ax^  +  bx^  -  2cPx  +  h-x  =  d^b  +  oZ*^ 
(2a  +  h)x'^  -  (2a?  -  h-)x  =  ab(a  +  b) 
4(2a  4-  by^x'^  -  4(2a  +  5)(2a'^  -  i^)  +  {2a?  -  b^f 
=  4a6(a  +  6) (2a  +  b)  +  (2a?  -  b^)^  =  4a*  +  Sa^b  +  Sa^P  +  'kib'^  +•  v'^ 
.-.  2(2a  +  6)x  -  (2a?  -  b'^)  =  ±  V4a*  +  8a^b  +  8a^b^  +  Aab^  +  b^ 
=  +  (2a2  +  2ab  +  b^)   .-.  2 (2a  +  b)x  =  2a2  -  J^  +  (2^^  +  2«6  +  b-) 
=  4a2  +  2ai,  or  =  -  2ab  -  2b^  =  2a(2a  +  b),  or  =  -  26(a  +  b) 

2a(2a  +  b)  b(a  +  b') 

■'•  ^  ""    2(2a  +  6)  =  ".  or  ^  =  -  "2^4.6 

a  +  1  ab  +  a  a  +  I        ab  +  a 

173.  Sincex  =  -^-;j-j,and2/  =  ^^^;  ^  +  2/ =  ;^^^  +  ;;^;7T 

2a  +  ai  +  1  2a  +  gfe  +  1  -  a&  -  1 

a6  +  1         ~  (ih  +  1 


2a  +  aft  +  1 

ab  +  1 

X  +  y  -  I 

X  +  7/  +  1 

2a 

2a  +  a6  +   1  2a  +  a6  +  1  +  «i  +  1 


+  1 


od+l  ab  +  1 

a  ■•    - 


2a  +  2a6  +2       a  +  a6  +  1 

1 74.  2x^  -  2xz  -  2xy  +  2yz  +  2f  -  2xy  -  2yi,  +  2xz  +  2^2  _  2,r.i 
+  2xy  -  2yz  =  2x^  +  2?/^  +  2s^  -  2xy  -  2xz  -  2yz 

=  (.r-  -  2xy  +  ?/2)  +  (x^  -  2xz  +  c^)  +  (y^  -  2yz  +  z^) 

.(x-i,y  +  (x-zy  +  (y-zy 

175.  (a  +  ^)2  -  c?\  (u2  _  6'^)2  +  4a6c^ -  c*  /(a  -  6)-  f  c^ 

J(v'~l?f-(a-bfc\ 

(a  +  bye'  -  c* 
(a  +  bfc"-  -  c^ 


Mis.  Ex.  176, 177.]  ALGEBRA.  191 

lie.  x»  -  l)xio  +  x9  +  x*  +  2x^  +  2x-t  •}•  2x3+  ^2+  x  x  l^ar^+a-  r  1 
xio-x2 

x9  +  2x^ 
j  x^  -  X 


I  x^  ^  2x^  +  2x 

j  .  x«  -  1 


1  2x'  +  2x*  +  2x^  +  2x^  +  2x  +  2 

x"  +  X*  +  x^  +  X- +  x  +  l)x8-l(x 

x^  +  x"  +  X*  +  X*  +  X^  +  X 


_  3.3  _  2-4  _  a,:i  _  3.2  _  ^.  _  1 

ar'  -;•  Z^  T  X*  f -r-  ~  x~  I  )x'  +  X*  +  x^  +  x^  +  X  +  1  (x^  -  X 

x''  +  x6  +  x^  +  a*  +  x**  +  x^ 
-  x^  -  X*  +  X  +  1 
»  a;6  _  X"  —  X*  —  x"  -  x^  —  X 
'  x^+x^  +  x^  +  2x+  1 

jT*  +  u:^ -f  x^  +  2x  +  l)x«  +x4+x3  +  x2  +  x  T  l(x 
X*  +  X*  +  j;^  +  2x''  +  X 
-    x'-'+l 
j:2  -  1  )xl  +  x*  T-  x2  +  2x  4-  1  (xN  X  +  2 
X*  -  x^ 

IC^-X  (C^  +  X 

2xM^  -X-  1 

2x''  -  2  -  X  -  1 


177. 


3x  +  3 
3(x  +  1) 

(2x    4-    3)(x    -    1)  (X    -  7)(x    +    1)  X    -f     2 

(X    +    5)(x'^    -    1)  "    (X    +  5)(x^  -    1)    ~  X-  +~ ,\ 

_  Zx"  +  X  -  3  -  (x'  -  6ir  -  7)  x  +  2  x'^  -  7x  +  4  x  +  2 

"             (X  +  5)(x2  -  T)  x'-'+l  ""  (X  +  5y(x*  -  ] )  "  X-+1 

(x^    +7x4-    4)(x^    +    1)    -    (X    +    2)(x^    -    l)(x    +    5) 
(x  +  5)(x*-])       . 

(x'  +  7x  +  4)x^  +  x^  +  7x  +  4  -  (x^  +  7x  +  IO)x^  +  x'^  +  7x  +  10 

(X  +  5)(x*  -  1) 
_  2x-  +  i4x  +  14  -  6x-       14x  -  4x2  +  14        . 
(X  +  6)(x*  -  1)       "^  (X  +  5)(x4-.  1) 


102  KEY   TO  [Mis.  Ex.  178, 179. 

(178) 
(■■<  -r  b/-lr  Tja"  l/^T)^     a^+2(ib'J^ri  .b^+a'-2ab  sf^H.  -  b^ 

(a  -  b/-~lXa  +  b'J-l)     ~  d^  -  b\-\/^iy^ 

•la-  -  26^       2(rt-  -  i2) 
~a^~^W  "      d^  +  b'^ 

179.  Let  X  -  3y  be  the  first  of  any  four  positive  quantities  in 
J.P.,  and  let  'ly  be  their  common  diflference. 
Then  tlie  four  quantities  are  a;  -  3i/,  x  -  y,  x  +  y  and  x  +  3y. 
And  the  sum  of  the  extremes  =  x  -  3y  +  x  +  3y  =  2x. 
Also  the  sum  of  the  means  =  x  -  y  +  x  +y  -  2x.  And  2x  -  2x 
.-.  the  sum  of  the  eitremes  =  the  sum  of  the  means. 

X 

Again  let  -^  be  the  first  of  four  i^ositive  quantities  m  G.P.^^ 

and  let  y  by  their  common  ratio. 

x      x 
Then  the  four  quantities  are  — ,  — ,  x  and  xy. 

X  x  +  xy^  X  x\--xy 

fcium  01  extremes  =  -5-  +  a;!/  = 7, —  ;  sum  of  means  =  — na's 

y^      •'      y    '  y  y 

X    +   xy'^    >    .T    4-    Xl)  y 

Then  -^ =   — - — '-,  according  as  x  +  xy^  ^  xy  +  xy^; 

or  as  1  +  y3  =  1/  +  y';    or  as  (1  +  7/)(l  -  y  +  y^)  '^  y  (^i  +  y)  ; 

or  as  1  -  ?/  +  y"  ^  1/ ;    or  as  1  +  y^  >  2y.     But  1  +  2/^  >  2y  by 

X  +  xy^      x  +  xy 
Art.  134  Note  2,  .-.  — ^—  >  ',  that  is  the  sum  of  the 

extremes  is  greater  than  the  sum  of  the  means. 

Tjastly,  if  as  before  x  -  3y,  x  -  y,  x  +  y  and  x  +  3y  are  in  ^.P., 

,    •  .  ,  1  11  1 

tnc'ir  reciprocals  ^r-,  •,  — : —  and  =-  are  in  HP 

^  X  -  3y'  X  -  if  X  +  y  x  +  3y 


1  1  2x 

X   -   3y  ^    X   +   3y  ~    x^  -    Or/ 

I 1  2x 

X  -  y  "*'    a;  +  y  ~     x'^  -   f- 


Then    ^   _   .^;,   +    ^  j.   q„    -"    .,.2  ^   n,.2    =    sum    of   extremes. 


'^"'^     -r  _  ■,,    "''   T^rrr   -    ^;:2~ — t»    =   sum    of  m.eans. 


5Ii3.  Ex.  179-184.]  ALGEBRA.  193 

Now  whether  y  be  positive  or  negative,  y^  is  necessarily  positive, 

2x  2x 

and  therefdre  z^-  ?r  >  x^  -  0;/',  and  .•.  —5 ^7-5  >  —^ rr; 

./  J  I  x'^  -  91/*'      x^   -  y 

that  is  the  sum  of  the  extremes  is  greater  than  the  sum  of  the 

means. 

In  -  1 
180.   S^n^x   -   {2a  +    (2«  -   2)d} — - — ••,    and   when   d    -    a 

2n-l  271-1 

^211-1=  {2«  -  (2/1  -  2)ff}— ^—  =  {2a  +  2an  -  2a}— ^  =^  na(2n  -  1) 

Also  (2w  -  l)<h  term  =  a  +  (2n-2)d  =  a  +  (2a  -  2)a  =  a  +  2fl?i  -  2a 
=  a(2rt  -  1)  .*.  sum  of  2n  -  I  terms  =  the  (2n  -  1)">  term  x  n  when 
the  series  is  ascending,  i.  e.  when  the  first  term  is  the  least  and 
the  last  term  is  the  greatest. 


181.  ab  +  b^Jd^  -  x^  =  x2  .-,  b^JaFZlr^  =  x^  -  ab  ;    a?b'^  -  bH"^ 
-  x-i  -  2ahx-  +  a-b'^  .-.  x*  -  2a6x2  +  Vx'^  =  0  ;  or  x\x'^  ~  2ab  +  6^)  =  0 


.-.  X  =  0  or  X  =  +  \lb(2a  —  b) 

182.  Sx^+xo^SlOA;  SGx^  +  12x«  + 1  =  37249  ;  6x6  +  1  =±193; 

5  5-  t 

6x6  -  192  or  -  194 ;    x^  =  32  or  -  32  J  ;    x^  =  2,   hence  x  =  64 ; 

or  x5  =  (  -  32i)6,  whence  x  =  ^/(32^  =  32J   ^321  =  ^^  V^ 
=  VW4V=W^857 

x2+  2ax  +  x2-x2+  2ax-.a2       b^+  2bx  +  x'-b'+  2bx-x^ 
^^^-  x2-a^  ="  p:r^a 

4ax  46x  a  b 

•'•   ~i 2  =  r? 5  .*.  —5 2  =  12 5;  ab^—ax^=  bx'^—ba', 

x'-  ~  a^      o-  -  x"        X''  -  a'      b^  -  x"  ' 

or  ix^  +  ax^  =  ab^  +  6a-  .-.  (6  +  a)x2  =  ab(b  +a)  .•.  x^  =  ab,  whence 

a;  =  +  yHF 


184.  'Jx^+  V=c^+y6=  11  -X  .-.  x^+ V:c2  +  96=  121  -  22x  +  i2 


.•-  *Jx^  +  96  =  121 -22x.     Again  squaring 

x2+96=  14641  -  5324X  +  484x2  _._  433x2-  5324x  =  -  14545 ; 


5324  14545 

or  X* X  =  —  ■ 

483  483 


5324        /2662Y'' _  7086244      14545    -7086244-70^ 
"483  ^  "*"  1^483/    ~  23328"9"  ~    483    ~  233289 


194 

KEY  TO 

[Mis.  Ex.  184-186. 

2663 
•  ■  "^  ~  483  "" 

/  61009          247 
-  V  233289  "  -  483 

2562  +  247     2909  2415 

•■•  ""  =  ~483~~  =  483  5  ^'  483"  =  ^  "^"  "  ^ 

185.  Let  X  =  the  left  hand  digit,  and  y  =  theright  hand  digh ; 
then  the  number  is  lOx  +  y 

\0x  +  y 

•'•  "t — TT  =  21,  whence  10x  +  y  =  21a: -211/,  or  22y  =  11a-,  orx  =  2y 
X  —  y 

lOx  +  y 
Also  -—rz"  +  17  =  10(/  +  X,  whence  27x  +  18i/  =  Uxy  +  10/  +  x" 

But  X  =  2y;  substituting  this  in  the  last  equation,  we  have 
54«/  +  181/  =  22y^  +  lOj/^  +  4y'  .-.  72  =  36y,  whence  y  =  2 
And  X  =  2y  =  4  .•.  the  required  number  is  42 

186.  Let  X  -  minutes   per  mile   taken  by   B,   then  x  +   1 

60 
=  minutes  per  mile  taken  by  ^ ;    —  =  miles  per  hour  of  B,  and 

60 
— -r  =  miles  per  hour  taken  by  j1. 

60 
The  second  time  round  the  rate  per  hour  of  B  = 2 

60   -  2x  60  62  +   2x 


-,  and  rate  per  hour  ot  J  =  r  +  2  =  — 

X        '  '  X  +   1  X   +    1 

And  since  the  course  is  2  miles  long,  the  time  in  hours  taken  by 
B   to   go  round  =  -^^  =  TTTT  =  sTTI   •'•   ^™^  '" 

X+  1  X    +    1 

60x  +  60 
minutes  required  to  go  round  =  -wru —  •'•  minutes  per  mile 

30x  +  30 
taken  by  ^  =    „.    —  ;  similarly  minutes  per  mile  in  2°*  round 

30x 
required  by  jB  =  ~ ,  and  since  ^  does  the  two  miles  in  two 

minutes  less  than  jB,  his  time  per  mile  will  be  one  minute  less 

30x   +   30  30r 

than  B  .-.     g^       ^     +    1    =    „„  _  ^,   whence  by  reduction 


Mis.  Ex.  186-190.]      .  ALGEBRA.  195 

SOx  +  30  +  31  +  .T     3la;  +  61        30x  .  ,        , 

■- =  -— = .-.  930a;  4-  1830  -  31x2  _  qi^ 

31+ X  31 +x        30 -a- 

=  930x  -f  30j:*;    or  -  Clx^-  61x  =  -  1830,  whence  x^  +  x  ^  30; 
X-  +  X  +  -i  ■--  ^'l^  .■ .  X  +  \  =  ±  Vj  f^Q*!  ^-^ 

.-.  J's  rate  P'  round  =  5  +  1  =  G  min.  per  mile  =  10  miles  per  hour 
B's  rate  1^'  round  =  5  minutes  per  mile,  or  12  miles  per  hour 
^'s  rate  2°<i  time  round  =  10  +  2  =  12  m'les  per  hoJir 
B's  rate  2°'^  time  round  =  12  -  2  =  10  imles  per  hour 
Whole  time   of  B  for  both  rounds   =    10  +    12   =   22   minutes 
Whole  time    of  Jl  for  both  rounds  =    12  +   10  =   22   minutes 
.-.  neither  horse  wins. 

187.  Let  X,  X  +  1,  X  +  2,  X  +  3  and  x  +  4  be  any  five  conse- 
cutive integers ;  then  x(x  +  2)(x  +  4)  +  (x  +  1)^  +  (x  +  3)^ 
=  (X  +  2)(x2  4-  4x)  +  x3  +  3x2  4-  3x  +  1  +  j.3  +  Ox'  +  2lx  +  21 
=  (x  +  2)(x2+4x)  +  (x3+4x2+5x  +  2)  +  (lx4-8)  +  (x3+8x2+21x  +  18) 
=  (X  +  2)(x2+  4x)  +  (X  +  2)(x-2+  2x  +  1)  +  (x  +  2)4  +  (x  +  2)(x24-  6x  +  9) 
:r  (X  +   2)[(x-  +  4x)   +   (x2  +   2x   +    1)   +   4  +   (x2  +   6x  +  9)}- 

-  (X  +  2){(x^  +   2x  +   1)    +   (x^  +   4x  4-   4)   +   (x^  +  6x  +  9)} 

-  (X  +  2){(x  +  1)2  +  (X  +  2)2  +  (x  +  3)-}  =  product  of  middle 
number  by  the  sum  of  the  squares  of  the  middle  three. 

.  188.  x*  4-  2/4  +  X*  +  4x^y  +  Gx^i/^  +  Axf  4- 1/* 
=  2x*  4-  4x^(/  4-  Gxhf  +  4x^  4-  2y^  =  2(x*  4-  2xhj  4-  3x2y2  +  2xf  4-  if) 

-  2(x2  +  xy  4- 1/2)2 

189.  (x^  4-2/^4-  x'hj  4-  x;/2)(  x^  -  y^  -  xhj  4-  x!/2) 
=  f(x»  +  xf)  4-  if  4-  x2j/)}{(x3  4-  xrf)  -  (f  ■¥  xh/)] 

r.  (x^  4-  xy2)2  -  (i/  +  xhjy  =  x«  4-  2xV  +  ^2^*  -  (y*""  4-  Ixhf'  4-  xV) 

=  X*"    4-  X*^2  _  x'^yi  _  y<i 

190.  x2  =  (Vo+T  +  '^/cT^y  =  a  4-  i  +  2^/aF^~P  +  a  -  b 
=  2a  +  2v'a^-62; 

ax2-  ^x*  =  x2(a  -  Jx2)  =  {2a  4  2V^=^}{^  -  Qa  i  ^V«^^)! 
=  {2a  4  2Va^  -  b']\la  +  JV«'  -  ^1  =  {-^  ±  V^i'  "  ''')(«  i  V"^^"^^) 
=  a?-  (a2  -  t2)  =  62 


196 


KEY  TO 


[Mis.  Ex.  191-lEO. 


191.  ax^  4-  (<vy  +  flz  +  2cy)x'  +  (^by^  +  2cy^  +  2cyz)x  +  (bif^+byh) 
T  X  +  (1/  +  =) 

1  a    +  (ay  +  az  +  2n/)     +  {by^  +  2cy^  +  2cyz)  +  {by^  +  hy^z) 

-  (y+z)        -  (ay  +  az) -  (2c?r  +  2cyz)  -  (bi/  +  byH) 

a  +  2cy  +  by''' 

.-.  quotient  =  ax^  +  2cyx  +  by^ 

192.  (.r"/  -  (1")^  ^  (x'»  -  P)  =  X-"  +  1''  =  a;"  +  1 

193.  l-l  +  l-a;  +  2j:-3  +  5x  +  2  +  4-5x-=  4  +  x 

191.  (.'(//■'  f  26(;  +  C-)  +  6(c2  -t-  2c(i  +  a^)  +  c(a-  +  2ab  +  60 

-  {(«^  -  ah  -  ac  +  bc)(b  +  c)  +  (b^  -  be  -  ab  +  «c)(a  +  c) 
+  (c2  -  rtc  -be  +  ab)(a  +  6)}  =  ab'^  +  ac^  -!-  ftc^  +  ha?  +  ca^  +  cb'^  +  6a6c 

-  i/'i  -  u^c  -  b^a  -  h\  -  c-a  -  e'b  +  Gahc  ^  I2abc 

195.  {(b  +  c-a)  +  (e  ^a-b)  +  (a  +  b  -  c)}x  +  {(e  +  a  -  b) 
+  (^a  +  b-c)  +  (b  +  e- a)]y  +  {(a  +  b-e)  +  (b +c- a)  +  (c  +  a-  b)\z 
^  („  +  b  +  c)x  ■^(a  +  b  +  cyy  +  (a  +  b  +e)z  =  (a  +  b  +  c)(a;  +  y  +  z) 

196.  (X  +  2yfx  (X  -  2yy  =  (x^-4y-f  ^  x^  -  Ux^yH  iSx'y^-Giy^ 
(a  +  b^'^l)(n  -  b^^ri)  =  a"-  b\  -  1)  =  a-  +  ¥ 

197.  \(a  +  6  +  c)(a  +  b  -  c)]{(c  -  a  +  b)(e  +  a  -  b)\ 
=  {(a  +  by  -  c^{e^^  -(a-  bf]  -  e%(a  +  bf  +  («  -  bf\  -  (a^  -  b'f  -  c^ 
=  2aV+26V-tt*+2a262-Z.*-c*=  2a'''Z)2+2a-cH  26V-a*- 64-c* 
(X  +  1  +  x-i)(.c  -  1  +  x-i)  =  {(.T  +  x-^)  +  IJKx  +  ^-^)  -  1} 
=  (X  hx-^f-l  =x2+2+x-2-l  ^x2+  1  +X--2 

198.  (2x*  -  3xV  +  4zY  -  5xf  +  6y^)  v  6a; Y 

(x2+2x  +  l)(x2-2.r  +  3) 
(x't+4x  +  3)^(x^+2x+l)-  -TliT^:^^ =x^-2x  +  3 


=  8 


i    y 

X     —  — 
X  2 


..  =  8(x^  -f  Jx^2/  +  ^yO  =  8x5  ^  4^.-2^  +  2^^ 


Mis.  Ex.  199-20-1.]  ALGEBRA. 
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(x^-apx'-^-  o?px  -  a?)  -:■  (x  -  «)  -  {(.c'-  «*)  -  apx{x  -  a)\  -^  (r  -  «) 
=  (.r''=  4-  aa;  +  a-)  -  apx  =  x-  4-  (1  -  p)'iJ:  +  "^ 

200.  (i)  (x^  -  .3x  -  4)  =  (X  +  l)(r  -  4),  aud  (x^  -  2a:  -  8) 
=  (^.  +  2)(x  -  4) ;  (x2  +  .X-  -  20)  =  (x  -  4)(-r  +  5)  .".  G.C.M.  =  x  -  4 

(ii)  2.x' ^  4x2-  3J,  _  4  =  ;i,.2(-3^.  +  4)  _  (3x  +  4)  =  (x'-  l)(3x  +  4) 
2x*  -  7x"  +  5  =  (2x'^  -  5)x2  -  (2x'^  -  5)  =  {2x-  -  5)(x-  -  1) 
.-.  G.C.M.  =x"-  1 

(lii)  Let  p  be  the  G.C.M.  of  m  and  n;  then  the  G.C.iVi.  of 
(X™  +  «'"),  and  (x"  +  a")  =  x?  +  a?,  and  of  (x™  -  a™),  and  x"  -  a" 
=  xP  -  aP  .-.  required  G.C.M.  =  (x?  +  oP)(xP  -  a?)  =  x-?  -  fl^'' 

201.  (0  l.c.m.  of  (X  -  2a)(x  +  a),  x\x  +  a),  and  a(x  4-  (OC-'"  -  <0 
=  ax2(x  -  2a)(x  +  n)(x  -  «)  =  ax^  -  2a2x4  -  aV*  +  2rt'*x2 

(a)  .x^  -  x-ij  -  d^x  +  «=(/  =  (x'-^  -  a"){x  -  y)  ;  x^  4-  itx'^  -  xf  -  af 

=  (X  4-  a)(x2 - 2/-)  .-.  /.cm.  =  (x'-^ -  a^^x^  -  ?/'0  -  x*  -  xhf  -  c^x'  4-  irir 

(a  4-  6  -  c  4-  d)(a  4-  6  -  c  -  rf)       (64-c-a.4-ri)(64-c-a-(J) 

202-   (a  4-  6  -  c  -  rf)(rt  4-  6  4-  c  4-  rf)  ■•■  (/)  4- C  4  a  4- rf)(6  4- C  -  a -f^ 

(c  4-  a  -  6  4-  rf)(c  4-  a  -  b-d) 
**"  (c4-a4-64-d)(c  +  a-6-(/) 

a  4- 6  -  c  4- rf       6  4- c  -  a  4- £?       a  4- c  -  6  4- (i 
"a  +  b  +  c  +  da  +  b  +  c  +  d       a  i-  b  +  c  +  d 

a+b-c  +  d-\-b  +  c-a  +  d  +  a  +  c-b  +  d_  a  4-  &  4-  c  4-  3i 
~  a  4-  fc  4-c  4-rf  ~    a4-64-c4-d 

2fi 
^   1  4- 


a  4-  6  4-  c  4-  rf 

x'-i  4-  2x2/  +J/j2l^      (X  4-  yy  -  s"'  _  (x+  y  4-  s)(x  4-  .y  -  z) 
203.  ^rr"^^~^:^ya  _  z^  ""   x'  -  (y  -  zy   "  (X  4- y  -  =)(x  -  ?/  4-  c) 

X  4-y  4-s 
X  -  y  4-  s 

a2(a  4-  i)     a(a  -  b)  2ab     _  v?  4-  a^b  -  a(a  -  hf  -  2aP 

^°'*-  6(a-  -  b'')  ~  b(a^Vb)  "  J^^T^  -  ^(-(,2  _  ^2) 

a3  +  ^25  _  ^3  ^  2a''=6  -  «6'=  -  2a62  _  3a^Z>  -  3ab~  _      3ab(a  -  b) 

b{d'  -  ft-)  ^  T{d'  -  6^  "  6(a  -  6)(a  4-  i) 

3a 
a  +  b 


293                                        KEY  TO  [Mis.  Ex.  205-210. 

4 

fa?  -  ax  ■{■  at      a^  ^  ax  -  ax\  (a  +  a:)'  +  (a  -  ^Y 

la-x                     a  +  X        J  a  -  X 


a-2  a-   \       2(/-  +  2.t^_       a*  i*!^!"     ^    ^'Z 

flT^  "^  afxj  •    a'^-x-^    -  a"'-x'^  '"  2(0==+ x^)  '  2(a^ +V) 

4ab  4a.b 

TTTb  "^  2°'  ^TTT;  +  2^         6a6  +  2a^       Gab  +Jb'' 

200.  -^^J—  +  ■-^- ™"  =   2ar^r^  +  2a6"-  26  •'  ' 

r  -  2a  — -y  -  26 

dividing  numerator  and  denominator  of  1^'by  2a,  and  of  2°'J  by  2b, 

3b  +  a        3a  +  b        3b  +_a        3a  +  b   _   2b-  2a  ^ 
we   get  ^—  -   +  — ^   =   T^^  ~     b  -  a  -     b-a 


207.  (i)  V-^'*  -  4^"*  +  ^^'^  ""  "i-^"  +  8^  +  4 

=  V(a:*  -  4x«  +  4A''y-  4(a;-^  -  2x)  +1  =  x'  -  .2x-  -  2 

/a-      2ab      lac      b'      26c      £1 V _  _|i  _  JL  _ -1 

208.  Tlie  square  of  wbich  a'-x'^  +  bx  are  the  first  and  second 

b- 
terms,  is  «V-  +  6j;  +  -~,   .-.  in  order  that  a-^^  +  6.r  +  6c  +  6^  may 

62         c  _  J_ 

bo  a  perfect  square,  we  must  have  6c  +  6^  ^  ^  .-.  y  +  1  -  ^^gj 

1         c 

and  .-.  v^  -  "7"  =  1 
4a^       6 

209.  (1)  mux  +  am/i  -  rrx  +  am"  .-.  mnx  -  n-x  =  arn^  -  amn, 

am(m  ~n)        am 
that  is  {mn  -  n')x  --  am"  -  amn  .-.  x  =     „(-,^  _  „)  =  — 

(it)  2x2  _  i3j.  =  _  6,  whence  .t  =  G  or  ^ 

1x  +  1  400  /x  -  A    _  400a--  -  200 

whence  2421a:^  -  6411a,-  =  -  2598,  or  SOTa-^  -  2137a;  -  -  SG6; 
2137  /2137\-         4566769    -    2795448    _     1771321 

^'   -    '807"-^    ^    \iGu)      ^    """(iCH)"^  "       (1614)^ 


Mis.  Ex.  210-214.]  ALGEBRA.  199 

2137        V1771321      +13.30-9  2137+1330-9 

•    X  -  -  \ •  X  = -" +  2-14 

•  IGU     *       1014       ~       1614      ••  1614 

or  -  0-49 

(II)  x2  -  2((;  +  6)1  +  (a  +  bf  =  4(a2  -  lab  +  b^)  =  4(a  -  by 
.-.  z  -  (a  +  6)'=  +  2(a  -  6),  whence  x  =  3a  -  6,  or  36  -  a 

Ul.  ex    -    acy   =    a6j;    +    by    .•.    x(c    -    ab)    =    y(ac   +    6) 
x(c  -  ab)  ax(c  -  ab) 

ac  +  b 

b  +  a^b 


ac  +  b  ac  +  b  ac  +  b 


ac  +  b  c  —  ab 

''•  ^  =  ^i — ; — ''1  and  V  =  ^i — r~^ 
1    +  a-'  ^       I    +  a' 

(in  x'^  +  2x1/  +  y^  =  49,  and  x^  +  xy  4-  y^  =  37  .-.  xy  =   12 
x'*-  2xj/  +  t/^  =  1 
.'.  X  -  y  -  ±  1,  and  x  -  y  =  +  1   .-.   2x  =  +  8,  and  x  =  +  4  or  +  3, 

and  y=  +  3  or  +  4 

2  2.  Subtracting  the  second  of  the  given  equations  from  the 
first  we  have  y(z  -  x)  -  a''  -  c^;  to  which  adding  the  third 
equition,  we  have  2yz  =  la'-  .-.  yz  -  a^  .-.  xs  =  6^,  and  xy  =  c'-* 


y.      y       a'i  fl^^x  a'^x  6V  6c 

6-       *        6''         *  r  a*  -  a 


XI         X 

oc  a6 

whence  also  y  -  +  -r-,  and  2  =  + 


c 


213.  Let  X  -  vfd  age,  y  =  -B's  age,  and  z  -  C'a  age;    then 

33  4 

J  -  X  =  2(:  -  2/);    X  +  y  =  y,  and  X  +  7/  -  12  =  — (i  -  6)  ; 

://-/=  22 ;    2x  +  2(/  =  3:  ;    3x  +  3y  -  4=  =  12  ;    6x  ■{■  Gy  -  9z  =  0, 
;nd  ox  +  Gy  -  82  =  24  .-.  2  =  24  ;  y=  21,  and  x  =  15  ' 

214.  S,2  =  {2tt+(«-  l)rf}y  =  {3  +  (12-  l)ijG  =  (3+11  x  .3)0 
=  (3+^,^)x  6=  117 

5n  of  li  +  2J  +  3;';  =  S„  of  1  +  2  +  3  +  &c. . . .  +  5„  of  5  +  3  +  ijT 


200  KEY  TO  [Mis.  Ex.  21.i-2l8. 

n                              n       n(n  +1)       ?,{!  -  (•,)"! 
=  {2  +  (n  -  l)l|y  =  {2  +n-  l)y  = ^ +  — yTy- 

,  ^_^h±})  +  2  -  2(3r  =  HHri  +  1)  +  4  -  4(sn 

s,  ofV2  +  lV3  +  ?V2  =  i-rvf"^^^      4 — ^^^'-^-^-^^ 

215.  ai-a^-ffa fl{  '=   a'^    .-.   a^-an-dj «p-i   =   a/P-i-" 

a, -a,  -a,  •••■«,,  =  a/^  .-.  a^  =  a.^U  a/^-^^  =  a,^^"^  .-.  «,.  is 

formed  from  «r-i  by  mnltipljing  it  by  0,^  .-.  a,  +  a.,  +03  +  &c., 

is  a  Geom.  series  having  flj  for  first  term,  and  a^'  for  common 

(a,2f-l  g^'"  -  1 

ratio.     Then  Sn=  a,  •    ^  2_  j"   ~  °^i'a  2   _  1 

216.  Squaring  each  side  and  transposing,  we  get 

a;*  -  20x3  4.  f)4a;2  4-  qqx  +  9  =  0;  extracting  the  square  rod  of 
each  side,  we  have  a:^  _  lOx  -  3  =  0  .-.  x-  -  \Qx  +  25  =  28 ; 
X  -  5  =  i  2VV  .-.  a:  =  5  1  2V7 

217.  Multiplying,  we  have  -  .30x*  +  46x?  +  Tx^  _  23^  +  .  r:  4 
.-.  x(30a;3  -  46x^  -  Y.r  +  23)  =  0 

.-.  xjSOx^*  -  SOx''^  -  16x2  4.  iga-  _  23x  +  23}  =  0 

.-.  x{30x2(x  -  1)  -  16x(x  -  1)  -  23(x  -  1)}  =  0 

.-.  x(x  -  l)(30.r2  _  iQj.  _  23)  =  0  .-.  x  =  0.    Also  x  -  1  :=  0  .-.  a;=  1 

Also    30.r2  _    iQx    =    23,    whence    x^  -    f^x    +    j^f    =    II 

.-.  X  =  -,V(4  ±  W?54) 

218.  The  given  series  is  double,  i.  e.  is  equal  to  the  A  series 
1  +  2  +  3  +  4  +  5  +  &c.,  +  the  G  series  1  -  2  +  4  -  8  +  IG  -  &c. 
Then  sum  of  A  series  as  follows  :— 

471 

S^n  ={2  +  (4«-l)}y  =  (4n+l)2« 

4^1+1 
S^n.i  =  {2  +  (4ri  +  1  -  1)1— ^—  =  (2«  +  l)(4/i  +  1) 

4;i  +  2 
Smt^  =  (2  +  (4/i  +  2  -  1)}^^—  =  (4?i  +  3)(2n  +  1) 

4ra  +  3 
i^4n+3  =  {2  +  (4n  +  3  -  1)}— y—  =  2(n  +  l)(4n  +  3) 


r.r;s.  Ex.  £13. 219.J  ALGEBRA.  201 

Also  sum  of  G  serios  as  follows : — 


^■ln  +  1 


.c  -    > ZJ. Z.  -   n  _  /  _  o^4n  +  3) 

"^in  +  'i   -  _3  -     2'-         ^         ■'  ' 

.-.  of  given  series  S^n  ~  "iifiin  +  1)  +  ^l  -  IG") 

*«.i  =  (2M+l)(4.'i+l)  +  Hl-(-2)^''^'i 
^V«  =  (4«  +  3)(2/i  +  1)  +  Kl  -  4-"^ij 
«4n..  =  2(n  +  l)(4ri  +  3)  +  ^  1  -  (  -  2/"  ^j 
21P.  Let  X  =  number  in  width,  and  y  -  number  iu  the  leiigili ; 
then  xy  =  whole  number  in  the  bunch.     Also,  since  !/  >  10  but 
<  20,  y  =  n,  number  of  two  digits  .-.  when  x  is  written  to  the  k-ft 
of  y  it  must  occupy  the  third  or  hundreds  place  .-.    lOOx  +  y 
=  the  number  in  scale  of  10. 

Also  since  x  <  10,  it  consists  of  but  one  digit,  therefore  when 
written  to  the  left  of  y,  the  number  will  be  represented  by 
lOy  +  X  which  .-.  =  number  in  scale  of  10 

Again  in  similar  rectangles  the  perimeters  are  as  the  cor- 
responding sides,  and  whole  perimeter  of  first  bunch  =  2(x  +  y), 

x'^y 

and  of  second  bunch  xy  .-.  2{x  +  y)  :  xy  ::  x  :  ^  ,  .  =  width 

xy'^ 
of  2nd  bunch,  and  2{x  +  y)  :  xy  ::  y  :  .   =  length  of  2nd 

bunch    .-.    whole   number   of   matches   in   the   second    bunch 

x'^y  xy^  a-^y 

~  2{x  +  y)  ^  2{x  4-  y)  "^  A{x  +  yf 
Then  from  first  condition  IQQx  +  y  :  xy  ::  a  :  2  {i) 

"        second    "  lOy  +  x  :  xy  : :  a  -  10  :  4  (ii) 

X^IJ^ 


^'"'■'l         "  4(x'T^2=4^2'("'> 
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From  (ii)  20ij  +  2x  :  xy  ; :  a-  10  :  2  .-.  20i/  +  2x  +  5y:  xy  ::  a  :  2 
.-.  20y  +  2x  +  bxy  :  xy  ::   100a;  +  y  :  xy 

.-.  2Qy  +  2x  +  5xy  =  lOOx  +  y  -■■  5xy  =  98x  -  I9y  (iv) 
Also  from  (iii)  x-y^  =  lG(x  +  yy  .-.  xy  -  \{x  +  ?/).•.  bxy  -  20(i:  +  y) 
Substituting  this  in  (iv),  we  have  20jr  ^- 2y  -  98x  -  19y,  whence 
2x  =  y. 

Again  substituting  thi3  in  (lii),  we  have  x'^y'^  -  16(x-  +  j/)^, 
that  is  4i*  :=  16(a;  +  2xy  .-.  2x^  ^  i  x  (3x)  .-.  2x''  =  12a:,  or  x  =  6 
.-.  y  ~  12;  aud  xy  -  G  x  12  =  12  =  number  of  matches  in  the 
bunch. 

220.  Since  the  conditions  giving  the  equations  (i)  and  (u) 
remain  the  same,  these  equations  and  .-.  also  (iv)  which  is  derived 
from  them  independently  of  (in),  remain  the  same. 

.•.  we  have  but  to  solve  in  positive*  integers  the  equation 
5xij  -  98j;  -  19?/,  remembering  that  x  <  10,  and  y  >  10  but  <  20 

5xy  =  98a.-  -  I9y 
.-.  Zxy  +  19?/  =  98a.- 
98x 


!/  = 


5x  +  19 

490x  1862 


•■•^^=5x  +  19  =^^~5x  +  19 

XT  .  .  .  18G2 

Now  Since  y  is  an  integer,  r — — -r^  is  also  an  integer. 

And  since  x  is  integral,  5x  +  19  must  equal  an  integral  divisor 
of  1862,  and  further  since  x  is  finite,  positive  and  less  than  10, 
5x  +  19  will  be  >  19  but  <  09  and  will  end  in  9  or  4  according; 
as  X  is  even  or  odd. 

Now  the  only  divisor  of  1862  fulfilling  these  conditions  is  4» 
.-.  5x  +  19  =  49 
.-.2/ -6 


98x 
X  ■ 
.-.  xy  =  72 


^/^s^TTg^i^ 


*TLoy  must  be  positive  from  the  nature  of  the  problem. 
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221.  Let  X  =  rate  per  hour  of  the  express  down  ;   y  =  rate  per 
Lour  of  accommodation  down,  and  d  =  distance  from  Stratford 

to  Toronto.     Then  —  hours  =  time  down  by  express,  and  — 

d  .     . 

=  time  down  by  accommodation.     Also  —  =  cents  per  mile  in 

d  d"- 

express    fare,    and    —   x   d   -   —   =    whole    fare    by   express. 

d                                                                  d 
X  -  —  =  rate  of  expressing  going  up  .-. r  =  hours  on  road 

X  '^ 

a:  —  — 
going  back  ,  •'' 

But  if  the  fares  had  varied  as  the  velocities  ;    then  fare  at 
X  :  fare  at  ?/  : :  r  :  1/  .-.  fare  at  x  -  fare  at  y  ;  f;ire  at  x  ::  x  - y  :  x 

IJut  in  this  case,  fare  at  x  -  fare  at  y  =  d  cents,  and  since  fare 

d' 
by  express  to  Toronto  remains  the  same,  d  :  —  ::  x  -  y  :  x  (i) 

f         d\  d         ^ 

Also  fare  at  x  :  fare  at     x ■  )   ::    x  :  x  -  —  ,-.  fare  at 

,       .  d\  d 

X  -  fare  at  {  x  -  -7  1   ;  fare  at  x  : :  —  :  x 

f  d\  d 

But    fare    at    x    -    fare    at      x  -  —       ~    x    ~    —    cents 

d       d '  d 

.-.  X  -  —  :  —  : :  —  :  x  (11) 

XX  X  ^ 

Using  the  formulas  now  found  in  expressing  the  remaining 


d         \  fd 


2 


statements   in    the    problem,    we   obtain    —  ■=  ir\~']      ("')  j 

Then  from  (iii)  dy  =  2x-  (iv) 

from    (i)  x'^  =  d(x  -  y)  =■  dx  ~  2x^,  by  (iv)  .'.  d  =  3x  (v) 
from  (II)  x\x^  -d)  =  d\-.hy  (v)  x\x^  -  3x)  =  27x» 

.-.  x^  -  3x  =  27x  .-.  X  -  3  =  27  .-.  X  =  30  .-.  rf  =  3x  =  90  miles 

fZ'       90  X  90 
-   distance    from    Toronto    to    Stratford ;    and    —  = 

=  270  cents  -  $2-70  =  fare  from  Toronto  to  Stratford. 
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222.  ic\'x-'+ 25 (x^  +  9'('Jx^^+'Tb  -  1)  -  Ao'/Jr+Yo  -  5(x^  +  45) 
.-.  (i)  x^^x^T5(x^  +  9)(V'<^"23  -  1)  =  S(x-  +  25  +  9VP+T5  +  20) 
rr  5{(Vj.''+25)(V.i-  +  25)  +  0V^F+~^5  +  20} 

-  u{(V^c^'25)(Vx^l5)  +  SVj^To  4-  4V^F+T5  +  20} 

-  5('/xn-To  +  5)(VP+'25  +  4)  (ii) 
But  (V5M^T5  +  5)(V^^T5  -  5)  =  x2 


, ,    .-.  from   (i)  and  (ii) 

And  (^x-+23  -:-  4)('/F+  25  -  4)  =  x-  +  9j 


(Vj-^T25  +  5)(Vx^  +  2""5  -  5)(VFT25)(Vx-^  +  25  +  4)(V5^T25  -  4) 

(/P+T5  -  1)  =  5(V7^2"5  +  5)(/?TT5  +  4) 

.-.  (^^+'f3  -  5)(/F+"25)(V5^T25  -  4)(Vx^T25  -  1)  ^  5  (iii) 

.-.  (.1-^  +  25  -  5Vx^TT5)(z='  H-  25  -  S^^^TS  +  4)  =  5 

.-.  (x2  +  25  -  5VS^T25)2  +  4  (x2  +  25  -  5Vi^T5)  =  5 

.-.  (x'2  +  25  -  5V^TT5)2  +  4(.r^  +  25  -  Vx^T25)  +  4^-9 


.-.  x^  +  25  -  5Va;^+25  =  -  5  or  1 
.-.  (x2  +  25)  -  5^x^TY5  +  2/  -  -I  or  \9 
5  i  V5         5  +  ^29 


.-.  ^/x^  +  25  =  — - —  or         2 

.-.  x^  +  25  =  1(30  i  10V5)  or  ^(54  +  10^29) 


Whence  x  =  ^(^/  ±  10V5  -  70)  or  ^(V  +  10V29  -  40' 
Also  V-^^  +  25  +  5  =  0,  whence  V^''+"'^5  =  -  5,  orx^  +  25  =  25  .•.  u:  -  o 
Vx^TS  +  4  =  0,  whence  ^/x^TJB  =  -  4,  or  x2+  25  =  16  .-.  x'^  =  -0, 
or  X  -  +  3-^^n. 

22.3.  Letx  =  number  of  yards  dug  at  $1-25;  then  100  -  x 
=  number  of  yards  dug  at  $0-75  .-.  l-25x  =  50  =  -75(100 -x). 
Therefore,  we  have  two  independent  equations  containing  only 
one  unknown  quantity,  and  any  solution  obtained  from  one 
equation  is  inconsistent  with  the  other  ;  consequently  the 
problem  is  impossible. 

224.  Let  X  =  length  of  one  side  of  rectangle  and  y  =  other  ; 
then  xy  =  area,  and  2(x  +  y)  =  perimeter  of  the  rectangle.; 
and  xy  =  area  and  i'/xy  =  perimeter  of  the  square. 
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(i)  .-.  xy  =:  Ani'^xy  (i),  and  xy  =  2n(.r  +  y)  (ii).  From  (i)  ^/xjj 
=  4m  .-.  xy  =  I6m'^  (iii),  substitute  this  in  (ii),  and  we  get  IGm- 
=  2n(x  +  y)  .-.  Sm^  =  n(x  +  y)  (iv).  Squaring  (iv),  we  have 
64m*  -  ?i\x  +  y)' ;  multiplying  (iii)  by  4n2,  wo  have  Ginini-  =  4'i^xy 
.-.  by  subtraction  64m-(;n^  -  n")  =  Ji^^-j;  _  yy  _•.  +  8m>Jm^-  n^ 

4»i  _ 

Adding  (iv)  and  (v)  and  reducing,  we  get  x  =  — ("i  i  V''^^  -  >^^) 

Am 


Taking  (v)  from  (iv)  and  reducing,  we  get  ?/  =  ~^(»i  +  V'""  -  "0 

(ii)  When  the  perimeters  are  equal ;  then  takings  and  y  as  before, 

(X  +  yy 
we  have  2(.c  +  y)  =  perimeter  of  the  square,  and  — - —  =  its  area  ; 

(x  +  vY 

- — --^^  =  2m  (X  +  y)  (i)  ;  xy  =  2n(x  +  y)  (ii).     From  (i)  :r  +  ?/ 

=  8m  (in),  substitute  this  in  (ii),  and  xy  -  IQmn  (it) 
Square  (in),  subtract  4  times  (iv)  and  then  take  the 
square  root,  and  we  have  x  -  y  =  ±  8^/m^  -  mn  (V) 
Adding  (in)  and  (v)  and  reducing,  x  -  4(m  +  V'"^  -  '"'0 
Subtracting  (v)  from  (ni)  and  reducing,  y  =  4(m    +  ^Jin.'^  -   7/1/1) 

225.  Let  X  =  age  of  younger  at  first  trial,  and  y  -  age  of  elder. 

Let  r  =  ratio  of  throw  to  age  at  first  trial,  and  r^  =  ratio  of  gain 

of  one  to  age  of  the  other  at  second  throw  .-.  first  throw  of 

younger  =  rx,  and  first  throw  of  elder  =  ry\  gain  of  younger 

=  r  (y  +  1)  ;   gain  of  elder  =  r  (x  +  1)  ;   second  throw  of  younger 

=  rx  +  ?-(i/  +  1);    second  throw  of  elder  =  ry  +   r.(x   +    1). 

2(x+  l)(i/+  1) 
Also  H.  mean  of  their  ages  at  latter  trial  -  — ^:j7;7:jr^ ; 

r(x  +  y) 
J.  mean  of  first  throws  =   — ^ — ,  and  J.  mean  of  2nd  throws 

r(x  +  y)  +  r,(x  +  y  +  2)                                                 r,(x  +  y  +  2) 
=  — ^ r .-.  difference  of  ^.  means  = ^ 

Longest  throw  =  second  throw  of  the  elder  =  ry  +  r^(x  +  1); 
value  of  ratios  compounded  of  ratio  of  throw  to  age  and  gain 
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to  age  of  other  =  rr^ ;  value  of  ratio  fermed  by  multiplying 
antecedent  of  tiiis  compound  ratio  by  \  product  of  ages  at 
second  trial  =  irr(.r  +  l)(j/ +  1);    value  of  the  ratio  of  which 


i 


this  is  the  duplicate  =  ^^Jn  (x  +  l)(y  +  1);    value  of  the  ratio 
compounded  of  the  ratio  of  throw  to  age  of  one  with  gain  of  one 

r 

to  age  of  other  =  — 

"  Then  using  the  values  thus  expressed  in  stating  the  problem, 

we  have  the  four  equations  : — 

ry  -  rx  =  24 ;  or  r(y  -  x)  =  24  (i) 

\ry  +  r  (a;  +  1)}  -  [rx  +  r,{ij  +  1)}  =  25  ;  or  (;•  -  r^V  -  x)  =  22  (ii) 

ry  +  r,(x  +   1)       2(.r   +    l)(y  +    1)  ,.    .     s 

r,(x  +  y  +  2)    =   ^TT^tll 5    or  r  =   r,(x  +   1)   (ni) 


r 


i^rr^(x   +    l)(y   +    1)  =  — ;    or  (x   +    1)(2/  +   1)H  =   Ar    (iv) 

Then  (i)  -  (ii)  gives  r^{y  -  x)  =  2  (v)  ;  substituting  (iii)  in  (ii) 
rxQf  -  x)  =  22  (vi)  ;  dividing  (iv)  by  (v),  we  have  x  =  11 
=  age  of  younger  at  first  throw  (vii).  Substituting  (vii)  in  (iii) 
r  =  12r ,  and  in  (v)  r^(y  -  11)  =  2  ;  also  substituting  (iii)  in  (iv) 
and  reducing,  rj'{y  +  1)  =  4  (viii).  But  r  (y  -  11)  =  2 
•■•  ^,^(y  -  10  =  2r  ;  subtracting  this  from  (viii),  we  have 
Ur;'  =  4  -  2r,  .-.  Gr'^t  r  =  2  .-.  r^  +  ir  +  ^L  =  j  +  _i._^  .  .19. 
.-.  »*,  =  +  iV  -  h  ~  i-  Su*^  '■  =  12r  .-.  r  =  6,  and  since 
r(y-  11)  =  2;  J(i/ -  11)  =  2  .-.  y  -  11  =  4,  or  y  =  15  =  age  of 
elder  .-.  throws  at  first  trial  =  11  x  6  =  66,  and  15  x  6  =  90  ;  and 
throws  at  second  trial  =  Q6  +  i(\5  +  1)  =  74,  aud  90  +  i(\l  +  1) 
=^96 

THX  BND. 


SANGSTER 
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